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BBenenne

The problem of distinguishing prime numbers from composite numbers and of
resolving the latter into their prime factors is known to be one of the most
important and useful in arithmetic. Further, the dignity of the science itself
seems to require that every possible means be explored for the solution of a

problem so elegant and so celebrated.

Karl Friedrich Gauss «Disquisitiones Arithmeticae» (1801)

[Ipobaema pazinydeHns HPOCTHIX U COCTABHBIX YHCE/ U PA3JI0KEHUsT TIOC/IETHIX
B UX IVIaBHBIC (DAKTOPBI, KAaK U3BECTHO, SIBJISIETCS OJTHON U3 CAMBIX BayKHBIX U
oJIe3HbIX B apudmernke. Jlajgee, 10CTOMHCTBO camoil HayKu TpedyeT, 4ToObI
BCE BO3MOYKHBIE CPEJICTBA OBLIN UCCIETOBAHBI JIJIsi PENIeHUs 3TOM POOJIEMBI,

CTOJIb U3LAIIMHOI 1 HACTOJIbKO 3HAMEHUTOMN.

Kaps @puapux layce «Apudmernaeckue uccrenoanusi» (1801)

B 1977 r. tpoe yuennix Pomampg Paiieect (Ronald Linn Rivest),
Amn lavup (Adi Shamir) u Jleomapn Ajpneman (Leonard Adleman) w3
Maccadycerckoro  Texuomorndeckoro Uncruryra (MIT) onybsnkosaim B
JKypHaJse Scientific American HOBBIN ajropuT™m mungpoBaHus, OCHOBAHHBII Ha
njiee JIByXKJI0UEBOro IM@pPOBaHUs, HA3BAaHHBIN 110 NEPBBIM OyKBaM daMuinii
aBTOpPOB MeTooM RSA.

B sTOoM MeTojile U3BECTHBIM IAapaMeTPOM CJIY:KUT HEKOTOpPOe IeJIoe
anciao no Gospmoit  uuHbl  (00brano 1024 mwim 2048 Guta), sBIISIONICECA
IPOU3BEIEHNeM JIBYX IPOCTBIX UYHCET p W ¢. IDTH UYNCAA P U ¢ SBJISAINCD
CEeKPETHBIMHU IapaMeTpaMi MeToja, U JJjisI B3JjioMa cucTeMbl RSA  ObLio
JIOCTATOYHO HAfTH MHOXKUTEIN P U ¢, T.€ BBIIOJHUTH Pa3JOKeHHe Yucjia 1 Ha
IPOCTBIE COMHOXKUTEJTH.

Ha wmomenT omnyOsmkoBanus ajroput™Ma RSA ObLIo U3BECTHBI JINIH
HEOOJIBIIOE  KOJIMYECTBO aJITOPUTMOB  (DaKTOPUBAINKI, CAaMbIM H3BECTHBIM 13
KOTOPBIX sBjsijicss MeToy; Pepma. DTU  METOJbI IO3BOJISIM  Ha TOT JIEHDb
dakTopuzoBaTh 4ncia, cocrosinue He Oojiee dem u3z 25 — 30 mudp. Ilosromy
UCIIOJIb30BAHUE B KadecTBE 7 HaTypaJbHOrO dYmcjaa, umeroniero oOosiee 100

HACCATUNIHBIX 3HaKOB, 'apaHTUPOBaHHO obecrieunBaJsio 0€301acHOCTD H_II/I(prBaHI/IH



stuM MetojoM. Camu co3jaresm MeToja HMPeJIoyKIIN BCeil MaTeMaTHIecKoi
OOIIECTBEHHOCTH JIJI  TECTOBOIO B3joMa,  129-3HadHOE JIECATHIHOE UHUCJIO,
oobeIaB 3a €ero pasjoxkenue ycjaosHoe BosHarpazkienue B $100. Macna B
OrOHb TOJITHIa TaKxKe orybsimKoBaHHast B 1977 1. B :KypHase Sci.Amer. crarbs
N3BECTHOTO MaTeMaTuka u momyispusaropa Mapruna [apanepa «A new kind
of cipher that would take millions of years to breaks («Hosblil amropurm
b poBaHust, JIJIs B3JIOMa KOTOPOTO MOTPeOyeTest MULIHOHBI J1eT» ) [24].

Bbi3oB, OpolleHHBINI BCeMy MHUpPY, He oOcTajcd He3aMedeHHbIM. B
COPEBHOBaHME 110 IIOUCKY OBICTPHIX aJTrOPUTMOB (haKTOPU3AINN BKJIIOYIIOCH
OIPOMHOE KOJIMYECTBO JIIOJIeil, cpejii KOTOPBIX ObLIM M3BECTHBIE MaTeMaTUKU,
CHENMaNCTBl 10 TeOpUH dYncea u Kpunrorpadnl. B pesynbrare 3Toil TOHKH
OBbLIM  CO3JaHBI ~ HECKOJILKO  aJI'OPUTMOB  (paKTOpHU3aluu,  000raTUBIIIX
AJITOPUTMUYIECKYIO TEOPUIO YHCeJ PsiJIOM 3amMedarejbHbIX unjeil. B konie
80-x 1. XX croJsieTusi ObLIN pa3paboTaHbl caMble OBICTPBLIMHU Ha CErOIHSITHIIT
JIeHb  AJTOPUTMbI (DaKTOPU3aINl - MeTOJ| SJUINNTHIeCKX Kpubbix (the El-
liptic Curves method)(X.J/Ierctpa [31]), meron kBampartumdaroro perrera (the
Quadratic Sieve QS) (C.Pomerance [46]) u meroj pemiera ducyioBoro moJjs (the
Number Field Sieve NFS) (J. Pollard [44]). Takxke Hzxonom Ilosmrapmom 6buim
paspaboTaHbl OoJiee MeJJIeHHbIe, HO HAMHOI'O 00Jjiee IIPOCThIe MeTO/Ibl, HA3BaHHbBIE
p —meron u (p—1) —wmerox Hommapaa (em. [43]). @axTudeckn, TOSIBUIOCH HOBOE
HallpaB/IeHHe B COBPEMEHHO aJrOPUTMUYECKON TEOPHUH UNCe] — HUCCJIe/I0BAHIe
METOJIOB MPOBEPKU IPOCTOTHI TIEJIBIX YUCEJ U METOJIOB HAXOXKJICHUS JieJInTe el
HEIPOCTBIX (COCTABHBIX) IEJIBIX TUCET.

Cama ke ncTopusi ¢ pasjioxKenneM 129-3Ha1HOro0 dnc/ia cospareieil MeToia
RSA szakonumnach B 1994 r., Korja ¢ IIOMOIIbIO aJrOPUTMa KBaJIPATUIHOIO
perrera, pPeaqn30BAHHOTO B CETH KOJUIGKTHBOM aBTOPOB, BO3IJIABJIAEMbBIM
A.JIeHcTpoil, OBLIO BBITOJIHEHO PA3JIOZKEHNE STOTO UNC/Ia Ha COMHOXKHUTETN. DTa
pore/ypa ImoTpedoBajia KOJOCCAJbHBIX yceuiauil. Belia 3ajelicrBoBaHa ceTb,
cocrodiiag n3 1600 KoMbioTepoB, KoTopble TTpopadboras 220 jHeil, ToAroTOBIIN
CUCTEMY JIMHEHHBIX ypaBHEHUil, cojepxkalniyo Oosee 0,5 MJIH HEM3BECTHBIX.
[Torom »Ta cucrema OblLIa pelleHa € IIOMOIIbIO CyIEepPKOMIIbIOTEpa 3a 2 JIHdA

BBIUYUCJICHUIA.



Bsenenne 9

B Hacrosiliiee BpeMsi UCCJICJOBAHUS B 00JIACTH ITOCTPOEHUST OBICTPHIX
AJICOPUTMOB  (DAKTOPU3AIINM MHTEHCUBHO BEJyTCSI BO BCEM MUpe. rkeromaHo
IPOBONATCA JECATKN KOH(EpPeHIMil 10 5TOoi TeMaTuKe, JOCTUIal0TCsl HOBBIE
peKop/ibl paKTOpU3aIUN JJIMHHBIX YHUCEJI, UCCJIEIYyIOTCA W3BECTHbIE ITPOOJIeMbI
AJITOPUTMUIECKON TEOPUH YHCeJ U CTaBATCs HOBble Tpobjembl. HemaBHo (B
koutie 2009 1.) KOJJIEKTHBOM €BPOIEiCKUX YUIeHbIX, BO3TIaB/sieMbiM TopIiTeHoM
Kustitabronrom  [30], ObLT yCTAHOBJIEH HOBBI DPEKOPI MO pas3jioKeHnto 768-
OMTOBOIO HATYpPaJbHOI'O YHC/Ia C IOMOIIBIO METOJa pelieTa YUCI0BOIO IIOJIS.
[penprymmit pekop B 512-6ut ObL1 yeranossen B 2000 1., T.e. mepexoj oT 512-
OUTOBBIX K 768-0uToBBIM uncaam norpedbosas nouarn 10 jet. [Tosromy cieyrommii
pekopst B 1024 Outa npu COXpaHEHHH IPEXKHUX TEMIIOB POCTa MCCJIe0BaHM
IJIAHUPYETCs BBIIIOJIHUTH He paHee, yeM B 2020 1.

Hamra crpana nmpakTUYecKu MOJHOCTBIO YCTPAHUIACH OT Y9acTHsS B 9TOM
COPEBHOBAHWM, YTO OODBSICHIETCI OTCYTCTBUEM WCTOYHUKOB (DUHAHCUPOBAHUSA
MOJIOOHBIX TTPOEKTOB. JIpyroit mpuvnHoil ABISETCA OTCYTCTBUE JUTEpaATyphl Ha
PYCCKOM SI3bIKE 110 HamboJjiee COBPEMEHHBIM MeTojiaM (aKTOpU3allui, KaKUMU
SIBJIAIOTCS METOJ, KBaJPATUIHOTO PeIieTa W MeTOJ[ PerieTa YHUC/I0BOTO IOJI.
Hekoropble cBejieHUsT MOYKHO TOJyIuThH u3 MouHorpaduit A.B.Hepemymkuna
«Jlekmun 1o apudmerndeckuMm GyHKIUIM B Kpunrorpadumns, MITHMO, 2002,
[79] mu O.H.Bacuienko «Teopernko-ancyioBble ajropuT™Mbl B KpPHITOrpahuns,
MITHMO, 2003, [64]. Oxnako, 3HAYUTE/BLHBIH POTPECC, JOCTUTHYTHIH B 9TOM
00J1aCTU 3a TOCJIeIHIE TOJIbI, He ObLI OTPakKeH B IMepedrCJIeHHbIX U3/IaHnIX.

annas kaura, cokparas geuIuT B 9Toil 00/1acTH, TaeT IepBoHaYaIbHbIE
cBeJleHnsT 00 OCHOBHBIX MeTojlaX (paKTOPUBAINH, HCIIOJIb3YEMbIX B COBPEMEHHOI
TEOPUN YUCJIOBBIX aJTOPUTMOB.

ABTOp mpocuT uUnTarTeseil MPUCHLIATL 3aMeYaHWUsd U IMPEJIOKEHUS TI0
VJIYUIIEHUIO COJIEPZKIMOr0 KHUI'M, & TaKKe CBeJeHUsI 00 BO3MOYKHBIX OllevaTKax,

BCTPEYAIOIINXCA B TeKcTe, 110 ajpecy: ishm2010Qyandex.ru
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1. IIpocthie unca

HarypaabHoe 1nc/io Ha3bIBaeTCsd NpocmuviM, €CJIU OHO JIEIUTCA TOJIBKO Ha
cebd n na 1. Yucno, He aBydionieecs MpOCTHIM, Ha3bIBAETCH COCMAEHbIM.

B srToit TaBe MBI IaJUM ONKCAHIE MPOCTEHITNX aJrOPUTMOB ITPOBEPKN
npocToThl. OIHAKO, TIPErK/JIe YeM IPUCTYIIUTH K OITUCAHIIO OCHOBHBIX aJI'OPUTMOB,

Jda UM HEKOTOPbIE CBEJCHUA N3 SHGMGHT&pHOﬁ TEOPpUHN YUCEJI.

1.1. Moaynsapuasa apudpmeruka

ITycts Z obo3navaeT MHOXKECTBO TIEJIBIX YUCET, & p > 2-Te/oe JHUCIIO.

YesioBre, 9To MesIoe IUCI0 ¢ JIeINTCS HAleao Ha b OyeM 3alinceiBaTh depes bla.

Onpenenenune 1.1. [osopam, wmo 08a UEABT “ucAG @ U b CpaBHHUMBI 1o

MOJYAI0 P, 3ANUCHIBAEMCA,
a = b( mod p),
ecau pl(a —b).

OTHOIlIEHNe CpaBHEHUsI 110 MOJIYJII0 HATYpaJbHOTO dYuciaa 0bJiagaer

CJICIYIOIINMU CBOMCTBAMMU:

1. Cummerpuanocth: a = a ( mod p).
2. Pedaexcusnocts: a = b( mod p) — b = a( mod p).
3. Tpamsurusnocts: @ =b(modp) &b = c(modp) — a = c(modp).

3HAYNUT OTHOIIEHWE CPaBHEHUS 110 MOJYJIO SIBJISIETCA OTHOIIEHHEM
SKBUBAJICHTHOCTH HA MHOYKECTBE LEJbIX unces. Kiacehl 3KBUBAJIEHTHOCTH,
0Opa30BaHHbIE TIEBIME YUCIAME 110 9TOMY OTHOIIEHUIO, HA3BIBAIOTCS 6bIYEMAMU.
Brruer, comepsxanuii uncio k, obo3nadaercss k. MHOXKECTBO KJIACCOB BBIYETOB
[0 MOJYJIIO YHCjIa HaTypaabHoro m > 0 COJep:KUT POBHO M IJEMEHTOB,
sannceiBaeMblx Kak Z, = {0, 1, ...n — 1}.

Hai BblueTaMu MOXKHO BBIIOJIHATE apudMETUIECKIE OLEPALINT CJIOXKEHNUSI,

BbI9IUTaHMA, YMHO2KCHNA 1M BO3BEACHNA B CTCIIEHL, a €CJIM YUCJIO T IIPOCTOE HUJIN
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SIBJISIETCsT HEKOTOPOIi CTEIIeHBIO POCTOr0 JHCJIa, TO 1 JIejeHne. bynem obo3HadaTh
MHOYKECTBO BBIYETOB 110 MOJIYJIIO 1. depe3 Ziy, .

OTMeTHM, 4TO JyIsd JII00BIX @ 1 b BbIONHAETCH opMyia @ +b = a + b
(To »Ke JIst IPYTUX MEPednC/IeHHBIX BbIIIE OMEpAIin), MO9TOMY OIepAIui HaJl
BbIYETaMU BBIITOJIHAIOTCS KaK HaJl OOBIYHBIME JHCJIAME, HIPUBOJIS Pe3yJbTraT K
SHAUEHUIO, IpUHAIeXKaleMy narepsaay [0, n— 1] myTeM BbIIOJHEHUST OlIepATIU
BBIUICJIEHNST OCTaTKa OT JIeJICHHs De3y/Jbrara Ha 49HCI0 71 (T.e. oleparum,
oboznauaemoit mod n). Hanpumep, B MuoxectBe Z7 2 -5 = 10 = 3 (mod 7).
Yarre mumryT mpocto: 2 -5 = 3 (mod 7).

MHOKeCTBO KJIACCOB BBIUETOB 110 MOJYJIIO N 00pa3yeT CTPYKTYpY,
SBJISIONIYIOCA — kKoavuom. Kombinom K Ha3bIBaeTCs HEIYCTOE MHOXKECTBO

9JIEMEHTOB, Ha KOTOPOM OIIPEJIe/ICHBI JIBE€ apuMeTHUCCKUE ONEPAIUN CAONHCEHUSA

+ U YMHOHCENUA -, OTHOCUTETHHO KOTOPBIX BBLITOJTHSIIOTCS CIeyIoNue (popMyJIbl:

1. Acconmarusnocts 1o cioxennio: (Va, b, c € K) a+ (b+¢) = (a+b) + ¢,

2. CymecrBoBanue Hyseoro sjiementa: (30 € K)(Va € K) a+0=0+a = a,
3. CymecrBoBate obparnoro siementa: (Va € K)(3be€ K) a+b=b+ a =0,
4. AcconmaruBHocThb 10 ymuoxkennio: (Va, b, c € K)a-(b-¢) = (a-b) - c,

5. Qucrpubyrusuocts: (Va, b, c € K) a-(b+c¢)=a-b+a-c,
(b+c)-a=b-a+c-a.

O6paTHBIil 0 CJIOKEHHIO K @ 9JeMEeHT obo3Hadaercst [epe3 (—a).
MHO>KECTBO 3JIEMEHTOB, YJIOBJIETBOPAIOIINX TOJILKO IEPBBLIM TPEM CBOicTBaM,
HasbBaeTcst epynnot. Ecim B rpymme < (G,+ > BBINOJTHIETCS CBOHCTBO
KOMMYTATUBHOCTH @+ b = b+ a, To rpyIina Ha3bIBAETCA KOMMYMAMUSHOT WII
abenesoti. OUeBUIHO, UTO IPYIIIA 110 CJIOXKEHUIO KOJIbIA Zi, sBJsSETCsS abeseBoil
IPYIIIOI.

Eciin Moy/Ib 1 sIBJISIETCSA TIPOCTHIM YUCJIOM W CTEIEHbIO IIPOCTOrO THUCIA
n = p¥, rae k > 1-HarypajbHOE YMCJIO, TO MHOMKECTBO HEHYJICBBIX 3JIEMEHTOB
KoJblia Z, (oboznauaemoe depes Z*) obpasyer KOMMYTATHBHYIO TDYIILY 110
YMHOYKEHHUIO, T.€. CyIIeCTBYeT HelTpabHblii sjement 1 a-1=1-a, u Jj1s KazK10ro

1

SJeMEHTA @ MMeeTcss 0OOpaTHbIi 110 YMHOXKEHNIO @~ © €O cBoficTBOM a - a ' =1.
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Ajrebpamdeckne CTpyKTYpbl, cojepzKaliie abejieBy TPYIIIbI 10 CJIOYKEHHIO
1 TPYIIY 110 YMHOYKEHUIO, CBA3AHHBIE 3aKOHAMI JINCTPUOY THBHOCTH, HA3BIBAIOTCS
noaamu. Konednple moJjis Ha3bIBAIOT TaKzKe HOoJIAMI ['a1ya 1o uMeHr reHuaIbHOro
dbpanirysckoro Maremarrka JBapucra lamya (1811 — 1832), ucciegoBasiiero
st moJist, u obozradaior GF(q). Bosee moapobHbIe CBejeHHsT O KOHEUHBIX
MOJIAX YUTATETb MOXKET TOJIydnTh u3 Monorpadun P./Ingna n I"Huneppaiitepa
«Koneunsie mosist» [73].

[Iycts G—1ipon3Bo/ibHAsT TPYIIIIA 10 YMHOYKEHHUIO.

Omnpenesienue 1.2. [lopadkom asnemenma a epynnow G ( 0oboznavwaemes wepes
ordg(a) ) nasweaemcs manMmenbiuee wucao k maxoe, wmo a® = 1. Ilopsadkom

cpynnsvt Ha3vleaemcsd YUCAO0 €€ FINEMEHTNOE.

Cueyrolee CBOMCTBO, CBsI3bIBAIOIIEe IOPSIAKU 3JIEMEHTOB C IIOPSJIKOM
I'PYIIIIBI, ITTPOKO UCIIOJIb3YETCsI B PA3/INYHBIX aJITOPUTMAX, OITUCAHHBIX HUXKE. DTa

TeopeMa OblIa JOKa3aHa 3HAMEHUTBHIM (DpaHIly3cKUM MaTeMaTukoMm ZKozedom
Jlyn Jlanpamxem (1736-1813).

Teopema 1.1. (Jlarpamxk). [lopadox 06020 asnemenma KoHewHOT 2pynnol

ABNAECMNCA desumenem nopaoka 2pynnot.

JokazareabcTBo. [lycTh semenT a konednoit rpymmnsl < G, - > umeer
nopsytok k > 1. Torna ssementst a, a?, ..., a*~ !, o = 1 pasinunbt u camn
obpazytor rpymmny A, comep:kaiiyio k S7€MEHTOB U SIBJISIONLYIOCS ITOATPYIIION
G . Paznuunble cmesknble Kaaccol b+ A s b € G uMeroT TakzKe MOIHOCTE Kk, a
o0be/InHeHne UX JAaeT B COBOKyHHOCTH Ipyiiy (. 3HA4YNUT, 9ucao jeMeHToB GG
paBHO k - m, Ie M—YUCI0 CMEXKHBIX KJIACCOB, OTKYIa BbITEKAaeT YTBEp:KJIEeHIe
TEOPEMBI.

IIpumep. Paccmorpum kosbio Z), npn p = 29. Henynesble seMeHThI
9TOI0 KOJIbIIA 00PA3yIOT TPYIILY 10 YMHOXKEHUIO, IOPSIIOK KOTOPOiIl paBeH p —
1 = 28. Ilo Teopeme Jlarpamxka HOpsiIOK JIOOOTO 3JIEMEHTA @ STOIl I'PYIIIbI
SIBJISIETCS JleJInTe/IeM 28, T.e. MOXKeT IIPUHUMATh OJHO U3 CJIEIYIOMNX 3HAUEHMI:
1,2, 4,7, 14 n 28.

DaemenT a € (G Ha3BIBACTCA NPUMUMUEHbLM SJIEMEHTOM WJIN

2CHEPAMOPOM TPYIIIbL, €CJIH ero HOpsaJioK ordg(a) paBeH TOPsIKY TPYIIIbL.
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He smobas rpymma mmeer reneparop. I'pyiia, B KOTOpPO#l €CTh IeHepaTop,
HOPOXKJTAETCST OJIHUM DJIEMEHTOM M Ha3BIBAETCS UUKAUYECKOT.

BosibmmHCcTBO onepaluii B KOJiblle BbIYeTOB Zi, MOKHO BBIIIOJIHATH,
BBINIOJIHUB CHaYaJia JefiCTBUS C 4MCJIaMU, a 3aTeM Haxo/s OCTATOK OT JleJIeHU
pesyibTaTa Ha MOAyJab n. OpHaKo ¢ omepalusMi BO3BEJIEHHS B CTElEeHb U
BBIYHCJIEHUS JINCKPETHOTO (MOJLY/IIPHOTO) JiorapudMma, Takoii MOpsiJioK siBJIseTCs
ouenb HeabdexTuBHbIM. Hanpumep, eciu Mbl 3axoTuM Bblunciath 2% (mod
1003), wcrosb3yst KaJbKy/IATOD, BXOMSIIMNA B COCTaB ONEPAIMOHHON CHCTEMbI
Windows, To pe3ysibTaT OKaKeTcs HEBEPHBIM. B TO »Ke BpeMsl 9Ty »Ke Olepaliii
HECJIO?KHO BBINIOJTHUTD C MOMOIIBIO aJIrOPUTMa ObiCMpPo20 6036edeHuUAs 6 CMenems

no Modya0 38JJAHHOIO HATYPaJIbHOI'O YMCJia, KOTOPBI MbI ceiidac OIMIIEM.

1.2. Aaroputm OBICTPOTrO BO3BeJ/ieHNsI B CTEIIeHb 110 MOJIYJIIO

[IpennonoxKum, uro Tpebyercss BbUHCAUTH z = a’ mod n. Paccmorpum

CJICJIYVIONINIT aJITOPUTM:

1. IpeacraBum b B pBomwunblil cucreme ucuuciaenus: b = (byby ... by)a,
b; € {0, 1}. Hanpumep, 199 = 110001115,

2. 3amo/IHuM CJIeTYIONLYIO TaOTUITY

b [by| b | ... | bg
a | Qg | ay Qg
a? mod n, ecim by = 0, .
rae ayg = a, Q] = 0 st ¢ > 0.

a; -amod n, ecau by =1
Pesynbrar mosgBuTCd B TIOC/IE/IHE sd1elike BTOPOI CTPOKM.

IIpumep. Boraucanrs 2% mod 1003:

b |1 ]1/0]0]0 111
c | 2 |8 |64|84|35]|444 |93 | 247

Orser: 2% mod 1003 = 247.
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1.3. Pemero DparocdenHa nm KpuTepum IMPOCTOTHI

OueBniHO, YTO JI0OOE TTPOCTOE YUCJIO0, HE paBHOE 2, ABJISAETCS HEIETHBLIM.
CyIecTBYIOT MPU3HAKK JIETUMOCTH TE/IbIX YNCesT Ha pa3IMIHble TPOCThIe JUCIa,
HAITPUMeEpP, 9TOObI YHUCJIO0 B JIECATHIHOM BUJE JEIMJIoch Ha 3 u 9 jgocTaTovHo,
qTOObI cyMMa ero nudp Jeaumnach Ha 3 U 9 coOTBETCTBEHHO. UTOOBI YHCIIO
JIeJINJIOCh Ha D, JOCTATOYHO, 4TO ero nocjieasist mudpa obuia 0 wim 5.

Takne JacTHBIE NMPU3HAKN JIEJIMMOCTU MOXKHO HCIIOJIb30BaTh, €CJIH HYKHO
YMEHDBITUTH MHOYKECTBO KAHIUJIATOB ITPOBEPKU Ha IIPOCTOTY MJIM OTCEYDL 3aBEI0MO
COCTaBHBIC 4YHCIA. AJIBTEPHATUBHBIM CIIOCOOOM IMOJIyYEHHUs IPOCTBIX YHCEI
SABJIAETCS  pewemo Ipamocgdera, TPUTHICHIBAEMOE JTPEBHETPEIECKOMY YIEHOMY
Dparocheny Kupenckomy, »kupiieMmy npumepHo B 276 - 194 r. 10 H.3.

1t HaxoxKiennsd MHOXKECTBa IMPOCTBIX JIO 3apalee BLIOPAHHON BepxXHeil
IPAHUIBI B MBI cHadaJ1a BBITICHIBAEM MOC/IE0BATETHHOCTD BCEX HEUETHBIX YHCe T
or 3 1o B. 3arem BbIOMpaeM IepBOe YNCTIO B CIHCKE, T.€. TPOUKY, U OCTABJIAA
€ro B CIINCKe, BbIUEPKMBAEM Bce KpaTHble 3, HaunHasd ¢ 6. [lorom mepexomamm Ko
BTOPOMY YHCJIY CIHCKa (MSTepKe) U BHIUEPKUBAEM €r0 KPATHBIE, OCTABUB CAMY
ATEePKy W T.JI., IOKa He JIOeM JI0 KOHIla CIUCKa. B ocTaBiieMcs crmcke OyryT

TOJIBKO ITPOCTLIE YUCJIa.

Majasa Teopema Pepma

Buamenutsiii ppamiysckuit maremaruk [Ibep @epma (1601-1665) mokazasn

TeopeMy, KOTOpasd U3BECTHa KaK Maaad MeOPEMQ @6]1/\4&.

Teopema 1.2. (Manas teopema ®epma) Ecau wucio p-npocmoe, mo 0as

1106020 HAMYPAALHOZ0 YUCAG, HE CPABHUMOZ0 C P GHINONHAECMCA CPAGHEHUE
a’~' = 1(mod p) (1.1)

DTa TeopeMa sIBJISIETCsI YACTHBIM CJiydaeM Teopembl Jlarpanzka (Teop.1.1).
HeiicTBUTEIBHO, DU IIPOCTOM P MHOXKECTBO HEHYJIEBLIX 3JIEMEHTOB KOJIbla Z)
obpasyer rpyllly 110 YMHOKEHI0, NMelnyo p — 1 smement. Bygem obo3HauaTh
9T0 MHOX)KecTBO uepes Z,. llo reopeme Jlarpamzka nopsiiok Jioboro sjemeHTa

a € Z; awjisiercs jleiuTesieM 1nopsijika p — 1, oTkya a?! = 1(mod p).
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3 Teopembl @epMma cpaldy cJejlyeT, 4TO €CJU JIJIsi HEKOTOporo a < p
BbIOIHeHo yenosue a’~! Z 1 (mod p), Torna 4MCIO P ABJSETCS COCTABHDBIM.
Opnako obparienne Masioit TeopeMbl @epMa He BEPHO — CYIIECTBYIOT COCTaBHbBIE
qucaa P, JJIg KOTOPBIX BBLINIOJTHAETCS ycejaoBue Pepma i KayKJI0ro a, He
cpaBHuMOro ¢ p. Takme 4unciia HasbIBalOTCs 4ducjaamum Kapwmalikia un OyyT
paccMoTpennsl B pazzene 1.19.

Crenyromas TeopeMa JaeT KPUTEPUil MPOBEPKU MPOCTOTHI YUCIA P U

OJHOBPEMEHHO IIPUMHUTHUBHOCTHU KOPHA Q'

Teopema 1.3. (Kpumeputi npumumuenocmu u  npocmomuwt). FEcau  das

HEKOMOPLIL A4 U P BbNOAHEHDL YCAOBUA.S

1. a?~t = 1( mod p),
2. aP~V/4 £ 1( mod p) das Yq|(p — 1),

mMo20a wucA0 p-npocmoe, U & ABAAECMCA NPUMUMUEHbIM KopHem noas GE, (m.e.

2enepamopom 2pynnvi no ymrodiceruro noas GF, ).
ITpumep. n =1 022333835329657, n —1=2-2957-146063 - 292 877.

3"t = 1( mod n),

3=D/2 = _1 (mod n),

3(n=1)/2597 = 324224767363906 ( mod n),
3(n=1)/146063 = 697302646321792 ( mod n),
3(n=1)/292877 = 736785752408036 ( mod n).

[TosToMy [dmco nm B HalleM MIpUMepe ABJIACTCA ITPOCTHIM, & 3 SBISICTCS
HPUMUTHBHBIM KOpHeM 1oJist [anya GF,.

Ormernm, 9To paszbuenne n — 1 B Ipou3BeieHNne IIPOCTHIX COMHOXKITE I
caMO dBJIETCA OYeHb CJIOXKHOW 3ajad4eil, MO3ITOMY JiJId JUIMHHBIX YUCEJI 3TOT

KPUTEPUIT MPOCTOTHI HEITPUMEHUM.

1.4. Metoa mmpoOHBIX AeJeHu’id

Meton npobubix jesenuit (the trial division) siiasiercst Hamboiee MTPOCTHIM

METOJOM IIPOBEPKMH IIPOCTOTLI BXOJHOI'O COCTaBHOI'O 4YMCJIa 71 WJIM HaXOXKJICHIMA
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ero gesureseii. Bynem ucnosnbzoBarh oboznadenue |x| s dynkium floor(x),
paBHOI HAMOOJIBIIIEMY IEJIOMY YHCITY, HE MPEBBIMIAoneMy & (OKpyIJIeHIe BHU3).
Anasornuno, [z]| wucmosbsyercs jyist obosHadennsd Gyukimu ceil(x), paBHOi
HANMEHDITIEMY TIeJIOMY THCJTY, OOJIBINEMY NN PABHOMY & (OKDYIVICHHE BBEDX).

J171s1 9TOTO B IIUKJIE BBIIIOJIHAETCSI IPOOHOE JIeJIEHIe N Ha BCE IeJIble UKICIa

or 2 10 \/n:

int Tr_div(int n)
{
for(int i = 2; 4 < |/n]; i++)

if (n%i == 0) return i;

return 0}

Kazk10e Jiesienne nMeeT acuMIITOTHYecKyo cioxkuoets O(log?n) , mosTomy
o0I11ast CJI02KHOCTL METOJIa MOYKeT OBLIThH OIleHeHa, KakK O(nl/ ?log*n) . O6oznaunm
depe3 L JTMHY JBOUYHOTO IpejcTaBienns anuciaa n, L = [logy n]. Torma moxuo
3allCaTh [TOCJIEIHIOI OIEHKY B 00JIee CTaHIAPTHOM JJIsI TEOPUN BBITUCIIMOCTH
BILJIE:

T(n) = O(L*- e*/?). (1.2)

SHAYUT, aJrOPUTM ITPOOHBIX JEJCHUI MMeeT SKCIIOHEHIINAJIbHYIO OIEHKY
OTHOCHUTEJILHO JIJIMHBI BXOJHOTO YHCJIa, MOITOMY STOT METOJI HEe MOXKET ObIThb

HCIIOJIb30BaH dJId TECTUPOBaHMA OOJIBIINX YUCEI.

1.5. Pemero Arkuna

Pemero ATknna — OBLICTPBIA COBPEMEHHBI aIrOpPUTM HAXOXKJIEHUS BCEX
IPOCTBIX YHCEJ J0 3aJaHHOrO IIeJIONO UHCIa. DTO ONTUMU3MPOBAHHAS BEPCHS
CTapUHHOIO perrera Jparocdena: pemero ATKUHA IIPOIEIbIBAET HEKOTOPYIO
IpeBapuTeIbHYI0 paboTy, a 3aTeM BbIYepKHBaeT UNCIa, KpPaTHbIe KBAJIpaTy
npoctbix. Asroputm 66wt cozman A. Atkuabim (A. Atkin) u JI. Beprmrreitrom
(D. Bernstein).

Himke mpejncraBiena yHpolleHHasT BepCusl KOJa, WIIIOCTPUPYIONIAs

OCHOBHYIO HJICIO &JITOPUTMa, — HCIOJIb30BaHNE KBAJIPATHIHBIX (DOPM.
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int limit = 1000;
int sqr_lim; bool is_prime[1001]; int x2, y2; int i, j; int n;
/) Vaunuaauszanyst perera,
sqr_lim = (int) sqrt((long double) limit);
for (1 = 0; ¢ <= limit; i++) is_ primeli] = false;
is_prime[2] = true; is_prime[3] = true;
// TIpesnonoKuTebHO IPOCTBIE - STO TEJIbIE ¢ HEUEeTHBIM THCJIOM
// npejcTaBieHnil B TAHHBIX KBAJPATHBIX (DOpMax.
// X2 u y2 - 910 KBajIpaThl i 1 j (omTuMmU3aIms).
x2 = 0;
for i=1; i <=sqr_lim;i++) {
X2+ =2%i-1;
y2 =0;
for (j =1; j <=sqr_lim; j++) {
y2 +=2*j-1;
n=4%x2+y2;
if (n <= limit) && (n % 12 == 1 || n % 12 == 5))
is_prime[n| = ! is_prime|n|;
//n=3%*x2+ y2;
n -= x2; // OnruMusais
if ((n <= limit) && (n % 12 == 7))
is_prime[n| = ! is_prime|n|;
//n=3%*x2-y2;
n-= 2 *y2; // Onrumusanus
if (i > j) && (n <= limit) && (0 % 12 == 11))

is_prime[n| = ! is_ prime[n];

}

// OtcenmBaem KBaJpaThl IPOCTBIX Umces B maTepBase [5, vIimit].
// (oCcHOBHOIT 9Tall He MOYKET UX OTCesITh)
for 1 =5; i <=sqr_lim; i++){
if (is_primeli]) {
n—1*i;
for (j = n; j <= limit; j +=n) {

is_ primel[j] = false;

}

// BBIBOJ crimcKa MPOCTBIX 9HCET B KOHCOJIb.
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printf("2, 3, 5");
for (i = 6; 1 <= limit; i++) {
// nobasjiena mpoBepka JeauMocT Ha 3 u 5. B opuruHasibHOI
// Bepcuu anropuTMa MOTPEOHOCTH B HEil Her.
if (is_prime[i]) && (i % 3 <> 0) && (1 % 5 <> 0){
printf(” % d 7, i); }
}

Ob6ocHoBaHuEe ajaropuTMa. AJTrOpUTM HOJHOCTHIO UTHOPUPYET JIIOObIE
qucia, KOTOpble JeJISTCS Ha TPHU, TITh U ceMb. Bee ducsa, paBHbe (110 MOJLYJIIO
60) 0, 2, 4, 6, 8, 10, 12, 14, 16, 18, 20, 22, 24, 26, 28, 30, 32, 34, 36, 38, 40, 42,
44, 46, 48, 50, 52, 54, 56 wam 58, jmesdaTcd Ha JaBa U 3aBeJIOMO He IpocThle. Bee
qucsta, paBabie (1o moystio 60) 3, 9, 15, 21, 27, 33, 39, 45, 51 wu 57, messitcst Ha
TPU U TOXKE He SIBJIAIOTCS MpOCThiMU. Bee unciia, pasubie (o momyrto 60) 5, 25,
35 i 55, jesisiTes Ha MsITh U TaKzKe He IpocThie. Bee stu octaTku (10 MOJLYITIO
60) UTHOPUPYIOTCS.

Bee ancna, pasabie (1o momyto 60) 1, 13, 17, 29, 37, 41, 49 wm 53, nmeror
OCTATOK OT JiejieHusl Ha 4 paBHBbIl 1. DTu ducia gBISIOTCS IPOCTBIMU TOTJIA U
TOJILKO TOTJA, KOTJa KOJIMUECTBO pelleHnil ypasuenus 4x? + y? = n HeuéTHO 1
caMo YHCJIO He sIBJIAETCsT KBajpaToM (squarefree).

Yucsra, pasubie (1o mogyaio 60) 7, 19, 31 wim 43, UMeEOT OCTATOK OT
JesieHust Ha 6 paBHbI 1. DTH ducIa ABJISIOTCS MPOCTHIMU TOIVIA 1 TOJBKO TOT/IA,
KOTJla, KOJIMYUECTBO perieHnii ypasuenns 32 4 y?> = n HEY8THO U caMo 9HCII0 He
SIBJISIETCST KBAJIPATOM.

Yucsta, pasubie (o mogyao 60) 11, 23, 47 wim 59, uMeroT oCcTaTOK OT
neneHust Ha 12 paBHbIi 11. 9TH dncsia aBIsoTCs TPOCTHIMU TOT/Ia U TOJIBKO TOT/IA,

2 — n HeYETHO U CAMO YHCJIO He

KOTJ1a, KOJIMYUECTBO perieHnii ypapuenns 32 — y
ABJIACTCA KBaJPaTOM.

Hu ojno m3 paccMaTpuBaeMbIX YUCET HE JEIUTCd Ha 2, 3 WK O, 3HAYUT
OHM HEe MOTYT JIeJINThCA W Ha UX KBaJpaThl. [losToMy mpoBepka TOro, YTO YUCTIO

He sBJIsIeTCs KBaJpaToM, He BKJIOUaeT duces 22, 32 u 52.
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O1nieHKa CJI02KHOCTH pelriera ATKHUHA

ITo OLCHKE aBTOPOB aJI'OPUTM HMEET aCHUMIITOTHUYECKYIO CJIO2KHOCTDb

O (frtn )

240()  6ur mamaru. Pamee ObLIM  M3BECTHBI CTOJb  ¥Ke

u tpebyer O(n
ACHMIITOTUYECKH OBbICTPbIe  aJIFOPUTMbI, HO OHU TpPebOBAJM  CYIIECTBEHHO

OOJIbIIE TTAMSITH.

1.6. Tecrt Ilokaumarrona

Ecmm y uncna n — 1 HaiiaeHo OMWH MM HECKOJILKO IPOCTHIX AeJIUTeNeH, TO
9TO MO3BOJISIET OIPAHUYUTH 00JIACTh 3HAYEHUI MPOCTHIX JeJnuTeIell Yncia n nin
JlaxKe MOKa3aTh, UTO N ABJsieTcst TpocThiM. Crieyiolias TeopeMa OATBEPK IaeT

9TO HaOJII0J/IeHIE:

Teopema 1.4. (H.C. Pocklington). Ilyemv n — 1 = F - R, u noanoe
pasaoorcenue mroocumens Fna npocmoie mnoorcumenu ussecmmo. Tozda, ecau

ONA HEKOMOPO20 a4 < N GLINONHAINCA YCAOGUA:
1. a1 =1(modn),
2. HOJ (a" V9 n) £ 1 das mobozo q|F,

moeda 00601 deaumend wucaa n cpasrum ¢ 1 no modymo F.

HokazareabctBo. Ilycts  p-mipocroit  menurens uncia  n. U3
1.1 1IpeosiorKennii  TeopeMbl  CleyeT, 4TO IHOpsIoK k aiaementa a B
MyJIBTHIUINKATUBHOIL rpyie noiss GF), asisercs pesnuresieM (n—1)/F = R. U3
BTOPOI'O IIYHKTA IIPEJIIOJIOXKEHHI ciieayeT, 4To k He MOyKeT ObITh COOCTBEHHbLIM
nemresieM, T.e. k = F. Orciona F|(p— 1), re. p=1+m - F g HEKOTOPOro

11eJION0 M.

CaencrBue. Eciu F' > \/n, Torja 9nucjio n-1pocroe.
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JleiicTBUTE/ILHO, B 9TOM CJIy4ae, JII000i HeTPUBUAJIbHBII JIeTUTE/Ib P INC/Ia

N JI0JIZKEH ObITb GOJIbIIE /T, YTO HEBO3MOXKHO.

ITpumep. Ilycts n = 618970019 642690 137449462111. Yucmo n — 1

HMEET TI0JIHOE Pa3JIozKeHne BU/JI
n—1=2-3-5-17-23-89-353-397-683 - 2113 - 2931 542417.

OrmeTuM, 9TO HamOOJbINNN JenuTesb n — 1, paBubiit 2931542417,
Menblie |y/n] = 24879108095 803.
Basuc @ = 2 He MOAXOUT 10 yeJoBHIO TeopeMbl, T.k. 2"~ D/1 = 1 (mod

n) JUIsT Beex pennteseil . BeimosauMm tect ¢ 6a30it @ = 3:
m = 30~U/P _1 =180 591 065 836 317 083 554 066 745 # +1 ( mod n),

u, HO.JI. (n, m) = 1. 3HaunTt, BO3MOXKHBIE JEJTUTETH YUCIa 1 UMeoT B 1+ k -
p < /n,orkyna, 0 < k < 8486. [TpocTbiM epebopomM Beex k MOXKHO yOeIuThes,
YTO N HE UMEET IIPOCTBIX JeJIUTe e, U, 3HAYUT, ABJISICTCS IPOCTHIM.

MozKHO OBLIO TakzKe BMECTO BBLINOJIHEHHU JeJICHUI IPUMEHUTL TEOPEeMY
mist F') paBHOrO MpOM3BeJIeHNI0 Tpex Haubo/IbIux jeaureseii n — 1 (st Hux
rojuTcs Ta ke 6aza a = 3), rorga F > |y/n|, oTkyga cpasy cieayer, 4To

Nn—TIPOCTOE.

1.7. T'enepalnus NpoCTbIX YHCEJI

Bo wmmormx sajadax Teopuu UncesJl W KpUNTOrpaduu BO3ZHUKAET
HEOOXO/IMMOCTh DeHepallii IIPOCTBIX YHCe] 3aJaHHOrO pasmepa. OJHUM 13
XOPOIIIIX CIIOCOOOB IOPOXKIEHUSI IIPOCTBIX YHCEN SABJISIETCS CIOCO0 I0JIYIeHHsI
IIPOCTBIX YHCEJI C TIOMOIIbIO KaKoil-HuOy b dhopmysibl. Hampumep, eme JI.9iiiep

IPEJJIOXKUIT MHOTOUJICH
p(z) = 2® +x + 41,

SHa4YeHUsd KOTOPOI'O B IIEPBBLIX 40 unenax HaTypaJIbHOI'O pdda OdaloT IIPOCTbIC

qucJia.
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Brpouem, ectb ropasio 6osiee cusbHblil pesysabrar FOpust MartusiceBuya
[1970], woropwelil  JoOKa3ajg, UYTO  CYIIECTBYeT  MHOIOWIEH C  IEJbIMU
KO3 PUIIEHTAMI OT HECKOJLKUX IIEPEMEHHDIX, 3HAYeHUSIMUI KOTOPOro OYIyT B
TOYHOCTH BCE TPOCTble 4nca. [IpusejgeM 3T0T MHOrOWIeH (MaTepuasl B3sT U3

aeknuit C.B. Cuzoro no teopun uncesn |77]):

F(a,b,c,d,e, f,g,h,i,5,k,l,m,n,0,p,q,7,s,t,u,v,w,T,y,2) =
(k+2) Q1= (wz+h+j—q?—C2n+p+q+z—e)?—(a*y*—y*+1—2a%)>*—
—((e*+2¢°)(a+1)* = 0°)* = (16(k + 1)°(k + 2)(n + 1)* + 1 — f*)*—

—(((a+u" —v?a)? = 1)(n +4dy)* + 1 — (z + cu)?)*~

—(ai+k+1—-1——((gk+29+k+1)(h+j)+h—2)>—
—(16r°yta2 —1)+1—-u?) = (p—m+l(a—n—1)+

+b(2an + 2a —n? — 2n — 2))* — (z — pm + pla — P*l + t(2ap — p* — 1))*—
—(g—=x+yla—p—1)+s(2ap+2a —p° —2p — 2))*~
—(@®P =P +1-—mr)?—n+l+v—1y)?

Ciegyer TakzKe yIOMSIHYTh, 9TO C IIOMOIIBIO 3Toro MaHorodwaeHa 0. MarusiceBua
cyMeJ pemuTb 3HamMenuTyio 10-1o mpobsemy ['miabbepra, goKazaB, dUTO He
CYIIIECTBYeT OOINero ajropuTMa JJisi OIpeJle/IeHNs, UMeeT JIM IIPOU3BOJIbHOE
JInohaHTOBO ypaBHEHUE PellleHne B IEJbIX UNCIaX. DTOT Pe3yJIbTaT MOCTYZKILI
PA3BUTHIO IEJION CepUN PE3YJILTATOB O Hepa3PeIIMMbIX IPo0IeMax B PA3/IMIHbIX

00J1aCTIX MaTeMATUKU.

I'enepanus mpocThIX 4mceJi, oCHOBaHHas Ha TecTe IlokmHrTOHA

PaccmorpuM  oxmu  cmocod remepanum  OOJIBIINX — IIPOCTBIX — UHCE,
ocuoBanublii Ha Tecte I[lokymmurtona (crp.19) Ilycrs 3amano mpocTtoe €mcsio
p:

1. BeibepeM ciyuaitHbiM 00pa3oM 4€THOe 4ncsio [? Ha mpoMexyTke p <
R < 4p+ 2 u onpegenum n = pR + 1.

2. IlpoBepumM umcJI0 7 Ha OTCYTCTBHE MaJbIX IIPOCTBIX JleIUTelIell,
pa3/ie/luB ero Ha MaJible IIPOCThIe YUC/IA.

3. Bermosanm i amcesna n tecr Mustepa-Pabuna (em.nmxe Ha ¢.27) ¢

HCIIOJIb30BaHNEM HECKOJIbKUX Pa3JINYHbIX 06a3 a < p. Ecim IIpn O AJHOM M3 TECTOB
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BBISICHUTCSI, YTO 7 —COCTABHOE YMCJIO, TO BbIOEpEM HOBOe 3Hadenne R 1 MOBTOPUM

BbIYHMCJICHUA.

Onenka 3ddeKTuBHOCTH 3TOr0  MeToJa 3aBUCHT OT  IIJIOTHOCTH
paclipe/iesleHis IIPOCTBIX YUCEJ] U PACCTOAHUSA MEXKJly COCEJHUMH IIPOCTLIMU
gucsami. Borpoc 9ToT sBisgeTcs BoBce He mpocThiM (eMm.pasi.l.13) u 3aBucut
oT crpaseyimBocTH 0606mmenuoit runore3sl Pumana (OI'P). Ecin momycrutn

ClIpaBedJINBOCTb OFP, TO 9TOT aJI'OPUTM ABJIACTCHA INOJIMHOMUAJIbHBIM.

I'enepaliust IpoCTHIX YMCEJ C MCIIOJIb30BAaHUEM penieta JparocdenHa

Crioco0, ommcaHHBIN B IpeablayIneM maparpade, gaer 00bIIoil pa3zdpoc
B IIOUCKE MpOCTbIX dmcen. Muorma, Tpebyercst Haiitu mpocroe [mcyio p(x),
cJIeJIyIolee 3a JIAHHBIM TiesibiM ducyiom x (B nakere Wolfram Mathematica ectb
crieruasibHas (DYHKIWsI, BbIYUCIANAA p(x) JJid O9eHb OGOJIBIINX YHCesT ).
JJ1st HaXOXKJIeHUsT IPOCTBIX YUCE, CJACAYIONMX 38 3aJIaHHbIM YUCIOM X, MOYKHO

HCIIOJIL30BATH CJIEIYIONINI aJrOPUTM:

1. BoimmmcsiBaem muoxkectBo ancen {n, n+ 2, n+4, ..., n+ 2m}, rae
n > xr— HaUMeHbIlee HeYETHOE YNCJI0, N + 2m — BepXHsisl TpaHUIa NHTEPBAJIA.

2. BolinosmHuM 1pocenBaHne 3TOTO MHTEPBaJa € UCIOJIL30BAHIEM pPeIeTa
Oparocdena i Arkuna (cM. ¢.16) ¢ TOMOIIBIO MHOZKECTBa HEDOJIBITIX TTPOCTHIX
qucen {3, 5, ..., pr}, orpammueHHoro ceepxy rpanuieii B. Ilpu B = 10,
OTCeeTcsi MPUMEPHO MoJIoBUHa KauuaaTos. [pu pr < 1000, 6ymer orcesiro 5/6
BCEX KaH/I1IaTOB.

3. lajee, mpoBepuUM OCTaBINNECsS KAHIUJIATHI ¢ TOMOIIBLI0 TecTa Muiiepa—

Pabuna.

Ipumep. Tlpu = =~ 10?°° 6pula BEOpaHa 06a3a I IIPOCCHBAHMS,

orpannyennas cepxy umcioMm B = 1000. ITocie 67 monbITok ObLIO HaiEHO
npoctoe unciao x + 782. Ilpu B = 8000 4Yncjao monbITOK yMEHLITUJIOCH 0
50, a npu B = 50000 mo 36. 3nauut, GojblIoe yBeJndeHHe IpaHUlbl B He

obecrieunBaeT BBIUTPBIIIA aJITOPUTMA B IIEJIOM, T.K. BpeMsi, COKOHOMJICHHOE 3a CUEeT

YMEHbIICHUA IUCJIa Hp067 HE KOMIICHCUPYET BPEM, 3aTPav€HHOC Ha BLIIIOJIHEHNE
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IIPOCENBAHUSI.

1.8. Pacmupennblii ajiroputM EBKJanga

Pacmupennsiit  amroputm  Eskimga (PAE) ucnosbsyercss Bo muOrmx
KPUNTOrpaUUecKnX U TeOPETHKO YUCJI0BBIX ajropuTMax. OH COCTOUT U3 JBYX
qacreil. B mepBoil WacTtm ajsropntMma i 3aJIaHHBIX Ieblx umucen A u B
BBIUUC/ISETCST UX HAMOOJIbINIi o0t jgeuressb (greatest common divisor d) d.

Brerauncienne H.O. 0. narypaiababix uncel A 1 B BBIIOJIHSIETCS 10 PEKYPPEHTHOM

dopwmyie:

H.O.J1.(A, B) = H.O.JL.(B, A mod B), (1.3)

rie A mod B o3HadaeT onepanuio BBIYHCIEHHs] OCTATKA IPU IEJOUNCICHHOM
nenennn A mwa B. IlpouwssoanTest 1moc/ieioBaTe/bHOE HCIOJIL30BAHIE DTO
dopMyIIBI, TIOKa OCTATOK OT JIeJIEHUsl TIePBOTO OllepaHja Ha BTOPOIl He CTaHeT
paBubiM 0. IlociiegHee HeHyJ/leBoe 3HaUYEHUE BTOPOIO Oll€paHJia U €CTh HCKOMBII

o0t JIeITNTEb:

int Euclid(int A, B)

{
while (A mod B !=0) {

int C=A mod B;
A=B;B=C ;}
return B

}

st perrennst ypasuennii Buna Ax+ By = d, rne A, B —3ajaHHble 9ucIa,

a d — X HaOOJIbIINIT OOIIUIl JeJUTE)b, UCIIOJIb3YETC Pacuupertovlli aaropuTM
Eskimia. Ilepasi gactb PAE B pesyibprare koropoit mbr Haxojgum H.O.JI. d,
BBIIIOJIHSIETCsT TaKsKe, KaK OIIMCAaHO Bbille. SHadennss A, B, a TakxKe IeJyi0 9acThb
1 OCTATOK OT jiesienust A Ha B coxpansitorcs B Tabsuie, comepxKaiieii 4 crosorna.

Bo BTopoit gacTu paboThl ajaropuTMa K Tadjuie J100aB/sSIIOTC J1Ba HOBBIX
cTosibita, o3arjaBjeHHbx x W . [lomecTuMm B 1OC/IEIHIO CTPOYKY CTOJIOIOB

x n y sHadenus 0 m 1. 3areM, cuuTasdg 3HAYECHUS X;11 ¥Y;4+1 HN3BECTHLIMU,
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110CJIe/IOBATE/ILHO BBIYUC/IsieM 3HAaUYeHud T; 1 ;, ¢ > 0, o dpopmysiam:

Ti = Yi+1, Yi = Tiv1 — Yir1 - (Adiv B);

ITpumep. Pemuth ypasuenune 72z + 25y = 1. Ilomemaem B mepByIio
cTpouky 3HadeHnss A = 72, B = 25. Berancisiem A mod B — ocTaToK OT JejIeHns
A va B, u AdivB — nenytoo gactb or genennss A wa B. Ilorom mepenocnm
snadenns B u A mod B Ha cTpouUKy BHHU3 U Ha OJIHY KJIETKY BjeBo. [loBropsiem
BBIUMC/IEHNS BO BTOpOil cTpoke. lIpojo/kaem Bblumcenuns, MOKa 3HaYeHUE B
crosibrie Amod B #e craner paabiM (. Torma 3aHOCHM B IOCJIEIHIO CTPOUKY
cTosibroB x n y 3HadeHus 0 u 1, u BejieM BbIUMCJ/IEHE CHU3Y BBEPX 110 POpPMYJIaM,

OIIMCaHHBbIM BBIIIE.

A B |AmodB|AdivB| x | ¥y
72 | 25 22 2 8 | -25
25 | 22 3 1 -7 8
22 | 3 1 7 1| -7
3 1 0 3 0] 1

Otser: H.O./1. (72, 25) = 1 — nocienee 3uadenue B crosione B. Ilapa (x,y) =
(8, —25), nmarormasi perenne ypasHeHuio 72x + 25y = 1, Gepercs u3 mneppoii

CTPOKH TaOJINIIBI.

OI_IeHKa nIpon3BOANTE/IBHOCTHU aJITOPpUTMa EBKJ'II/I,Z[a

Pacmupennnpiit  ajaropuT™M — EBKIMZA — UCHOJIB3YyeTCS  BO  MHOIUX
KpunrorpapuiyecKkux MeToJaxX, I03TOMY OIeHKa ero IIPOU3BOANTEIbHOCTU
UrpaeT BayKHYI0 pOJib B pacderax 3SPOEKTUBHOCTH KPUIITOrpadUIecKX
AJICOPUTMOB.

Ocnosomnouaraomum dpakTopoM B onenke PAE sapisiercs dmciio urepariuit
B [JIABHOM IIHKJIe BBIYUCJICHUs HOBOH mapbl (A; B), wim, ApyruMu cJIOBaMH,
YUCJI0 CTPOUEK B TAOJIHIE BBIYNC/IEHNsT BhIYUCIeHn . YToObI OIEHNTH 9TO INCIIO,

3aME€THUM, 9TO Ha IIare k HpOI/ISBOﬂbHOﬁ UTEPpallil BO3MOXKHDBI JBa CJIy4Yad:

Cayuait 1. B < A/2. Ha mare k + 1 nHOBoe 3Hauenue A, paBHOE

npejblyiiemy B, Oyjer menbiie, yem A/2.
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Cuayuait 2. B > A/2. Ocratok 7 = A mod B = A — B 6yjier MeHbIIe

A/2, n na mare k + 2 HOBoe 3HaueHne A craHeT paBHBIM OCTaTKy 1 < A/2.

B srobom ciydae, mocsie KaxKjoi rmapbl UTeparyii mepBblii aprymenT A
yMeHbIaercst 6ojiee, 4eM B 2 pasa, 3HAYUT, 0o0Iee YKUC/I0 UTepalnii He MOXKEeT
ObITh OoJbIlte, YeMm 2logy A. Hucso onepaliuii Ha KaxKJI0i UTEpPAIUN TTOCTOSHHO
(kak mpu MPsSIMOM XOJIe, TaK U IPHU MObeMe MPHU BBIYUCIeHIN KOI(DDUIIEHTOR
ypastenust Ar+ By = d ), nosromy, ornieika PAE pasua O(L), rie L = [logy A] -
JUINHA JIBOUYIHOTO IMPEJICTABICHUST MEHBIIIEr0 U3 YUCEI.

OTa  OleHKa  He  sBJdAeTCd  3aBBINIEHHONW,  T.K.  CYIIEeCTBYET
MOCJIEZIOBATEIBLHOCT wucen Puoonawwu, {F,}, Ha mapax COCEIHUX JEMEHTOB
KOTOPBIX ¥ JOCTUTAeTCsl 9Ta BEpXHsisl OleHKa. llocsieioBaTelbHOCTD WMJIM Pl

OuboHATIN ONPEIE/IACTCS CJIEIYIONUMU (DOPMYJIAMIE:
F() = 1, F1 = 1, Fn+2 = Fn+Fn+17 n Z 2.
Brinuiem Haga/IbHBIH HHTEPBaJ 3TOTO PsIa:

S={1,1,2, 3,58, 13, 21, 34, 55, 89, 144, 233, 377, 610, 987, 1597, 2584, 4181}.

1.9. CumBoa Jlexxkanapa

Omnpenenenue 1.3. [lycmo n > 1-uyeaoe wucro. Hucro a, npunadaestcawiee
unmepsaay [0, n— 1] Hazweaemces KBaJAPATHIHBIM BBIYETOM 10 MOJYAIO T, €CAU

natidemea ueaoe wucao T maxoe, wmo x> = a( modn).

Eciu Takoro x He CyIIecTBYeT, TO @ Ha3bIBAETCs KBAIPATMUYHBLM
nesviiemom. OTMETHM, ITO POBHO MOJIOBHHA 9JIeMEeHTOB 13 nHTepBasa [0, n — 1]
ABJISETCSH KBaJIPATUIHBIMU BblUueTaMHU.

YeaoBusi TOTO, SABJIAETCS JIM @ KBaJpPaTHIHBIM BBIYETOM II0 IPOCTOMY

MOJIYJIIO P, MMPOBEPSETCs ¢ TOMOIIBIO, TaK Ha3bIBAEMOr'o, CUMBOJIA JIexkanapa:

1, ecn (32) 22 = a mod p,
(CL) = ¢ —1, ecu me(Iz) 2% = a mod p, (1.4)

0, ecau p | a.
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Boerancienune cumMBota Jlexkanpa MozKeT ObITh BBIITOJHEHO IO CJIE Iy IoNIeit
dopmyiie, noydennoit Jleonapgom Ditiepom:

(a) —4"T mod n. (1.5)

p

OjHako ucoJib3oBaHue 3Toit (OpMyJibl Ha IMIPAKTUKE COIPSIZKEHO C
BBIYHMC/IEHUAMI OOJIBINNX CTeNeHeil, M0ITOMY MpeANoUTHTE/IbHee MOTb30BaATHCA
3aKOHOM KBaJIpATUYHON B3aMMHOCTH, JoKasaHHbli Kapmom [ayccom B BO3pacte

17 ner.

3akoH KBa,Z[paTHqHOﬁ B3aMMHOCTUM: IJI JIIOOBIX HEYETHBIX IIPOCTBIX

YUCeJl P U ¢ BBINOJIHSIETCS (DOpMyJIa,

()- (e

nave roBops,

<q> = — (p)) ecsinp=qg=3mod 4, n <q) = (p), MHaYe.
D q p q

['aycc B Tedenme cBoeil YKU3HU HEOJHOKPATHO BO3BPAIAJICI K ITOMY
3aKOHY U IIOJIyYMJ HECKOJIBKO €ro JI0Ka3aTeJbCTB, OCHOBAHHBIX Ha COBEPIICHHO

Pa3JIMYHBbIX HJICAX.

J171s1 OBICTPOro BBIYUC/IEHHUSI CUMBOJIA JIeKaH/Ipa I10JIe3HBIMU SIBJISTIOTCS
TakyKe cJiejiytonine popMyJIbl:
Od . 2 2 _
G =) ()6 G) () men mean
p p p p p p
IMpumep. Boraucurs (15/17):

(5)-(2) () &) s

J1s1 cocTaBHBIX YHCENI N UCIOJIB3YETCsI CUMBOJI SIKOOM, KOTOPBIN sIBJISETCsT
obobienneM cuMBoJia JlexkaHapa Ha IPOU3BOJIbHBIE IIEJIble YHCa 1 00/1a/1aeT

CJICIYIOIIUM CBOWCTBOM:

()= 6) GG 19

rie no= py' - Py’ - ... Pif-pasiioKeHHe N B IIPOU3BEJEHNUE CTeleHefl IPOCThIX

quceJI.
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1.10. Tect mpocToTrbl Muiiepa—Pabuna

B kadecTBe KpUTepus MPOBEPKH, ABIAETCA JIN 338JaHHOE UNCIO 1 TPOCTHIM

WUJIN COCTaBHBIM, MOXKET CJIYy2KUTbH CJICAYIOIIad TeoOpeMa:

Teopema 1.5. (Kpumeputi nenpocmomuw,) Heuemmoe wucio n > 3 asasemes
COCTABHBIM Mmo2da U MoAbKo moz2da, Koz20a N ABAAECMCA AUOO  NOAHIM

K6adpamom, Aub0 Hatdymcea 064 HAMYPAALHOLT YUCAG T U Y MAKUE, YN0
r # +y(modn), uz?=y*(modn). (1.7)

Joxazamenvcmeo. Ecim soinonnsiores yeaosus (1.7) ) ro H.O. L. (n, 22 — y?) #
1, # n. ObparHo, ectt n = p - q, TJAe p > ¢, T0 onpejaeanM = = (p + q)/2,
y=(p—q)/2. OueBunno, x u y ymaosjaersopstor (1.7).

Ha  kpurepumm HempocTOTHI OCHOBaH  M3BECTHBIN  BEPOATHOCTHBII
tect Musiepa—Pabuna, Koropblii crapaercs Haiitu napy x u oy = 1,
VJIOBJIETBOPSIIONINE KPUTEPHUIO HEITPOCTOTHI.

IIyctb n—umcio, KoTOpoe HEODXOAUMO IIPOBEPUTH Ha  IIPOCTOTY.
IIpeacraBum n — 1 B Bugme n — 1 = 2° - d, rome d-mederno. Hazosem
IPOM3BOJIBHOE HNCIO a €7 ceudemesem npocmomov, M, €CIN BBIIOJHSIET

OJIHO U3 CJICJIYIONINX YCJIOBHIL:
1. 2 =a% =41 (modn), wm

2. (3k,0< k< s) 2?2 =—1(modn). (1.8)

B nporuBHOM ciiydae, HA30BEM @ C6UJEMENEM HENPOCTNOMYL 1.

JlokaxkeM cHadaJia, 9TO €CJU JJIsi 4Yucja N Haiijlercss XOoTsa—Obl OJIMH
CBUJIeTE/Ib €0 HEIIPOCTOThI, TO 7T, —COCTABHOE.

eficTBUTENIBHO, IIYCTh JIJIsT HEKOTOPOI'O @ €7, He BBIIOJHEH HU OJIUH U3

.12 yenosuit (1.8), Torga moc/ie[0BaTeIbHOCTh

zo = a’(modn), r; = z3(modn), ..., .1 =2 ,(modn)

He cojiepskuT —1. Beraucamm x,, pasnoe x2_;( mod n). Ono ne pasto 1. Ho ecin

98 — o
n-1pocroe, To x5 = a®? = a"! go/KHO paBHATLC 1O Masoil Teopeme Pepma

eJINHAUIE. SHAUNT, YNCJI0 7 — COCTABHOE.
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[ st onenku appexTuBHocTr Tecta Musiepa—Pabuna onpejiesinM moHgTHe

dyukun Ditzepa.

Pyukius Jitsiepa p(n)

Jleonapy Ditep BBes B 00uX07 (PYHKIUIO ¢, ONPEJIE/IEHHYIO Ha IEIbIX
HOJIOKUTEIBHBIX dHC/IaX, 3HAYeHHeM KOTOpPOil Ha apryMeHTe 7N SBJISIeTCs
KOJINYIECTBO II0JIOZKUTE/ILHBIX UICEJI, MEHBIINX N U B3aUMHO-IIPOCTBIX C 7.

OueBujtro, uto Jyist Bcex n > 1 @(n) < n. us npocroro gucsia p
sHadeHne p(n) paBHo p— 1, a i ducaa n, siBJISIONErocs MPON3BEIeHNEM JIBYX

cOMHOXKHTENET n = ny - ng, @(n) = p(ny) - p(ng).

Pabun joKazajl TeopeMy O TOM, 4YTO €CJU HeYeTHOe Yucao n > 2-—
COCTaBHOE, TO MHOXKECTBO CBUJIETEJICl €ero MpOCTOTHI NMEET MOIIHOCTL He DoJiee
e(n)/4 < n/4. Orcioma ciejiyer, 9To ecjin IPU TPOBEpKe k MPOU3BOJIBHO
BBIOpAHHBIX YHCE/ G < N BCE OHM OKAXKYTCA CBUJACTEJISIMU IPOCTOTHI 1., TO 71—
IIPOCTOE ¢ BEPOSTHOCTBIO OmnbKH, He rpesblmatonieit 4% . Ha srom HabmoeHnn

crpoutes ciaenyroruii Tect Mutepa—Pabuna.

Tectr Muninepa—Pabuna

[Iycrs uncino n > 2-neverno u n—1 = 2°-d, rne d—uederno. /s KaxKa0ro
qucsa ¢ oT 2 10 r+ 1, re r — 9uc/o TpPoBEpPOK B TECTE, BLITOJIHIM CJIEIYIONIHIe

JeCTBUL:

1. Borancmmu g = a(mod n) .

2. Ilposepum yeiosue xp € {1, n — 1}. Ecim ono BbInOSHUTCS, TOTIA
a—cBujeTelb IpocToThl. [lepeitaeM K ciemyiomemy a.

3. Nnaue npoBepuM, COAEPKUTCS JIM YUCJI0 N — 1 B HOCJIEI0BATEIHLHOCTD
{z1, x2, ..., Ts_1}, THe KaXKJIBIH MOCJECIYIONINNA X BBIYUCISIETCS 110 (HOpMYyIIe
zip1 = 27 (mod n).

Ecin orBer HOJIOXKUTEILHDBIA, TO a-CBUIETE/]b IIPOCTOTHL. IlepeiigeM K
caenytomemy a < r+ 1.

Nnade, Haiijilen cBUIETEIL HEIIPOCTOTEL 1. 3aBEPIIAeM TECT ¢ COODIICHUEM

«YUCJIO TL—COCTaBHOEC».
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Ecin mocie 1 1pOBEpOK OKaxKeTcs 1 CBUJETeselt MPOCTOTHI, TO

3aKaH4YlBacM TECT C COO6HL€HI/IQM <M —BEPOATHO IIPOCTOE.

IMTpumep. Ilycrs n = 1729—uucio Kapmaiikiaa (cm. crp. 50). Pasmoxknm
n—1=2%.3% BrmoannM tect Munnepa-Pabuna nia a = 2:

zo=2*""mod 1729 =645 # 1, #n —1,

z1 = 22 mod 1729 = 645% mod 1729 = 1065.

ry = 23 mod 1729 = 10652 mod 1729 = 1.

[Tocnemyromue sementsl  {x;} st @ = 3,45 paubl 1, wu
nocjesioBaTebHoCTh {1, T, ..., Ts_ 1}, He cojep:kur n — 1. SHauwnt, 2

SIBJISIETCS CBHUJETEIEM HEIIPOCTOTHI 1, 1 n = 1729 — cocTtaBHOE YNCJIO.

Omnenka 3¢pdekTnBHOCTH Tecta Muinepa—Pabuna

Cnenyromasi JjiemMMa Oblaa Jioka3aHa PaOuHOM B IIPeIIIOI0KEHIH
CIpaBeI/INBOCTH 0000IIeHHOII rumore3pl Pumana o pacupeiesieHun IPOCThIX

ancest (c. 33):

Jlemma 1.1. Ilycmo wucro n—nevemmoe wucio, u n—1 = 2°-d, 2de d —neuemmno.

Ecau dan ecex x,0 < x < 2 (logan)? evnoanaemea ¢ = 1 (modn), uau
k

224 = —1(modn) das nexomopozo 0 < k < s. Toeda wucao n aAeaaemcs

nPOCMvIM.

Onenka, UpuBeJIeHHAs B 9TOH JieMMe, $BJISIETCS OJMHOMUAJILHOM, OJIHAKO,
C TEOPETUYECKON TOYKHU 3pEHUsl OHAa He MOXKET ObITh WCIOJb30BaHa, IOKa
He JoKazaHa 0000IeHnHas THUNOTe3a PuMmana, KoTopas Ha CEroJHANIHUN JeHb
SIBJISIETCS CaMOIl M3BECTHON W3 HEPEIIeHHBIX <«IPobJeM ThicadesaeTns». Kpowme
TOTO, IS NMPAKTUYCCKUX PACUYETOB 3Ta OlECHKA ABJIAETCH CUJILHO 3aBbLIIICHHOI.

Bumecto nee obbrano ncnosnssyerca rpamuia nopsaiaka O(logan ) (em. [50]).

1.11. BepostaHocTHbIi TecT mmpocTtoThl ConoBes—IIITpaccena

Tecr Cosnosest — IlITpaccena onmpaercst Ha Masyio Teopemy Pepma (pas/.

1.2) u cBoiicTBa cumBosa fAkobu (paszzm. 1.9):
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TeopeMa 1.6. Ecau n — newemmnoe cocmastoe HYUCN0, MO KOAUYECTNEBO UEADIT

Hucen a, 63aUMHO Npocmvltr ¢ N U MEHDWUT T, y@osmmeop.;zmugux CPABHEHUMNO

a2 = (¢ ( mod n), (1.9)
n

ne npesocxodum n/2.

Anroputrm CosioBess — IllTpaccena

Cuagana juist anroputm Cosopest — IllTpaccena BeIOMpaeTcst 1ej10e Inc/io
k > 1. Tect npoBepKH MPOCTOTHI YKCIa 1. COCTOUT U3 k OTIAEIbHBIX payHIoB. B

KazKJIOM payHJle BBIIOJHAOTCI CJIeYIONINe JefiCTBUSL:

1. CunydaiinbiM 00pa30M BBIOMpPaETCs YUCI0 @ < N, U BBIYUCISICTCS

d=H.0.1.(a,n).

2. Eciim d > 1, TO BBIHOCHTCsI pellleHne O TOM, YTO N cocTaBHoe. VHaue
nposepsiercs cpashenne (1.9). Ecu oHo He BbINoJIHEHO, TO 1 - cocTaBHoe. UHate,
@ SIBJISIETCSI CBUJETEJIEM IIPOCTOTHI YHUCIa, 11,

Ecin mociie 3aBepuiennst k payHI0B HaiieHo k cBueTeseill IPpOCTOTH, TO

JdeJIaeM 3aKJIIOYECHNE « 7l —BEPOATHO IIPOCTOE IHCJIO».

BruraucanreabHasi CJI0O>KHOCTb T S(b(beKTI/IBHOCTb TeCTa

B kaxjoMm paynjie BEpOSITHOCTH OTCESITh COCTABHOE THCJIO Oosibine 1/2,
nodromy depe3 k paynyos tect Cosoess—IIITpaccena onpejessier MpocToe
4ICJI0 ¢ BEPOSITHOCTBIO ONMMOKH, MeHblieit 277 . [T09ToMy STOT TeCT CpaBHUM I10
spdekTuBHOCTH ¢ TecToM Depma, HO UMEET IMpenMyIecTBo nepe Tectom Depma
B TOM, 9TO OH OTcenmBaeT Bce uncia Kapmaiikia (cm.paszz. 1.19).

C nipyroii CTOPOHBI, OH IpourpbiBaeT Tecty Musiepa—Pabuna, KoTopslii 3a
k paymios uMeer onmbKy, MeHpIyio 47

O6H.L&H BbIYUCJ/IATE/IbHaA CJIO2KHOCTL  aJITOPUTMa  OLCHUBACTCA KakK

O(k 10g2 n) .
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1.12. IlonmaoMmasbHBIN KpuTepuii mpoctoThl AKS

Onmmoit m3 BaKHBIX TPOOJIEM, JIOITOE BpeMs CTOABIINX — TEpe]]
nccyIeoBaTeIIMu, ObLI1a MpobJieMa ITOCTPOEHNS IeTePMIHIPOBAHHOTO aJrOPUTMAa
MPOBEPKN  ITPOCTOTHI  HATYPAJbHBIX  UHCE, WMEIOIEro  IMOJUHOMUAIBHYIO
olleHky BpeMenu paborel. Ajropurm  Muiepa-Pabuna, yrmoMsHyTbIil B
MpEeJIbIIYIIEM pa3jese, UMeeT TOJMHOMHUAJBHYIO OIEHKY, HO He SIBJIAeTCs
nerepMuarpoBaHibiM. JIpyrue Tecter, nampumep tect Ilokmmartona (pasm.1.6),
SIBJISTIOTCS JIETEPMUHUPOBAHHBIMU, HO HE UMEIOT TTOJIMHOMUAJILHON OTEeHKH.

B 2004 r. TpeMs MOJIOJABIMU WHIMHCKIMHU MaTeMaTuKamu ArpaBesioii,
Kasiiom u  Cakcenoit  ([1]) ©6pu1  paspabortan  jeTepMUHIPOBAHHBII
HOJINHOMUAJIbHBIH  Oe3ycsioBHBIT TecT AKS mpoBepkm HpoCTOTHI 3a/IaHHOIO

narypaJibaoro uncia. Tecr AKS ocnosbiBaeTcs Ha ciiefytoreil Teopeme:

Teopema 1.7. (Agrawel, Kayal, Saxena [2004].) Ilycmv n—-newemmnoe

HamMypasbroe YUcCA0, T —Nnpocmoe 4YuUcAo0 U 6biNOAHEHDL YCAOBUA.
1. Yucao n we deaumesa wu na 00HO U3 HUCEN, MEHDUWUT UAU PABHDIT T,

2. Hopsdox n 6 myavmunasukamusnol epynne Z; noas GFE, ne menvuwe
(1Og2(n))27

3. Jan ecex a, 0<a<r, ewunosuena popmyaa

X' =1

(X +a)" = X"+ a 6 Koavye MH0204AEHOG Zn[X]/ﬁ

(1.10)

Toeda wucao n asssemcea npocmmdim.

B 910it TEOpeMe UCIOIBb3YIOTCsT BBITUCICHHST B KOJTBIIE MHOTOWICHOB Z ;[ X ]
¢ KoaddumuenTaMm, OrpaHuuYeHHbBIMEI CBEPXY YHUCJIOM 1, (PaKTOPU30BaHHBIX I10

MOAYJIIO MHOI'OYJI€Ha AEJICHMA KpyTa

X" —1
®,.(X) = ~—7 X" X" 4+ X + L

Kowneuno, eciin n—1pocto, 10 sKBuBaieHTHOCTL (X +a)” = X" +a mod n

B cuyty Masioit reopembl @epma BbINOJHSAETC U B Kojiblie Z,[X]|, onHako stu
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BBIYUCJICHHST CJUIITKOM M'POMO3/KHI, ITOOBI MX MOYKHO OBbLIO PEATbHO BBITOJHUTS.
Cytb 3amevaresnbroii nien Arpasesnt, Kasint n CakceHbl cOCTOsIIA B TOM, YTOOBI
3aMeHUTh KOsblo Z,[X] #a ropasmo menbiinee Koabio Z,[X]/ P, (X).

Ha sT0if Teopeme ocHOBaAH CJIeIyIOMHI TECT TPOBEPKHU MTPOCTOTHI YUCTIA N
1. IIpoBepum, 9T0 N HE ABJISIETCA IOJHBIM KBaJIPATOM,

2. Ucnonwsysa auciaa r = 2, 3, 5, ..., HaiijjleM HauMeHbIIee MPOCTOe UNCJIO T
Takoe, 4TO T He SBJeTCd JIeJINTeJIeM N, U He dBjsgeTcsd jennteneMm n' — 1

nis seex i € {0, 1, 2, ..., (logyn)?)}.
3. TIpoBepuM, 9TO BBINOJHEHDBI YCJIOBUS TIYHKTA 3 TEOPEMBIL.

Ecan stn YCJIOBH BBIIIOJIHEHBI, TO T —IIPOCTOE, NHA4YE 7 —COCTaBHOE.

Samevarue. Heemorpst Ha To, uro Tecr AKS siBujIcst perieHneM KpyITHOI
1 JIOJITOCTOSIBINEH HAy9HOfl TPOOJIEMBI, OH SIBJISIETCS HE CJIUIIKOM YJIOOHBIM C
IPAKTHIECKON TOUYKH 3peHust. [IpoBepka ycsioBuil myHKTa 3 SIBJISIETCS HACTOJIBKO
TPOMOBJIKOM, 9TO 0OImas OIeHKa BpeMeHHn paboThl aJroOpuTMa  JIOCTUTACT
O(log'®n) (cum. JI. Benrypn. Jlekmun 1o aaropHTMuIdeckoii Teopun auces [53]).
[TosToMy 9TOT TecT ciefyerT MPUMEHSITh JIUIh B TEX CIydasX, KOrjga HaJo
MOJIYIUTD  2aPAHMUPOSANHOE JTOKA3ATEIHCTBO TOrO, HYTO UHCJIO N ABJIAETCHA

IIPOCTBIM.

1.13. PacnpegesieHue IpoCTbIX YMCeJ

3BecTHO, YTO MpOCTHIX dHncesa OeckoHedyHo MHOro. /JleficTBUTENBHO,
COIJIACHO M3BeCTHOM TeopeMme Eskimia, ecin {2, 3, 5, ..., p, < B } — MHO)KeCTBO

BCEX IPOCTBIX YHUCEJI, MEHBIINX HEKOTOPOil rpanunbl B, To unciao M

M=]]p+1
=1

CHOBa BJIAETCA IIPOCTBLIM. DTUM METOJOM MOXKHO IIOPO2KIaTb CKOJIb YI'OJHO

bosbime unciaa. Hegocrarkom Takoro merojga OyjeT TOJIBKO TO, YTO YJICHBI

I10CJIE10BATCJIbHOCTU 6y,ILYT PacCIIOJIOZKEHDI CJIUINKOM PEIKO.
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Mezk 1y Tem, MpoCThIX Yuces JocTaTodno MuOro. Obo3HadnM uepes m(x)
KOJTMYECTBO IIPOCTBIX YHCe] Ha UHTepBaJje oT 1 J10 x.
Eme B 1796 1. dpaniysckuit maremaruk Ajnpuen Mapu Jlexkanap (1752—

1833) mpemosozku, 9to byHKIMs 7(2) MOXKeT ObITh TPUOJINKEHA BEIPAKCHIEM

W(x)Ni—B rie B ~ 1,08.

Inz
B cepenune XIX croserus [1.J1. Yebnmmes (1821-1894) ykazasn dopmyiy

I KOJIMIECTBA [TPOCTHIX dnces 7(x) Ha uHTepBaje oT 1 g0 x:

Ai<7r(x)<B

Inx 1n:c

rie A =0,921, B = 1,06, u joka3aj, 4to mupejes orHorrerust w(x) K x/Inz,
€CcJIN OH CYIIIECTBYET, paBeH 1.

[Tosneeka crnycrs B 1896 1., passuBas mumen padbor YeOwimesa, Agamap u
Basure-Ilyccern ogHOBpeMEHHO M HE3aBHCHMO JIOKA3LIBAIOT TEOPEMY O TOM, HUTO
npejiest otHomenust w(x) K x/Inx cymectByer n pasen 1.

[Ipusejiem 37ech Tabnily pactipejieienust GyHKiuu 7(x) HA MHTEpBAIaX

[1;10%] st HauanbHBIX 3HAUeHUiT k:

x [10%[10° | 10* | 106 108 10*2
m(x) | 25 | 168 |1 229 | 78 498 | 5 761 455 | 37 607 912 018

Pacripeiesienrie mpoCThIX YHUCENT CBI3aHO TaKyKe CO 3HAMEHUTON 2unomesot
Pumara. Dta rumnoreza BOILIA B CIUCOK 7 3aJad THICAIEJETHSA, 38 pPerlenne
Kaxk 10t 13 Kortopeix Maremarndeckuit nuncrutyr Kimas (Clay Mathematics In-
stitute, Kembpuk, Maccaaycerc) Boyaunyst npemuio B 1 mun. gosur. CHIA| u
KacaeTcs pacpejesienns Hyseil n3eta-pynknun Pumana, sBisionieiicsa perenneM

pyHKIIMOHATHLHOTO YpaBHEHNUS

((s) = 2°7° ! -sin? T(1—=s)-¢(1—s),

nJjain Hpe,ZLCT&BﬂeHHOﬁ SBHBIM BbIDazKCHUEM

1 = u(n)
C— Zns’

n=1




34

riae p(n)—dysxius Mebuyca.
B 1901 r. Xenbre ¢pon Kox mokazast, uro runore3a Pumana sKBUBaeHTHA

CJIEIYIONIEMY YTBEPZKJAECHUIO O PACHPEIEJICHUN TTPOCTHIX YNUCEJI:

Codt
77(3;‘):/ 1——1—0(\/511&:1:) pu & — 00
2 nt

1.14. VI3BiedeHue KBa/JPaTHOI'O KOPHA B KOHEYHbBIX IIOJIAX

B peammzamusax MeTOJ0B KBaJIPATUIHOIO pelieTa W perieTa YuC/I0BOTO
M0JI, OINUCBIBaeMbIX B 4-if m bH-il TyiaBax, OyJ/ieT WCIOJIB30BaH aJropuTM
U3BJICUCHNA KBaJIPATHOI'O KOPHSI B KOHEUHBIX 10X, pa3paborannblii [Hlerkcom
n Tonnesum. OnumieM JaHHBIA aJIrOPUTM B 3TOM Haparpade.

Paccmorpum koneunoe nosne GF,, p > 2, U 2jleMeHT a, sABJdIONiics
KBaJIPATUUHBIM BbIUETOM II0 MOIY/II0 p. Tpebyercss HaiiTu x Takoe, 4TO a4 =
22 (mod p).

[IpencraBum uncio p— 1 B Buje p— 1 = 2"+ s, rjae S—HedeTHO. 3aMeTHuM,
YTO TOCKOJbKY p — l-verno, r > 1. Ilycth z-kBajipaTudnblil HEBLIYET II0
Mojtysio p. Beramenum y = 2° mod p. [lockosibKy MOpsiIOK J1I000T0 3JjieMeHTa
dABJIIeTCd JleJinTeseM 4ucia 2" - §, TO MHOPAJI0K Yy sBJsgeTcd gennrenem 2,
otkyjaa y* = 1(modp). Moxkuo Takzxe nokaszarh, uro y> ' = —1(modp),

T.¢. TIOPSIJIOK 3JIEMEHTa Y paBeH B TodHocTH 2. BhramesnM fgasee s/1eMeHTh
Ao = a® (mod p), wy = a2 (mod p). (1.11)

3aMeTnM, 4To

wi =a-X(modp) u z?=a(modp) — 2% =a® = \( mod p). (1.12)

[TockobKy MOpSIJIOK d7eMeHTa x° dBjdercs jeauteneMm 2, TO MOPSI0K
N ssustercs  gesmreseM 27 Y. Unes merona  llemkca ToHHENTH COCTOUT
B IMOCTPOEHHUN MOCJIEJI0BATEILHOCTH Hap wuces (A;, w;), YIOBIETBOPSIIONINX

YCJIOBUIO

w?=a-\ (modp), i=0,1,2, .., (1.13)
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HpUYeM TOPSAJIOK ;i1 ABJISIETCST COOCTBEHHBIM JIGJIUTEJIEM TOPsJIKa A;, JIO
TeX I0p, IOKa IOPSIJI0K odepeaHoro A; He okakercd paBuHbiM (0. Torma s

HalJIeHHOrO ¢ BBIIOJHATCA yCaoBUs A; = 1 u

w? = a (mod p),

OTKYJa & = W; SBJIAETCA UCKOMBIM KOPHEM.
[Tockosibky wmexomuble 3HadeHust (Ao, wp), yaosaerBopstomme (1.13),
coryiacto (1.12), yrke ompejiesieHbl, TO OCTAJI0Ch MPOCTO OMUCATH (DOPMYJIbI JIJIst

BBIYHUC/ICHNST 3HAUeHUTT (11, Wit1):

r—m r—m—1
Aict =X y" ", wi = w; -y’ : (1.14)

rie 2™ —10psa/IoK dJIEMEeHTa ;.

IIpumep. Paccmorpum mpuMep BbIYHUCIEHNS KBAIPATHOI'O KOPHS U3 @ = 2

B npoctoM nosie GF), npn p = 41:
1. Umeem, p—1=40=23.5, orkyna, s =5, r = 3.
2. Borancmmm ncxoubie snadenus (Ao, wp) 1o dopmyrzam (1.11):
Ao = a® (mod p) = 2° (mod 41) = 32,
wy = a2 (mod p) = 23 (mod 41) = 8.
3. Haiizem mnopsiiok sjieMenTa Ag:
A2 mod p =32 mod 41 =40 = —1(mod 41), A3 =1 mod p.

Orciona, ord(A\g) =2" =4, m = 2.

4. bymem mckaTh KBaJApaTUIHBI HeBblUeT. Boramcianm cumsos Jlexxkanapa s
z = 3:

(Z) B (431) B (41 H;Od 3)(_1)<41_1>(3_1>/2 _ (g) _ 1

SHA4YUT, £ = 3 SIBJISIETCSI KBaJpaTUIHbBIM HEBBIYETOM 1 MOZKET OBITH HCIIOJIL30BAH

Jist BeIIuCIeHust 1ap (i1, Wiy1).
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5. Haitytem y = 2*( mod p) = 3°( mod 41) = 38.

6. BeraucauMm crernenb, B KOTOPYIO HaJ0 BO3BOIUTH Y !
d=2"m=22=2 ¢1=32=9,

7. Berameanm A = Ao - y9( mod p) = 32-9(mod 41) =1, w; = wy-y* ( mod
p) = 8- 3(mod 41) = 24. [lockoabKy ouepesHoe A; OKA3aJ0Ch PABHBIM 1, TO

npole/ypa 3akoH4ueHa. Kopeab x = wy = 24. BBIIOJIHUM IIPOBEPKY:

z? mod p = 24% mod 41 =2 =a.

1.15. Kuraiickasi TeopemMa 00 ocTaTkax

Kuraiickast Teopema 00 ocTaTKax MO3BOJISET BBIYUCIUTD IEJI0€ UNCTIO0, eCIN
M3BECTHBI €10 OCTATKU 110 HECKOJILKUM ITPOCTBIM MO/IyJisiM. BiiepBbie 3Ta Teopema
OblL1a yHOMsAHYTa B TpakTare KuTaiickoro maremaruka Cynb [I3b1, nmpumepHo B

TPETLUM BEKOM JJO H.3.

Teopema 1.8. Ecau namypasvhvie “ucaa mi, Ma, ..., My NONGPHO B3AUMHO
npocmovl, Mo 0AA AOOVIT UEAVT T1, To, ..., T, marux, ymo 0 < ri < m; npu
6CET T, HATOEMCA YWUCAO T, KOMOpoe npu desenut na m; Jaém ocmamor r; npu
scer 1 <1 < n. Boaee moezo, mobvie 06a maxur wucia 1 U Ty Ydo6AEMBOPAIOM,

YPAGHEHUIO
r1 =x9 (modm), 2de m =my-mg-... My,

B TpakTtate pnpyroro kwntaiickoro wMaremaTtnka JIxxy Illao Ksuna
(Jiushao Qin) (1247 r. m.3.) maercs opmyia sl BBIYUCACHUS YHCIA T,

YAOBJIETBOPAIOIICI'O TECOPEME:

n -1
33:2%"% Fﬂeei:ﬁ- (ﬁ) mod m; |, 1<i<n. (1.15)

m; m;
i=0 ‘ ‘

3aMeTHM, ITO MOCKOJIbKY IHCJIO 11; B3AUMHO IIPOCTO ¢ m/m; , To ob6paTHoe
qucsio B hopmyiie i e; Beerja cyiecrByeT g 1 < ¢ < n. Kpome Toro, nmeror

MECTO paBE€HCTBa

e;-e; =e; (modm),

e; - e; =0(modm) upu i # j,
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T.€. KOMIIOHEHTBI €; B3aMMHO OPTOI'OHAJIbHBI 110 MOJYJIIO 777 .

AaropurMm l'apHepa

s BBIMMCIEHUS & MOYKET OBITH HCIOJIb30BaH ajropuTM [aphepa
(Garner’ algorithm), coriacHo KOTOpOMY & MOXKHO BBIUHCINTH Kak 7-if
wien nociaenoBaresaboctn {x;}. Hocnenosaressnoctn {x;}, {y;} crposites mo

CJICJTYIOITUM (POPMYJIaM:

Yy = &1 =Ty,

_ Tit1 — T4
Yi+1 = M—m mod m;y1, (1.16)
Titl = Ti + Yit1 =M1 - Mo - ... s My

J1oCTOMHCTBO 9TOTO AJATOPUTMA 3aKJII0YAECTCSI B TOM, UYTO BBIUKUC/ICHUE KaXKI0TO
oCIe Iy oIeit mapbl (41, Y1) UCIOIB3YET TOJBKO OJHO TIPE/IbIIYINee 3HAUCHIe

(i, ¥i), 9TO MO3BOJISIET MOCJIEIOBATEILHO YTOUHATH 3HATEHHST KOPHS X .

ITpumep. Haiitn HanMmeHblllee IOJOXKHUTEIbHOE X, YIOBJIETBOPAIOIICE

CUCTEME€ YpaBHECHHCEC!

r=2(mod3)
r=5(mod7)
r=4(mod11).

Pemenne. B namem npumepe mq = 2, mo = 7, mg = 11, r; = 2, r9 =
5, r3 = 4. ByaeM BBIUUC/IATDH OCIEI0BATEIbHO 4 U X;, ¢ = 1, 2, 3:
Yy =11 =2,
Yo = (ro — 1) - (m1)™F mod my=(5—-2)-(3)"! mod 7=1
o =1+ (Y2 - my mod my) =2+ (1-3 mod 7) =5,
y3 = (r3 — x2) - (my - my) ™' mod mz = (4—15)-21"! mod 11 = 1,
r3=2To+ys-my-me=5+1-3-7=26.

OtrBer: 2 = 26.
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1.16. 7, e u Apyrue u3BeCTHble KOHCTAHTbI

B »sTom paszjaeJsie IIpuBecJEM 3SHaYCHUA HanbojIee M3BECTHBIX YNCJIOBBIX
KOHCTAHT MAaTEeMaTUKU. DOJILIIMHCTBO M3 HHUX ObLIN BB€ICHDbI (HeOHap,H,OM

Ditiepom.

YHucmoo 7

T = 3,14159265358979323846264338327950288419716939937510...

— MaTeMaTHn4deCKasd KOHCTaHTa, BbIpazKalolllagd OTHOIIEHUE AJIMHbI OKPYXKHOCTHU

K JJmHe eé jumamerpa. ObOo3HavaeTcss OyKBOM I'pedyeckoro ajdaBuTa  <«IIH».
Cy1iecTByeT HECKOJIBKO Pa3INYIHbIX IpeJCTaBIeHuil m B Buje pajga. [Ipusenem
ojiHO U3 HEUX, OTKPbITYIO B 1997 1. Caitmonom [Lnaddom (Simon Plouffe):

o0

Z 1 4 2 1 1
mwm = —_ J— —_
k016k2 8k+1 8k+4 8k+5 8k+6

OcHoBaHue HaTypaJbHOI'O .TIOl"apI/I(i)Ma (&

e = 2,718281828459045235360287471352662497757 ...

— MaTeMaTHU4decKas KOHCTaHTa, OCHOBaHHME HATypaJbHOTO  Jiorapudma,

TPaHCIEHIeHTHOe 4nc/io. VIHorma dYucejao e Ha3bIBaloT YUCIOM Jilaepa  Win
quciom Hemepa. Ob6ozHadaeTcs cTpovHOi JaTHHCKOM OyKBOil «e». Hwucyao e

MOXKET ObIThH onpenaeJIeHo HECKOJIbKUMUA CII0CODAMM:

, 1\" 1
e ) ICTREED

n=1
SuamenuTas opmysa Ditepa CBA3bIBACT TPU 3aMedaTe/IbHbIX JHCIa €,

T U MHUMYIO €JIUHUILY 7 = /—1:

e'" =cosx +isinw, orkyua, €7 =-—1

Jlpyrue KOHCTaHTBI

V2 = 1,414213562373095048801688724210...
In2 = 0,693147180559945309417232121458...
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logy e = 1,44269504088896340735992468100...

In 10 = 2, 302585092994045684017991454684...

1.17. OTkpbIThIe TPOOJIEMBI TEOPUN YNCEJ

/o cux 1mop B MareMaTuKe CyIIECTBYEeT MHOI'0 OTKPBITBIX IpobJIeM,
CBA3aHHBIX € IpocThbiMKU uncigaMu. Hambosiee wm3BecTHbIE M3 KOTOPBIX
OBbLIM  TI€PeYNC/IeHbl HEMEeINKNM MareMaTukoM damyHiom Jlangay (1877
1938) wma Ilsrom MexyHapomHoM MareMaTHdecKoM KoHrpecce B 1912
(Dnmyny Jlangay gBJIsIICS OTIAJCHHBIM POJICTBEHHUKOM H3BECTHOTO COBETCKOTO
dbusuka JIbBa asbimosuda Jlanmay (1908-1968)). Hu omgna u3 srux mnpobiiewm,

cchopmyupoBaHubIx J.Jlanay, He pelieHa g0 CuX Iop.

e [Ipobiema Tonbnbaxa (mepsas mpobsema Jlanay): JIOKa3aTh MJIN
OIIPOBEPTHYTh, YTO KaxKJ0e 4YETHOe YUCJIO, OoJiblllee JBYX, MOXKET ObITh
IIPeJCTABJIEHO B BHJI€ CYMMBI JBYX IIPOCTBIX UHCE/I, a KayK/0e HeYETHOe
YUCJI0, OOJIBIIEE D, MOYKET OBITH IIPEJICTABICHO B BUJIE CYMMbBI TPEX IIPOCTHIX

quceJI.

e Bropasg mnpobsema Jlanjay: OECKOHEUHO JIM MHOYKECTBO — «IIPOCTHIX
O/TM3HEINOB»  (T.e. MAp MPOCTBIX YHUCEJT, PA3HOCTh MEXKJy KOTOPBIMHE

pasHa 2) ?

e Tunotesa Jlexxanpa (TpeTba npobiema Jlanay): BepHO JIH, 9TO MexKIy n’

u (n+ 1)? Beerga Haitjéres IpocToe YUCIO?

e Yernépras npobsema Jlangay: O€CKOHETHO JIN MHOXKECTBO MPOCTBIX YHCET

Biuya n’ 4+ 17

OTKpBITOIl 1IpOOJIEMOIT  SIBJIsIeTCsl TaK:Ke CyIecTBOBaHUE OECKOHEUHOI'O
KOJIMIECTBA, IIPOCTBIX YUCE/] BO MHOIUX IEJOYMCIEHHBIX II0CJIEI0BATEIHHOCTSIX,
BKJOoUasi uncia Pudonauyun, duciaa Pepma u T. 1. PaccMoTpuM B ciie1yromnmx
pasienax JBe 3HAMEHHTbIE THIIOTE3bI TEOPUU YHceJa — rurnoresy losbiadaxa—

Ditjepa u ruIoTe3y O IMPOCThIX YMC/IaX — OJIM3HeNaX.
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I'mmmoresza l'ospadaxa

B 1742 r. upycckuii maremaruk Kpucruman [osbadax 1mocsiaj IHCHMO

Jleonapy Dityiepy, B KOTOPOM OH BBICKa3aJl CJIEIYIONIee TPEIII0JI0KEHIE:

Kaotcdoe newémmoe wucao boavwee 5 moarcHo npedcmasums 6 sude Cymmot

MPET NPOCTNHIT YUCEN.
Diljiep 3anHTEpecOBAJICT TPOOJIEMOIT U BBIJBUHYJI D0JIee CHTLHYIO THITOTE3Y

Kaotcdoe wémmoe wucaro boavuiee 08yx moxcHo npedcmasumsv 6 eude

CYMMDBL DBYT NPOCNBLT HUCEN.

IlepBoe yTBep:KjeHNE Ha3bIBaeTcs TepHapHOil mpobsemoit ['osbadaxa,
BTOpOoe — OmHapHOit mpobiemoit [onbubaxa (mau mpobiemoit Ditiepa). U3
CIIPaBEJIMBOCTH YTBEPKJICHUsT OuHapHOi 1pobJieMbl ['0sib10axa aBTOMATHIECKN
cJeJlyeT ClpaBelIMBOCTb TepHApPHOIl mpodeMbl L o/ibabaxa: ec/in Kazkioe 9€THOe
YUCJI0 > 2 €CTh CyMMa JBYX IIPOCTBIX YHCEJI, TO J100aB/Isdsd 3 K KayK/IOMy YETHOMY
YUCJTY, MOXKHO TIOJIyIUTh BCe HEUETHBIE YMCIa > D.

B 1923 r. marematukn Xapau u JIuTaByn mokasaau, 9TO B Caydae
CIIpaBe/I/InBOCTH 0000IIEeHHOI TuioTe3bl PuMana TepHapHast mpodsema ['osibndaxa
BEpHa JIJIs BCEX JIOCTATOIHO OOJIBIINX HEUETHBIX YNCEI.

B 1937 r. coBeTcknit MaTeMaTnK, akajjeMuk san Marseesna Bunorpa,io
(1891-2007) mpejcraBmy JIOKA3aTe/LCTBO, HE 3aBUCSIIEe OT CIPABEJJIMBOCTH
runoTe3bl PuMana TOro, 9To J1000e J0CTATOYHO OOJIbIIOe HEUETHOE THCI0 MOYKET
OBITH IIPEJICTaBJICHO B BIJIE CYMMbI TPEX TpocThiX. CaM BuHorpa 108 He jaJ1 siBHOI
OIIEHKH JIJISI 9TOI0 «JIOCTATOYHO OOJIBIIOrO Ynciay, HO ero cryjaeHT K. Boposnun
JOKA3aJ, ITO OHO HE IpeBblmaer 3° . DT0 UHCI0 COIEPKUT 6 MIJLUIMOHOB
1udp, YTO JeaaeT IPaKTUIeCK HEBO3MOYKHBIM IIPSIMYIO IIPOBEPKY BCEX MEHbIITIX
IpoCThIX ynces. Tem He MeHee, 3a pelieHne 3Toil mpobJieMbl BuHOrpa o moJryami
Cranunckyto npemuto n 3Banne ['epost Conmasnuctudeckoro Tpyiia.

B nanbreiimeM pesysibrar BuHOrpajioBa MHOTOKPATHO YJIYUINAJIH, MOKa

B 1989 Banr n Yen He omycTmianm HIZKHIOIO rpaHb 10 3,3 - 10#3000

, 4TO, IIO-
IIpEKHEMY HaXOJIUTCs BHE IIPEJIEIOB JIOCATaeMOCTU JIJIsl SIBHOM NPOBEPKU JlayKe

Ipun COBpEMEHHOM Pa3BUTUUN BbIYMCJINTEIbHON TEeXHUKU.
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B 1997 r. [esyite, D9dbdunrep, T> Puire n 3uHOBBEB MOKa3a/M, UTO
0000MIEHHAs runoTesa Pumana BJIeYET clpaBeIMBOCTD cJ1aboit  TpoOIeMbl
losbadaxa. OHu JoKazajind €€ CHpaBeJIMBOCTb JIJIsi 9HCeJ IPEBBIIIAIOMINX
10, B To BpeMs KaK CIPaBeINBOCTH YTBEPKJCHUS /IS MCHBIINX UHCET
JIEFKO yCTaHABJIMBAETCsI Ha KOMIIbIoTepe. TakuMm oOpa3oM, TepHapHasl IIpodJieMa
['osib10axa perreHa MmoJHOCTBIO.

Bunapnasi npobsiema losbabaxa ocTaercs, IO-IIPeKHEMY, JIaJIeKOil oT
pemienusi. Bunorpayios B 1937 r. u Teomop Dcrepmann B 1938 1. mokaszaJju, 4To
MOYTH BCE YETHDBIE YNUCIa TPEJCTABUMBI B BUJIE CYMMBI JIBYX MPOCTBIX YHUCET (J10JIsT
HE MPEJICTABUMBIX, €CJIU OHU €CTh, CTPEMUTCST K HYJIIO). DTOT PE3yJIbTaT HEMHOTO
yewien B 1975 r. X. Montromepu (H. Montgomery) u P.Y. Borom (R.C. Vaugh-
an). OHE MOKA3aJIi, 9TO CYNECTBYIOT MOJIOKUTETbHbIe KOHCTaHThI ¢ u C, Takne
YTO KOJINYECTBO YETHBIX YnCes, He 0OIbInuX N, HE IIPEJICTABUMbIX B BUJIE CYMMbI
JIBYX TIPOCTBIX 4mces1, He npesbimaer C - N17¢

B 1939 r. [IIaupenbMaHn J1oKa3aj, 9To Jitoboe YETHOE YUC/IO IIPEeICTABUMO
B Bujie cyMMbl He 6osiee 300 000 mpocThIX dmces. DTOT Pe3yabTaT MHOIMOKPATHO
yayamagcs. B 1995 r. Pemep (Ramare) gokazas, 4aro jmoboe 9éTHOE THCIO —
cymMMa He Oojiee 6 TPOCTBIX TUCE.

B 1966 r. Ysup Lznmkyns (Chen Jingrun) mokaszadt, aro jiro6oe 10CTaTOTHO
O0JIbIIIOE YETHOE YNC/IO MPEJICTABUMO MJIM B BHJE CYMMBI JIBYX HPOCTBIX YHCEI,
WK K€ B BUJE CyMMbI IIPOCTONO YHCJIa U MOJYIPOCTOr0 (IMPOU3BEJIEHUS JIBYX
npoctbix unces). Hanpumep, 100 = 23 + 7 - 11.

Ha utosib 2008 1. 6unapHas runoresa ['osibi0axa Oblia IpoBepeHa JIJisi BCex
9ETHBIX 4HCe, He mpesbimatomunx 1,2 - 1018,

bunapnass runoresa losibubdaxa MoxKeT ObITH IepepopMy/InpoBaHa,
KaK YTBep:KJieHHe O Hepas3pelnMOCTH InogaHTOBa ypaBHeHHUsI 4-ii cTeleHu

HEKOTOPOI'O CIICIINaJIbHOT'O BHU/JAA.

I'mnore3a o beckKOHEeYHOCTH Imap IpocCTbIX I‘II/ICe.TI—6JII/I3HeI_[OB

Bimsneramu (twins) Ha3bIBAIOTCST MAPBI, COCTOSIINE U3 MPOCTHIX UHCEI,

pa3sHOCTb KOTOPBLIX paBHa 2. HewuspecrHo, sdaBigercs Jim 4YUCJIO TaKUX IIap
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KOHEUHBIM I OECKOHEUIHBIM. TakyKe Hem3BecTHa (hOpMYyJia JUC/Ia TaKUX IHap Ha
HaYAJILHOM OTPE3Ke HATYPaJbHOTO Psijia JUIMHBL X .
[Ipmvepamu map 6Gmsnenos sisiorces napsl (3,5), (101,103) u mapa
(65 516 468 355 - 2333333 + 1), Tlocieausas napa sBjsgerTcss camoil 6oJIBIION
13 M3BECTHBIX Ha CETOMHAINHUN JeHb rnap Om3HenoB. OTMETHM, 9TO «TPOEK»
IIPOCTBIX YUCEJ ¢ PACCTOsTHUEM 2 W3BECTHA TOJIBKO ojHa — (3, 5 7).
SHaUYNTEJIbHBII IIar K peleHnto mpodaeMbl On3Henos cuenaan B 2005 T
Hen Tongcroyn, Anoc [Muan u Kum Aagpum (Dan Goldston, Janos Pintz and
Cem Yildirim), koropsre jrokazain hopmyry
Pnt+1 — DPn

lim inf
log pr,

=0, (1.17)
rjie p,—0003HAaYaeT M—e IPOCTOe YHCI0. ITOT pPe3yjabTaT O3HAYAeT, UTO JIJId
JII0OOI'0 CKOJIb YIOJIHO MaJIoro € M CKOJIb YIOJHO OOJILIIOrO I HalijeTcs HOMEP
n > X TaKOH, YTO Ppi1 — Pn < € - logp,, oTKyma ciemyer, 410 (DYHKIHA
f(x) = min{p,+1 — pn | Pn > x} BO3pacraer memientee, dem byHKIms logx.

DTO JI0Ka3aTeJbCTBO OINYOJMKOBAHO B 93JCKTPOHHOM apxmuBe Front
For ArXiv u B cratbe «Are there infinitely many twin primes?» Ha caiitax
http://front.math.ucdavis.edu/0710.2728 u http://www.math.sjsu.edu/ gold-
ston /twinprimes.pdf

Brpoyem 1moka 3TOT HHTEpecHBIl pe3ysiabTar He Oyner onyOJNKOBaH
B COJIMJIHOM MaTeMATHIeCKOM W3JaHUU, €ro HeJb3sl CUYNTAThb IIOJHOCTHIO

JIOCTOBEPHBIM.

1.18. Benukasi tTeopema Pepma

Benukoit nim nmocsegneit reopeMoit @epma Ha3bIBAETCA YTBEPKIECHIE O TOM,

9TO ypaBHEHUE
a4yt =2" (1.18)

HEe IMeeT pelleHus B IeJIbIX JHicjia Ipu n > 3.
B obmem Bujie Teopema Oblia chopmyanposana [Ibepom @epma B 1637 T

Ha nojstx «Apudmernkuy» nodanra:
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Haobopom, neso3mootcno pasnoscums Kyb na dea xyba, bursadpam na dea
oukreadpama u 6000uwE HUKAKYIO CMENEHDb, DOALUWYI0 Keadpama, Ha dee cmenenu ¢
mem otce nokazamenem. S nawen amomy noucmure vyoecroe Jdokazamesvbcmeo,
HO NOAA KHUU CAUULKOM Y3KU OAL HE20.

Heckosibko mozzxke cam @Pepma omyOJMKOBA JI0KA3aTEIbCTBO YaACTHOTO
caydad g n = 4, 4910 J00aBJIseT COMHEHWIl B TOM, 4YTO Yy HETro OBLIO
JI0Ka3aTeIbCTBO ODIEro cjydas, MHade OH HelIPeMEHHO YIIOMAHYJ Obl O HEM B
9TOIl cTaThe.

ittep B 1770 1. mokazaJt Teopemy Jiis ciydas n = 3, Hupuxie u Jlexkanap
B 1825 1. — g n =5, Jlame — jutg n = 7. KymMep nokasaJi, 4To TeopeMa BepHa,
JIJIsl BCEX IPOCTBIX 1, MeHbInX 100, 38 BO3MOXKHBIM UCKJIIOUEHUEM UPPEryIapPHbIX
IIPOCTBHIX TUCEJ.

[IpocToe 4mc/io HA3BIBAETCHA UPPERYAAPHBIM, €CJU TTPOCTOE UNCJIO KJIACCOB
ugeaos Kpyrosoro mois R(e*™/P) nemurcs ma p. Bee ocranbHBIE HPOCTEIE
HEUYETHBIE YHCJIa Ha3bIBAIOTCS PEryJsipHBIMU. B IepBoii coTHe HpperyssspHbIMU
qnucaaMi aBIgroTed 37, 59 u 67.

Han mosiabiM  gokasaTesbeTBOM Besmkoit TeopeMbl padoTaio HeMaJIo
BBIJIAIONINXCA MaTEeMATUKOB W MHOXKECTBO JIIOOUTENell; cauTaeTcs, 9To TeopeMa
CTOUT Ha IIePBOM MeCTe II0 KOJUYeCTBY HEKOPPEKTHBIX «JI0Ka3aTe/bCTBy». B
koHie XIX Beka dpanmysckas Axajgemus Hayk oTkazasiach IPUHIMATH HOBBIE
JoKazarenbeTa TeopeMbl Mepma. Cpej MPUBOJMMBIX JIOKA3ATEIHCTB ObBLIO
MHOI'0 Kypbe3HbIX. Hampumep, oiauH u3 KOPPECIOHIEHTOB Halmcasl: «f Harmes
JokazaTe bcTBO Benmnkoit reopembl @epma. [1aBnas njies — mepenecTu caaraeMoe
2" B JIEBYIO YaCTh».

B 1972 1. coBeTcKmit MaTeMaTuvueckuii XkypHaJj « KBanrts, myomKyst craTbio
o Teopeme Pepma, COIPOBOIILI ee cieyionieil npumnuckoit: «Pegaknnsa « Kpanta»
CO CBOEIl CTOPOHBI CUMTAET HEOOXOAMMBIM N3BECTUTHL YUTATEsIEi, UTO MHUCbMa C
IPOEKTAMH JIOKA3aTEeIbCTB TeopeMbl PepMa paccMaTpUBaThCsT (1 BO3BPAIIATHCS )
He Oy/IyT».

Hemenxuit maremaruk umysHpa Jlanmay, KOTOpoMy OdYeHb JJOKYydaJsin
«epMaTuCThl», YTOOBI HE OTBJIEKATHCSA OT OCHOBHOI PabOTHI, 3aKa3aJl HECKOJIHKO

coTeH OJIAHKOB CO CJIEJIYIOIINM TEKCTOM: «¥YBarkaeMmblil ...! Biaromapio Bac 3a
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npucjannyio Bamu pykomnuch ¢ jiokasaresibcTBoM Besukoit Teopembl Depma.
IlepBast ommbKa HaXOAUTCs Ha CTP. ... B CTPOKe ... ». HaxomuThb omumoOKy u
3aII0JIHATH Hpo0e/ibl B OJIaHKE OH IOPyda/l CBOUM ACIIIPaHTaM.

B 1908 r. nemenxkuii jsiroduresns mareMaruku Bosbdcekens 3asemar 100 000
HEMEITKIX MapoK TOMYy, KTO JjokaxkeT Teopemy Pepma. Onnako mocse [lepsoii
MUPOBOIT BOMHBI TTpeMUs 00ECIIEHUIACD.

Tem He MeHee MHOTOYNC/IEHHBIE YCHJIUSI CIENUAJIUCTOB M JUJI€TaHTOB
IPUBEJIN K IOJIyIEHNI0O MHOIUX BayKHBIX PE3YJIbTATOB B 9TOM HaIIPABJICHUN.

B 1980-x 1. mostBuJICS HOBBI 1OJIX0]T K PeleHnto 1mpodsembl. M3 rumnoresnbt
Moppenna, nokazannoit @ajabrunrcoM B 1983 r., cieayer, uro ypaBaenue a”+b" =
c" upn n > 3 MOXKET UMEeTh JIMIIb KOHEYHOE YKCJIO0 B3AaUMHO IIPOCTHIX PEeIleHMii.
IToceaumii, HO caMmblil BayKHBII IIar B jJoKa3aTeJabcTBe TeopeMbl Depma ciestall
aHrmiicKuii MareMaTnk ¢op Duapio Yaitiac (Andrew John Wiles).

B gauBape 1993 r. Vaitjicy mnokazaJjoch, YTO OH JO0Ka3ajJ TeopeMmy
@epma. OH HOJENMJICSA IIOJYYEHHBIM JI0Ka3aTeJIbCTBOM C  KOJIJIErOil 110
[Tpuncronckomy ymumsepcutery Hukom Karmem. Cryctda Tpu wmecsna  Yaiiic
N3JI0ZKIJT OCHOBHBIE UJIEU JOKA3ATETHLCTBA B TPEX JIEKIUIX, KOTOPbIE COCTOSIUCH
B KemOpumkckom yamBepcurere 21, 22 un 23 umiona 1993 r. Maremarmueckmii
MUD OBbLJI BOCXUIIEH yCIIeXOM Yailjica, 1 Bce ¢ HeTepIlIeHUeM »KJIaJu IyO/TmKaIum
TEeKCTa JloKa3aTebcTBa. Komuccus B ['erTuHrene Oblia oroBerieHa 0 BO3MOXKHOM
naypeare ee rnpemun. OjHako mybnKalns 3arsarubajach. Kak okaszajgoch Yaiiic
narpasus 200-cTpaHmdIHOE JOKA3aTEILCTBO B »KypHaJs «Inventiones Mathemat-
icae», Tyie pabOTy OTIaJM Ha INPOBEPKY cpaldy Iectu perenzeHTam. OpHuUM 13
penien3enToB Obl1 Huk Karm — o m obnapyzkmy mpobesl B JioKa3aTe/IbCTBE.
DTO CKpbIBAJIOCH JI0 TeX I1op, moka 4 jexkadbps 1993 1. Vaiiyic He upusHa/
O BOBHUKIINX IIpo0eiax B JI0KA3aTeIbCTBE. IJTO elle He ObLIO OYepeHbIM
nopazkeHneM B pereHun 1npodsembl Pepma, HO B TOT MOMEHT HUKTO He ObLI,
BKJIIOUad Yafiica, yBepeH B obparHoM. B guBape 1994 1. Vaiiysic mpuriacui
JJIT COBMECTHOII paboThl cBoero yuenmka Pudappa Thitiopa. B pesynbrare
COBMECTHOI paboThbl, KaK muineT cam Yaitic, 19 cenrssopst 1994 r. oH MOHsLI, 4TO
nakorer Teopema depma oKoHUYATE/JHLHO jJoKazaHa. B mae 1995 r. B KypHaJe

«Annals of Mathematics» ObLI OIYOJIMKOBAHBI JBE CTATHU OOIUM OOBHEMOM
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B 130 crpanun. Ileppoit nuia crarbsa Yaiisica «Modular elliptic curves and
Fermat’s Last Theorem», mocrynusimas B pegakiuio 14 oktsaops 1994 r., BTopoii
— coBMecTHas cTaThs Yaitiaca m Toittopa «Ring-theoretic properties of certain
Hecke algebras», moctynusimnas B pegaxknuio 7 oKTgOps 1994 1. B coBokymHocTn
OHHU JIaBaJIi JI0Ka3aTe/bCTBO Tuiore3bl Tanusmbl—-Cumypbi—Beiiis, 13 KOToporo
caeyeT JoKa3aTebeTBO Benmnkoit Teopembl Pepma. Tak caacT/imBo 3aBepiimiach
357-nerusisg ucropusi Besmkoit reopembl @epma. 27 okTsadbpsa 1995 r. Vaiiic ObL1
Harpaxkjaen npnszoM Pepma B Tymyse, mocetms1 Topojiok bomon-je-JIomann,
rje pojamicas @epma, U ero MOrmiy, Ha HaJrpoOUM KOTOPOH BbIcEUeHA B BUJIE
dopmysibl BennkKasi Teopema Pepma. Tak Kak ycjaoBHd KOHKYpPCa Ha IIPEMUIO
Bosbdckesst ObLN BBITIOJTHEHB! YailJIcOM MOJTHOCTBIO, TO OH Yepe3 JBa I'oja MoC/Ie
nybsimkarun — 27 urons 1997 r. noyuni Harpaty. K sromy Bpemenn KopoJsieBckoe
Hay4IHOe OOIEeCTBO OBLIO MepenMEHOBAaHO B [ €TTUHIEHCKYIO aKaJ eMUIo HayK, a

npemus coctasuiia (5000 HeMenKUX MapoK.

1.19. Yucaa Pepma, Mepcenna u Kapmaiikia

B wucropun paszBuTusi MeTO/I0B (DAKTOPU3AIMU BayKHYIO POJIb ChIIPAJIH
qucJia CleNUaJIbHONR (DOPMBI, HAa KOTOPBIX HUCIHLITHIBAJIACH T€ WM AJIOPUTMBI
HpoBepKN HpOocTOThl U (hbakTopuzannn. Cpenn 5THX UuCe/]l B IEPBYIO OYepeib
HaJ0 BBIICJUTHL 4ncia Buja a” + 1. Ilpexie, yem paccmaTpuBaTh 9TH 4uC/Ia,

HAIIOMHUM (DOPMYJIY F€OMETPUIECKON [POTrPEeCCui:
2" —1=(r—1)(@" " +2" 2+ . +ar+1)

Ecnmn n—HedeTHo, TO, 3aMeHAd T Ha —X U YMHOXKad BCE pPaBEHCTBO Ha —1,

MOJTYIUM CJIETYIONTYIO (DOPMYJITY:
"+ l=(r+ )@t =" L ) (1.19)
Cupape/inBa cjeayioliasi TeopeMa:
Teopema 1.9. FEcau a, n—ueavie wucia, npuvem a—vemmo, n > 2, moada

a1 —npocmoe wucao — n = 2% das yeaoeo wucaa k.
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HoxkazareabcTBo. [lycth n = t-u, riae u—HederHo. Vcmosb3ys dpopmyity

(1.2) npu = = a', noayunm
A" +l=a"+1= @@+ D" 22+ . —z+1)

rje nepsblii MHoxKuTeabL & + 1 = a' + 1 dBigercd HeTPUBHAJILHBIM JIeJINTE/IeM

a" + 1. Teopema jgokazana.

Yucaa Pepma

Yucna suna F, = 22" + 1 Buepsble Hauaa u3ydaTh 1lbep PepMa, TOITOMY
9TU 4nCjaa HasbiBaloTCs yucsamu Pepma. OH BbICKA3a THIIOTE3Y, 9TO BCE STH
YUCIa ABJISIIOTCA MPOCTBIME, HO He CMOI' HHU JIOKa3aTh, HU OIPOBEPIHYTL 3TO
yrBep:kaeane. Ilepoie 5 uncesr Pepma AEHCTBUTEIBHO SBJIAIOTCSA HTPOCTHIMMU:
Fo=3, Fi=5, Fo =17, F3 =257, F; = 65537.

['nmoresza @epma o ipoctote unces Fj, Oblia oTBepruyTa B 1732 1. ipyrum
BBIIAIOMINMCS MaTeMaTukoM Jleonapom Ditiepom (1707-1783) | koropsiit Hare

paszyioxkenne 1ectoro uncia Oepma:
2% + 1 = 4294967297 = 641 - 6700417

Jleonapy Oiljep, mBeifapern 10 ITPOMCXOXKJIEHUIO, ObLI OJIECTAIINM
yUIEHBbIM, HaIlMCABIINM 3a CBOI »kKu3Hb Oojiee 800 coumnennii B Bospacte 20
ner on mnepeexays u3 llIBeitmapum B Poccuio, kyma Obln mpursaiien [lerpowm
[ B mepuoj opranmsaruu Poccuiickoil akajeMun HayK, TJe U MPOKUJI MOYTH
BCIO CBOIO JKH3HB (3a HCKjodeHneM mepuoja ¢ 1741 r. mo 1766 r., koryja oH
x®uia u paboran B Ilpyccun, B Bepsune). C 1766 1. o cBoeit cmeprun B 1783
r. on x)uin B Cankr-Ilerepbypre, umesn 13 jereit (BbKWUIO 5), MIaAIuUil CbiH
Kpucrod ObLT BOEHHBIM apTHJLIEPUCTOM, TOAIOJKOBHUKOM IIPYCCKOI apMmum,
nocjie Bo3Bpalenus ditaepa B Poccuio, mekoTopoe BpeMs CIy»KUJI B MPYCCKOI
apMHUH, HO TOTOM 110 Tpochbe Exarepunnl II ObLT MpUHAT B PycCcKylo apMuio, B
KOTOPOI JOCTYKIJICs JIO PeHepaJi-jefiteHanTa, Obl1 KoMauupoM CecTpoperkoro
opyzKeitHoro 3aBojia. MHOro moToMKoB Jiijiepa »KuBeT u pabortaer B Poccun B

Hallle BpeMsl.
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Teopema 1.10. (0 deaumennx wuces Pepma (Dtinep-Jlyxa)). Iycmo F, = 22"+

1, n>1, u p-npocmoti deaumeav F,, moeda p = 1 (mod 2"1?2).

HoxkazareabcTtBo. Ilycts r-upocroit npemurens F,, u 1mnyctb h—
HamMeHnblliee HaTypajgbHoe umcao Takoe, uro 2" = 1fmod r). Tk
22" = 1(modr ), to h = 2"". Jlanee, mockoibKy 10 Majoii Teopeme
®epma 271 = 1(mod r), To h seasierca genmurenem 7 — 1. Tk, n > 2, To
r = 1(mod 8). 3 nmocseguero yeaosust ciaeayer (CM.cTp.25), 9TO 2 SBJISETCA

r=1)/2 —

KBaJIDATUYHBIM BBIYETOM 110 MOJYJIIO T, OTKY/A, 2( —1(modr), [ro

BJIEHET YTBEP2KJCHUEC TCOPEMDI.

ITpumep. Paccvorpum Fy = 232 + 1. Jlo6oil ero jesmuresb 110 TeopeMe
nojken nmerb Buj 1 + 128k. 1 npeiicrBurensuo, Fy = 4294967297 = 641 -
6700417 = (1 +5-128) - (1 + 52347 - 128).

Ce/ieHusT 0 TTOCJIETHIX pasJiozkeHnsx dances PepMa MOKHO HAfiTH Ha caiiTe
(|28]): http://www.prothsearch.net /fermat.html

Huzke MBI BbINUIeM TabJIMIYy pasJjioyKeHuii nmeppbix unces Pepma

Fo=3

Fi =5

F, =17

F3 = 257
Fy = 65537

Fy =641-6700417
Fe = 274177 - 67280421310721

Fr = 59649589127497217 - 5704689200685129054721

Fg = 1238926361552897 - P62

Fy = 2424833 - 7455602825647884208337395736200454918783366342657 - P99

Fio = 45592577 - 6487031809 - 4659775785220018543264560743076778192897-
-P252

F11 = 319489 - 974849 - 167988556341760475137 - 3560841906445833920513-
-P564

3nech 3anuch Pk ¢ uagekcoMm k, nanpumep P564, 06o3HaIaeT N3BECTHOE IIPOCTOE

YUCJIO AJIMHBI k B ,D;GCSITI/I‘{HOIQ/JI 3alllICH.
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[TepsbiM B nocae10BaTebHOCTH Yrces Pepma, KOTOpbIE elle He MOTHOCTHIO
(baKTOpU30BaHbI Ha CErOMHSNIHNIN JIeHb, sBigercs Fio. CoBceM HelaBHO, B MapTe
2010 1. Maiikiom Banrom (Michael Vang) obun maiigen miectoit dpaktop Fio,

PaBHDII
P; = 17353230210429594579133099699123162989482444520899 - 219+1.

HTepecHo, 4To mpeabLayinue jenntenan Fio Obumm Haiigenbr B 1877 .,
1903 r. (mBa gemurens), 1974 r. m 1986 r. coorBercTBerHHO. OJHAKO, OCTAJICS
elie OJIMH COCTaBHOI KodaKTop 3Toro umcia, cocrodmuii u3 1033 gecaTuaHbIx
1P, KOTOPHIi ele He Pa3/IoyKeH JI0 KOHIIA.

EcTh gacTudHble cBeeHnsI TakzKe 0 ducaax Pepma ¢ 60IbIINMI HOMEePaMHU,
HEKOTOpbIe 13 KOTOPBIX mpocto orpomubie! Hampumep, dur (J.Young) mokasad,

uTo unciao Faz319 uMeer kodakrop 3 - 221332 4 1.

Yucaa MepcenHa

Qucnamu Mepcenna nasbiBalorTed uncia suga M, = 2 — 1 ¢ npocrbiMu

nHJICeKCaMN p. Ha‘{aﬂbHaH I1ocJjie J0BaTeJIbHOCTL 4HCeJI MepceHHa nmMeeT BUJI:
1,3, 7, 31, 127, 2047, 8191, 131071, 524287, 8388607, 536870911, 2147483647.

Teopema 1.11. (o0 deaumenax wucea Mepcenna). ITycmo p > 3-npocmoe wucao,

q —deaumenv My, =2 —1, mozda ¢ = 1 (mod 2p) u ¢ = £1 (mod 8).

HokazarenbcTBo. [lo npeanonokenuto, 27 = 1 (mod ¢) u no maoi
teopeme ®Pepma, 2971 = 1 (modgq). Tlostomy, mnopsgok 2 (T.e. HamMeHbIIHIL
nokasaresib ¢t rtakoii, uro 2' = 1(modq) oGosuauaercss ord,(2)) saBisercs

OJIHOBpeMeHHO siesintesieM p U ¢ — 1. OH He MoxKeT ObITH paBeH 1, IO9TOMY OH
paBer p, orkyzaa p|(q — 1), r.e. ¢ = 1+ mp. T.x. oba uncia p u g—HedeTHbIE,
T0 m = 2k—detHo, orkyia q¢ = 1 + 2kp. Buauut, p—nmeaurens (¢ — 1)/2. Tk
2" = 1(mod q), To 24~Y/2 = 1 (mod q), orkyna cumson Jlexanapa (2/q) = 1
u ¢ = +1(mod38).

Yucyia Mepcenna 1oJiydnin U3BECTHOCTH B CBS3U € 3MDPEKTUBHBIM

Kkpumepuem npocmomuwi Jlroxa — Jlemepa, daarogapsi KOTOPOMY HPOCTbIE YUCIA
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Mepcenna JjaBHO yAep:KUBAIOT JHUJEPCTBO KakK camble OOJIbIIINEe W3BECTHBIE
pocThie ducia. I1or Tect ObL1 npuayMan Jloka (Lucas) B 1878 . u B 1930 o
ycosepiieHcTBoBad Jlemepom (Lehmer).

Tect Jlroka — Jlemepa OasupyeTcst Ha TOM, YTO IIpocToTa yncaa MepcerHa

M, BjIe4€r npocToTy 4ucia p, U CJAeJyIOeM YTBepKICHUN:

Tecm Jhoxka. Jna npocroro umucia p > 3 uucio M, dpisgercsd IIPOCTHIM
Torja U TOJIbKO TOLJa, Korja OHOo JenuT uyuciao L, — 1, rae uncia Ly

OLPEJENAIOTCS PEKYPPEHTHBIM COOTHOIIEHIEM:
2
Ly=4, Lyy=Lp—2

Hna ycranossienns — npocToTel M),  JOCTATOYHO  BBIYUCIATH
TI0CJIe/IOBATEILHOCTD UUCENT O MOJYJIIO uucia My, JyimHa KOTOPOro OorpaHnyueHa
p Ouramn. [locrenmee «mciao B 310l mocienosarensioct L, — 1modM,)
HaspiBaeTcd BblueroM Jlioka — Jlemepa. Takum obpasom, unucio Mepcenna M,
SIBJISIETCST TIPOCTBIM TOIJIa M TOJIBKO TOIJA, KOIJa YHCIO P IIPOCTOE U BHIYET
JItoka — Jlemepa paBeH HYy.IIO.

Eme B 1876 r. JI1oKa ¢ MOMOIIBIO 9TONO KPUTEPUs YCTAHOBUI, UTO YHCJIO
2127 _ 1 = 170141183460469231731687303715884105727

SIBJIAETCS MIPOCTBIM. DTO YUCJIO0 OCTABAJIOCH CAMBIM OOJTBITTIM H3BECTHBIM ITPOCTHIM
qucsioM 1o 1951 1., T.e. Ha NpOTAXKeHUuu 75 JieT.

K centgbpro 2004 1. 6puio Haiimeno 44 upoctbix umciaa MepcenHna, 4
cenTa6ps 2006 1. 61710 anHOHCHPOBaHO 45-¢ uncyo 232582657 1 Ha ceropusmunii
nenb u3BecTHO 47 mpocThix uncen Mepcenna. CaMbiM OOJBITIM N3BECTHBIM

IPOCTBIM YHUCIOM siBJstercss uncyio Mepcenna M, = 243112609

— 1, naiijgennoe
B aBrycre 2008 r. B paMKax IpoeKTa pacrpeenéaubix Borauciaennit GIMPS.
[maa ero coctapiger 12978189 nmecarnunbix nudp, aro nosposamio GIMPS B
2009 r. moyautsb npemuio B 100000 mosurapos CIIA, HasHadYeHHYIO COOOIIECTBOM
Electronic Frontier Foundation 3a HaxoxkjeHue 1pocToro 4ucia, JJInHa KOTOPOro

npesbiaeT 10 MUIJIMOHOB JECATUYIHBIX TTUPP.
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B Teopun unces usyvarorcs Takxke obobwermvie anciaa Mepcenna. Takumn

ABJIAIOTCA YUCJIa BUIQ
M(k,n) =Fk-2"+1,

rjie n—IPOCTOe YUCJI0, a k—HeDOJIbIIoe IPOCTOE YKCIO.

YHucnaa Kapwmaiikia

Majas Teopema ®epma yrsepxKiaer, uro a’! = 1(mod p) s
IPOCTBIX P U MPOM3BOJILHBIX HATYPAJIBHBIX @, B3AUMHO-TIPOCTHIX ¢ p. ObOparHoe
yTBEp:K/IeHNEe HEBEPHO, €CTh HEDOJIbIIOE KOJTUIECTBO COCTABHBIX UNCET N TaKUX,
4TO ISl BeeX He CPaBHUMBIX ¢ 1 umces a Bbinondgercs a” ' = 1( mod n). Takue
gucsta HasbiBaroTcs dnciamu Kapwmaiiksia (Carmichael” Numbers).

OKBHUBaJEHTHOE olipejiesienne qucen Kapwmaifikia jlaer  Kpurepuii

Kopcesnbra.

Teopema 1.12. (Kopceavm, 1899) Cocmasroe “ucio m  ABAAEMCA HUCAOM
Kapmatixaa mozda u moavko moeda, xozda n c60b0dno om xeadpamos, u 0Af

Kaotcdoz20 npocmozo deaumens p wucaa n wucso p — 1 deaum wucao n— 1.

B gactroctu, n3 Teopemnbl Kopcesbra ciiemyer, 9To Bee dnca Kapmaiikiia
HEYETHBI, TaK KakK JII000e YETHOEe COCTaBHOE YHCJI0, CBOOO/IHOE OT KBAJPATOB,
UMeeT, 10 KpaliHeil Mepe, OJMH HEYETHBIA IIPOCTON Ae/UTesb, U IIO3TOMY U3
aernmocti (p—1) | (n—1) caemyer, 4T0 Y6THOE AEINT HEIETHOE, ITO HEBOBMOXKHO.

Kopceabr ObLT TepBbIM, KTO 3aMeTHI 3TO CBOHCTBO, HO OH TaK U HE CMOT
HaiiTn Kakne-1moo npumepsl. B 1910 r. Kapwmaiiki nares mepBoe n HauMeHbITee

takoe ancyio 561. ITocnenosarensnocts uncen Kapmaiikia naunnaeTcsd Tak:

561, 1105, 1729, 2465, 2821, 6601, 8911, 10585, 15841, 29341, 41041, 46657, 52633,
62745, 63973, 75361, 101101, 115921, 126217, 162401, 172081, 188461, 252601,
278545, 294409, 314821, 334153, 340561, 399001, 410041, 449065, 483881, 512461.

Yucnaa Kapaumarama

Yucaa Kannunzama (Cunningham’ Numbers) — wmcna Buga 0" £ a”.

[IpoekT Kannunrama — 3TO TPOEKT CO3JaHUA TabOJINI pa3IOKeHUsd HUCel
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Kannnarama nHa npoctble MHONKHTETH (mpu a = 1). Anan Kannunaram
(Allan Cunningham), anrmmiickuit maremaruk (1848-1928), cocraBmi nepsbie
Tabsuiel  pasiaokennd B 1925 1. (coBmectno ¢ I Bymemom H. Woodall).
[IpoekT ObLT npojosKen bpuibxaproMm, Jlemepom, Cendpuizkem, Takepmanom
n Barcraddom (John Brillhart, D.H. Lehmer, J.L. Selfridge, Bryant Tucker-
man, and S.S. Wagstaff, Jr.) B 1988 r. [locienuuit (Tperuii) Bapuant TabJiuil
Kannnurama onyoankosan AMS B 2002 . B kaure «Factorizations of 0" £1,b =
2,3,5,6,7,10,11,12 Up to High Powers», Third Edition. /ToctymnHa 1o ajipecy:

http://www.ams.org/publications/online-books/conm22-index
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2. Ilpoctbie ajroputMbl paKTOpUI3aIuu

Daxmopusayuet, Uen020 wuCAG HA3BIBAETCSI €ro  pasjioKeHnue B
MPOM3BeCHIE TPOCTHIX COMHOXKMTE e, Takoe paszyioykeHne, corjacHo OCHOBHOIM
TeopeMe apupMETHKH, BCerja CyImeCTBYeT U SBJISETCs] eIMHCTBEHHBIM (C
TOYHOCTBIO JIO TIOPsiJIKa CJIeJI0BaHusi MHOXKHUTe el ). Bee MeToibl hakropusaimm
B 3aBHCHUMOCTU OT UX IPOU3BOIUTEILHOCTH MOYKHO Pas30UTh Ha JIBe I'PYIIIbL:
9KCIIOHEHIIMAJIbHbIE METOJIbl U CYOIKCIIOHEHIIMaIbHbIe MeTO/Ibl. Bce 9Tu MeToib!
JIOCTATOYHO TPYJAOEMKH, I09TOMY TPEOYIOT 3HAYUTEJIbHBIX BbIUYUCIUTEIbHBIX
pecypcoB it 4ncesi OoJibinoit JumHbl. OJHaKO TeopeTudeckoe 00OCHOBAHIE
HEOOXOIMMO  CJIOKHOCTH — TaKUX  BBIYUCACHUN W, APYTHUMHU  CJIOBaMH,
CyIIeCTBOBaHNE BBICOKUX HHUKHHUX OIIEHOK He JIOKa3aHO, II03TOMY BOIIPOC O
CYIIIECTBOBAHUN aJITOPUTMa (PAKTOPUBAIMU C TOJMHOMHUAJIBHON CJI0XKHOCTHIO HA
KJIACCUYECKOM KOMIIBIOTEPE JIJIsI BBIIOJHEHUs] (DAKTOPU3ALNHI SIBJISETCS OJTHOI
13 BayKHBIX OTKPBITBIX IPOOJIEM COBpPeMeHHOiI Teopun umnces. B To »Ke Bpems
dakTopuzalusg ¢ IMOJUHOMUAJBHON C/I0XKHOCTBIO BO3MOXKHA Ha KBaHTOBOM
KOMIIbIOTEpe ¢ IoMolbio ajropurma [Hlopa.

B »s71oil riaBe MBI JaJM OIHMcaHue HauboJee M3BECTHLIX AJIOPUTMOB

CbaKTOpI/IBaHI/H/I, NMEINX SKCIIOHCHIIUAJIbHYIO OICHKY CXOAMMOCTH.

2.1. Metoan ®@epma

Ilyctb n = p - ¢ — W3BECTHOE T€JIOE HUUCJIO, ABJSIONIEECT TPON3BEIeHNEM
JIBYX HEU3BECTHBIX IMPOCTHIX YHCEJI p U ¢, KOTOpble TpebyeTcs HalTH.
BoJIbIMMHCTBO  COBPEMEHHBIX  METOJI0OB  (DAKTOPU3AIME OCHOBAHO Ha UJIEE,
npejiozkennoit erme [Ibepom @epma, 3aK/0daloNielics B MONCKe Map HATYPaTIbHBIX

qnces A n B Takux, 9TO BBIIOJIHSIETCS COOTHOIIEHNUE:
n = A?— B (2.20)
Anropurm ®@epma MOKeT ObITH OIICAH CJIEIYIONINM 00Pa30M:

1. Beraucmm 1esyio 4acTh OT KBaIpATHOTO KOPHS U3 N

m = [Vl
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2. Ing x =1, 2, ... OyJileM BBIYUCISATH 3HAUCHUS
¢(x) = (m +2)* —n, (2.21)

JI0 TexX Mop, MOKa oudepejiHoe 3HadeHne ¢(r) He OKAXKeTCs DPABHBIM IOJTHOMY

KBaJpary.

3. [Tycrb g(x) saBasieTcs OJHBIM KBaIpaTOM, HapuMep, ducia B: g(x) =
B?. Oupenenmum A = m + x, oTkyna u3 paseHcTBa A2 — n = B? naiiem n =
A2 — B? = (A+ B)- (A — B), 1 uckoMble JIJIUTeN P U ¢ BLIMUCIISIOTCH, KaK
p=A+B,q=A—-B.

ITpumep. Ilycts dakropusyemoe uucio n = 19691. Berancium m =
|v/n] = 140. Tlpejcrasum npolle/lypy BbIUUC/ICHUs JlejuTeeii n B BUje

TaOJIIIbL:

y | VY
190 | 13,78

473 | 21,75
758 | 27,53
1045 | 32,33
1334 | 36,52
1625 | 40,31
1918 | 43,79
2213 | 47,04
2510 | 50,10
2809 | 53

© 00 J O Ut = W N =X

—_
o

13 nociennero cronbdua noayunm: (140 + 10)2 — n = 532, orkyga n =
1502 — 53% = 203 - 97. Urax, 19691 = 203 - 97, u BBIUUCICHHE TOTPEHOBATIO
10 ureparnuil, B KaxKJ10il 13 KOTOPBIX ObLJIO BBIIOJHEHO 1 BO3BEeJ€HUE B CTEIIEHbD,
1 BbIYKTaHUE W OJHO BBIUMCJIEHHE KBaJIPATHOIO KOPHS, T.€. KOHCTAHTHOE YKCJIO

oreparmii.

Omnenka mmpou3BosuTeabHOCTH MeToga Pepma
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B mauxymmem cayyae, kKorzma ¢ OJIM3KO K 1, a p OJU3KO K 7, aJrOPUTM OVIeT
) ) )
paboTaTh Jlayke XyrKe, 9eM MeToJl MpoOHBIX Jeenuii. Jeicreurensro, A = (p +

q)/2, orkyna ducio urepanuii B Meroje @epma paBHO
Iter(n) = ]% — [n'?] & g — [n!/?],

T.e. umeet opsaaok 0(n). st Toro, aroder Mmeroq @epma paboTa He XyrKe, deM

METOJ IIPOOHBIX Jie/IeHMIT HeoGx0 MO, uTobbl Tter(n) 6b110 Menbiie n'/2

/2

, OTKY/JIa
bonpImit resmTenb p < 4n

Taknum 0Opa3oM, KaK U MeTO/JI MPpOOHOTO JiesieHust, ajroput™m Pepma nveer
9KCIIOHEHINAIBLHYIO OIeHKY 1 He 3PDeKTUBEH I PA3JIOXKEHNsT JIITHHBIX TICEI.

Moxkno ysyumutb MeTos, Pepma, BBIIOJTHUB CHavaja IMpoOHOE JieieHne
qucJia M Ha YHCaa OT 2 J0 HEKOTOPOH KOHCTAHTBhI B, MCK/IIOUMB TE€M CaMbIM
MaJble JeuTen N 710 B BKIIOYNTETBHO, U TOJHKO MOTOM BBITIOJHUTH TOWUCK

MeTogoM PepmMma.

2.2. (p—1)—merox Ilonmapaa

dror Meroy ObL1 paspaboTaH aHMIMACKAM MaTeMaTHKoOM JlxKonom
[Tosutapom B 1974 1. u ony6smkosan B [43)].

[Iycrs n—dakropusyemoe uncio, a 1 < p < m— €ro mpocToil JIeJUTeb.
Corytacao maJioit Teopeme @epma, st jr06oro a, 1 < a < p, BBIIOJIHIETCSI
yeosue a?~1 = 1(mod p).

D10 Ke CpaBHEHUE BBIIOJHUTCHA, €CIM BMECTO CTeleHu p — 1 B3ATh
IPOM3BOJIbHOE HATYpaJsibHoe uncyio M kparnoe p—1, T.K. ecim M = (p—1)-k, o

a¥ = (a?P"1* = 1% = 1(mod p). [locreanee ycnosue sxpusasentio a’™ — 1

JJ1el HeKOTOoporo 1ejioro r. OTciona, eci p ABjgeTcs JeIuTeIeM Yucia n, Torga
p dBastercs JjlesuTesieM Hanbosibiiero obmero jesutens H.OJ. (n,a — 1) u

conajier ¢ H.O.JI. (n,a™ — 1), ecoim o™ — 1 < n. Iycrn

t

p—1l=p" 0y .. -p. (2.22)

Unest (p — 1)—meron Tosmmapaa cocrout B utobbl BeiOpaTh M B BHjE

[Ipou3BeacHnsd KaK MOXKHO OOJIBIIIErO YUCTIa IIPOCTBIX COMHOXKHUTEJICT MM Uux
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crereneil Taxk, 9ToObl M Jesmioch Ha KayKJIblii COMHOXKHUTENb ;' , BXOJSIINI
B pasnoxenue (2.22). Torma, H.O.I.(n,a™ — 1) nmacr mckoMbii pennren.

AJIrOpUTM COCTONT U3 JIBYX CTaJINIL:

IlepBas cramgus (p-1)—anropurma Ilostapga

1. CuauaJia BbibepeM rpanuiy Bj.
2. OmnpenieluM MHOXKeCTBO P, cocTosilliee M3 MPOCTBIX YUCET W WX CTeleHeil,

MEHbIINX I'PaHUIIbI Bli
P: {p§17 p?) p;;k}a p;l < Bl-

3. Bouramcium npounssejienne

M=MB)= ][ o

p;'€P

M mod n.

4. Boibepem Mpou3BOJIbHOE YUCIO @, HAIIPUMED 2, U BBIYUCIUM @
5. Borancomm H.O.J1. (n, a™ —1), koTopbiif, eciii MoBeseT AacT HCKOMBIT TeIHTeb

HqHUCJIa N .

ITpumep. dPaxtopmzoBars n = 10001. Boibepem B = 10, Torma,
M(By) = 23-3%.5.7 = 2520. Boruucinm, 2%2° mod 10001 = 3579. Haiizgew,
H.O..(n,a™ —1) = HO./.(10001, 3578) = 73.

3amerum, 910 1pu 6obIIoM 3HadeHnn By wncsio M (By) MOXKeT OKa3aThest
ape3Bbvaiino 6osbimM (0HO cpaBhuMO ¢ Bil). B Takux cirydasx jiydiie pasouth
nosiHoe mpousseierne M (By) Ha | GJI0KOB, COCTOSIIIIX U3 TPUMEPHO OJIMHAKOBOTO
qucjaa COMHOYKUTE e, W BBIYUCANB unciaa M; Kak MpOW3BeseHNe 3JIEMEHTOB
onmoka i, upeiacrasute M(B) B Bume My - My - ... - M;. 3arem, MOXKHO

M(B) M, (

BLIYUCJIATD @ Kak Ipejies nocienoBarebaoct {a;}, rae a; = a™ (mod

n), a MOCJeIyoINe (; BBIYUCIAIOTCS 110 (bOpMyIIe:

M; .
aiy1 =a;  mod n, i<lI.

B sTom CJIydac, BCE€ BbIYMCJICHUA 6YI[}/T BBIIIOJIHATLCA C YUCJIaMM, CPaBHUMbIMN

I10 MOAYJIIO C YHUCJIOM Tb.
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Bropas cragus (p-1)—anaropurma Ilosnapaa

Ecin B pesyibrare IepBOro 3Talla aJIOPUTM HE BbIJaeT TPedyeMoro
JIeJIUTEIsI, TO MOZKHO JINOO yBEJININTh I'paHnily By, b0 HadaTh BTOPYIO CTAINIO
paboOTHI aJITOPUTMA.

Bropas crajius ajJropuTMa IpeJrojaraeT, YTo CyIIecTBYyeT TOJbKO OJINH
IIPOCTOI MHOXKHUTEJIb ¢ 4ucJa p — 1, 3HaUYeHHe KOTOpPOro OoJible rpaHullbl B .
BribepeM HOBYIO Tpanuiy By > Bj, nanpumep, By = B?. O6oznaunm 4epes b

M(B) mod 7, BBIYUCJICHHOE Ha HepBOﬁ CTa /1 pa6OTbI aJITOPUTMa..

qHCI0 @

Beimummem mocsie1oBaTeibHOCTE ¢ < @1 < ... < (s BCEX IMPOCTHIX
quces Ha uHTepBasie [B; Bs]. lis mocTpoeHms 9TOr0 MHOMKECTBA MOYKHO
BOCIIOJIb30BATRCsI perieToM Dpatocdena, jubo permerom Arknaa (em.rir.l).

[Tocko/IbKY HaJIMUKE B MOC/IEI0BATEBHOCTH {(;} HECKOJBKUX COCTABHDBIX
YCea HE HCHOPTUT PabOThI AJIFOPUTMA, MOYKHO BBIIOJHUTL TOJLKO YACTUIHOE
IPOCEUBAHNE, OTCESIB YNCIa, KPATHLIC HEOOILIINM IIPOCTBIM YACIaM. DTO YCKOPUT
00II1yI0 paboOTy aJropuTMa.

Eciin nckoMblit MHOZKUTENDL p— 1 paBeH ¢;, TO JJisk HAXOXKICHUsI JIe/TUTe sl
n, HeoOXoMUMO BbIYHCUTE ¢; = b0% mod n, u wmaiitu H.O.Jl.(n,¢; — 1).
[TockoyIbKy, 3HAaYeHUe ¢ HEU3BECTHO, MbI JIOJKHBI BBIIOJHUTL IOCJIEIHIE
JIBEe Ollepalui ¢ KaxKJbIM 9HCJIOM @; u3 uHrepBasa |[Bi; Bs]. Tlomnaps
PEJIOXKILI CIeLyIONUil BapuaHT oprausanun 3Toil mpoueaypbl. Obo3HaUM
yepes3 0; PasHOCTL MEXKJY COCEQHUMU IPOCTBLIMU YUCJAMU 0 = (ip1 — .
BosMmorkuble 3HaueHus:, IpUHUMaeMble d;, JiexKaT B HEDOJILIIOM MHOXKECTBE
D = {2, 4, ..., 2t}. Moxno 3apamnee BLIMHCINTL Bee 3Hadenusa b’ mod n s

0 € D u coxpaHuTh IMOJyYeHHbIE YKCJIa B MaccuBe. BTopast cTajius aJropuTma

BBIIIOJIHSIETCSI CJIEYIOIIIM 00Pa30M:

1. Beraucinm cragasa ¢g = b% mod n, u waitiem d =H.O.J1.(n,co — 1).

2. Ecim d = 1, 1o BbrumciauMm cieaymoimiee c¢; = b mod n n
d=H.0O.. (n,c; — 1) u 1.1

3. Kazxtoe nocseyionee 3nadenne ¢;, 1 BBIUUCIAETC 10 (hOpMyJIe

b%+ mod n = b%™% mod n = b% - % mod n = ¢; - b mod n. (2.23)
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[TockostbKy Bce 3madenmst b% mod n  3apaHee BBIYHUCIIEHBI, TO I
BBIUNCJICHUST ~ OYEepPEJIHOTO  3HAYEHUs]  Cjiq JIOCTATOYHO  OJHON  Olepalun
YMHOYKCHUST W BBIYUCJCHUS OCTaTKa MO0 MO0 n. [losTomy BTOpas crajusd

asiroputMa [losutapaa BBINOJIHSETCST OY€Hb OBICTO.

Omnenka s¢dpdexkrusnoctu (p — 1)—meroqaa IHosnapaa

CriestaeM pacder BpeMeHH pabOThI aJIFOPUTMa IIPU YCJIOBUH, UTO ITapaMETPhI
By n By BbiOpanbl. Bpemst BbIIOJIHEHUWS I€pBOil CTaUN 3aBUCUT OT YHUCJA
MPOCTBIX YHCeJ W WX crerneHeil Ha wmHTepBase [2; B]. Yucio mpocrbix dmcesn
oreHnBaeTcsa Besgmannoit 7(Bp), npubsmykeHHO paBHOil M0 Teopeme Hebbiesa
quety By/In By, Jlns kaxjoit crenenn p’, Menblineit B, MpOU3BOAUTCS T
BO3BEJIEHNIT B CTeleHb MO MOJYJIIO 0 aJrOPUTMY, OMUCAHHOMY Ha CTp. 13, u
Tpebyer log,p < log, By omepanmii Bo3BeJleHUA B KBaJpaT W yMHOXKEHHUl 10
Mojtystio dncsia n. [losromy obiiee uncsio oneparuii MOXKHO OIMEHUTH BEJTUINHOMN
O(B1log By log2 N). Metos oveHb OBICTPO HAXOAUT MPOCTBIE (DAKTOPBI MAJION
u cpejateit Beaumannbl (10 20-25 gecstudnbix 1ndp). Texymmm pekopaom s

019 — 1, cocrosmmuit u3 66

(p —1)-meroja sBiIsIETCS TPOCTOf fMenTess dncia 96
necatuanbix 1udp, yeranoiennbiii T. Hoxapa (T. Nohara) B 2006 r.
Vcnosib3oBanue BTOPOil CTa K MO3BOJISIET YBEJIHIUTH PEPHEKTUBHOCTD

metojta. [lo onenke MonTromepu, Bropast crajust ajaropurma Tpedyer
O(log® By) + O(log Ix(By)) + 2(m(B2) — m(B1))
yMHOXKeHuil 1o Moyaio n u Beraucaennit H.O.. ¢ n. OTbpackiBas ciraraemble
MEHBIIIEro Mopsi/IKa, mosayanm onenky O(m(By)).
Ycaosue cxogumoctu (p — 1)—meroqa Ilosnapaa

[IycTh p-HauMeHbIINI U3 JleauTesneii n u ¢ -HauboJblIad CTeleHb

IIPOCTOTO YUC/Ia, BXOAAIIEro B pasjioxkenue p— 1. Mnade ropops, ' MaKkcuMasbHO

Lt
cpe/mn Beex creneneit ¢ [p — 1. Ormernwm, 4rto onenka ciaoxknoctn (p — 1)
AJICOPUTMA, OLIPEJICIACTCs He pasMepoM (PaKTOPU3YEMOro YUC/Ia 7, a Pa3sMepoM

comuoxkurens ¢ ancen p— 1 aus p|n.
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Ecin ¢ < DBj, Torja BblUUC/ICHHE 3aKOHUUTCS Ha II€PBOM 3Talle
ajroputma. Vuade, g ycrmexa ajaropuTMa HEOOXOINMO, YTOOBI BBITOJIHIIOCH
q' < By, a Bce cTenenn npocThix gaesureneii (p — 1) Buga ¢" Kpome MOC/IeHero
oL MeHbIlle Bi. Kpome Toro HeobxomgumMo, 9T00BI cpean jejuresieir p — 1 He
HAIIIOCh MHOKHUTe el Buga r* npu k > 2, Haxousmerocs Mexity By u By. s

TaKNX Tk nMeeM JIBa HEPpaBCHCTBa:

r*1 < B, B; <r* < B,

OTKY/1a
Bi/k < p < min{BY*1, B;/k}. (2.24)

[Ipu By = ¢By u k = 2 ypasuenus (2.24) npuobperyTt BHI:

Vv By <r <min{B1, \/cBi}.

[TockonbKy B3HadeHme rpaHUllbl By OOBIYHO BHIOMpaETCs TaK, YTOOLI

BBITIOJIHAJIOCH BQ S B%, InocjieJgHee ypaBHEHHE 9KBHUBaJIEHTHO

VBi <r < ci\/By, tie ¢, = /e (2.25)

OO6triast J1oJ1sT 9ucest, YI0BIETBOPSIONIX (2.25), HEBeMKa U 3HAUUTE/THHO
MEHBIIe YHC/Ia MPOCThIX quces n3 uHTepBaia (Bi, Bs), M0ITOMY UMEI MOYKHO
npenedpeusb. OjiHako, ecjii He IpeHedperaTb STUMU YUCIAMHU U JIOOABUTH B
AJICOPUTM JIONMOJTHUTEHHBIN TTUKJT TI0 3J1eMEHTaM 7", YIOBIETBOPAIONINM YCJIOBUIO
(2.25), obrmee Bpemsi aAJrOpUTMa YBEJIUIUTCA HE3HAUYUTEJbHO. [lOCKOJIBbKY
pasMep HamboJiblleill cTeneny ' CUALHO 3aBUCUT OT CTEHeHU IJIaJKOCTH YUCJIa
p — 1, nmosromy sdpdekruBHocTs (p — 1)—merona Ilosumapaa cuibHO 3aBHCHT
OT WCXOTHOTO 4YHCJIa N, U3MEHdAdCh B MIUPOKUX IMpejiesiaX MpU PasJImIHbIX
n oamHakoBO#l jmHBL [losromy omHOI M3 pexomenganmii Meroma RSA
SIBJISIETCSA BBIOOP M Tak, 9ToObl p — 1 mMes XOTA-Obl OuH OOJIBINON JIeJIUTENb,
MPEBBIMIAIONINI  pa3Mep TpaHuibl B9, 10 KOTOPOH BO3MOYKHO BBITIOJHEHNE
peasibHbIX Bhraucstenuii mo (p — 1)—meromny Ilomrapna.

CkarkeM HECKOJIbKO CJIOB O BbIOOpE HCXOJHOIO 3HAYeHUs IapaMerpa
a. Ecom p — 1 wumeer O00JIbIIOE YHUCJIO Pa3JIMIHBIX JIEJUTENEd, TO

HallJleTcsl MHOTO Pas/iMuHbIX uuces a < n, Js Kotopbix a® = 1 (modp)
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BbITIOSIHATCA it k< p — 1. Haipgyres naxe Takue a < n, UTO
yxe a?> = 1f(modp). ia Takux a CKOPOCTb CXOXKICHHUs MeToja Oyier
3HAYUTEJLHO Bbie. [losToMy, MOXKHO yCKOpUTH cxogumoctun (p — 1)

merona llo/iapga, 3amyckas — aJrOPUTM € HECKOJILKUMU — 3HAYCHUSIMIU
a. B craree «Pollard p on the Play Station 3», pa3smeriennoit na caiite
http://www.hyperelliptic.org/tanja/SHARCS /slides09/03-bos.pdf, upusomsres
IIPUMEPbI TPOrPAMMUPOBAHIs AIrOPUTMOB (hakTopu3aImn, Brodas p u (p— 1)
MeToabl Toiapaa ¢ BO3MOXKHOCTBIO paclapaJlie/iBaHisd Ha UIPOBOIl KOHCOJIM

Sony Play Station 3, mmeroreit 8 comporeccopos.

IIpumep

[Iycts p = 29-nemmTens n, Toraa, p — 1 = 28 = 22 . 7. JIaa KazK10ro
a < 28 maiigem nanMenninee k takoe, uto a¥ = 1 ( mod p). Ilpusemem dparment

MOJTyI€HHON TaOTUIHL:

al 2|3 (456|789 10/11]12]|13|14]15]|16 |17
28128 |14 (1414|728 14128128 | 4 |14 |28 28| 7 | 4

Cpenn 28 3navenuit a < 29 okarkercs 12 3Ha4UeHHe ¢ IoKazareieM k = 28
1o 6 3nadenuii ¢ nokazarejneM k = 14 u k = 7, 2 3nadenus ¢ k = 4, 110 0JTHOMY C

k=2 u k= 1. Maremarndeckoe oxKijaHne HauMEHbIIEToO ToKa3aTe/ s k PaBHO:
Mkl =(12-284+6-14+6-7+2-4+2-1)/28 ~ 16,85

Takum obpasoM, BbIOMpas yjadHoe a < N, MOXKHO IOJY4YUTh 3HAUUTEIbHbIN

BBIUTDLIII 110 CPaBHEHUIO C IIPOU3BOJILHBIM.

,Z[a.HI)HeI'?'IH_II/Ie yiay4dmieHnmsda aJdropurmMa

st yckopenust BceX BblumcseHuii Ilosurap npeaioKua HCioib30BaTh
obicTpoe mpeobpazoBarue ypoe (a Fast Fourier Transform) mist Bcex ocHOBHBIX
oreparuii.

Hanbueiimue yaydienns ajaropuT™a ObLin npejioxkenbl [1.MonTtromepn
[36]. On 3amermi, 94T0 Ha BTOPOIi CTajuu ajropuTMa OOJIBIIYI0 YACTh BPEMEHH

OTHUMAET BBIUUC/IEHHE JJIsT KaXKI0r0 [IPOCTOro Ync/ia ¢; u3 uHrepBasa |[By; Bo]
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H.O.[.(n,c; — 1), re ¢; = b% . MoHTroMepu npe/iiozKii 00beIMHITh HECKOJIBKO
COCEJIHIX 9JIEMEHTOB ¢; B 0okH (j U BBIMHCJATH CHAYasa IpousBeleHne h =
[I(ci—1) mod n mascex ¢; € G, anorom H.O.J. (n, h). Ecom H.O. /1. (n, ¢, —
1) > 1, o rakoBbiM Oyzer u H.O.J1. (n, h). D1tu u npyrue yirydiinenns, HaiiJeHHbIE
MonTromepu, IMo3BOJIIIOT B HECKOJIbKO Pa3 COKpPATUTh o0Iee BpeMs pabOTh
AJICOPUTMA.

Ha caiire www.loria.fr/ ~zimmerma /records/Pminusl.html moxkuo HaiiTu
TabJIILy PEKOPIOB PA3JIOKEHNSI HATYPAIbHBIX TUCE/, YCTAHOBJICHHBIX € HOMOIILIO

(p — 1)—merona Tosnapa.
YiparkHeHue.

Cdhopmupyiite MHOXKeCTBO F, BCeX COCTaBHbIX YHUCEJI 7 OJUHAKOBOI
JUINHBI, SIBJIAIONINXCST [TPOM3BEJACHNEM JIBYX IPOCTBIX dnces. Haiianre s
KaKJIOro dncjia n mareMarndeckoe oxujpanue M[k| HammMenbIiero nokasarelis
k s MHOXKECTBa SJEMEHTOB a < p, TJle p— HAUMEHbBIIW JIeJIUTeTb N.
Pacnpegeure Bee qnciia 13 MHOXKeCTBa, ), B KJ1acChl B 3aBUCUMOCTHI OT 3HAYEHMUST
M]Ek]. CnenaiiTe BBIBOJ O JI0JIe COCTABHBIX YHCE], KOTOPBIE MOI'YT OBITH OBICTPO
Pa3JI0’KeHbI B IPOU3BEJIEHNE [TPOCTHIX COMHOXKUTEIEl ¢ moMotpio (p— 1)—merona

[Tommapma.

B rmase 2 wmbl yBuanm, urto uges (p — 1)-meroga Ilosmapna Oblia
ncrnob3oBana X.JIeHcTpoil g mocTpoeHus HOBOTO 0OoJiee OBICTPOTO MeTOJIa

CbaKTOpI/ISaL[I/H/I C UCIIOJIb30OBaAHUEM IJIJIMIITUYIECKUX KPHBBIX.

2.3. (p+1)—merox Busbsamca

Onpedenenue.  IlocnenoBarensuocroio  Jlioka  (Lucas) — masoBem

PEKKYPEHTHYIO HOCJIEI0BATEIHLHOCTD Uy, , ONPEAEISIEMYIO COOTHOIIEHISMIA:
up =0, ur =u, Upr1 =P up— Q- uy1, (2.26)

rie P, () — dukcupoBaHHBIE IIe/IbIe YUCIA.
(p+1)—wmeron Bunbsmvca (Williams) noxox wa (p—1)—merox [omnapna u

OCHOBaH Ha TPEJIIOJIOKEHNN IIaJIKocTn uncia p+ 1. [lyets p-tipocroit penmrenn
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daxTOpm3yeMoro uncaa n,  BBITOJHEHO pasjoxenue p + 1

k
p+1=]]g"
1=1

O6osnaunm vepes B = max{q"

1 < i < k}. lHo-npexuemy Oyuem
HA3bIBATL HATYpaJbHOE YUCIO 7T B -CcTeneHHO-TIaJIKUM, ecJii HanbOJIbIIas
CTElleHb COMHOXKNTEISA p;° B Pa3OXKEHHH I Ha I[POCTbIE MHOXKHUTENH, He
npesbimaeT B. Takum obpas3om, ompejesieHHOe BBbIIIe YucIo B aBisgercd
HAUMEHBIITNM YUCJIOM, JJI KOTOporo p + 1 «aBjsgerca B -—cTeneHHo-TIaIKNIM.
OTmeTnM, 9TO MOCKOJBKY P HE M3BECTHO, TO U B Tak »Ke He M3BeCTHO.

Autropurm ButbsiMca 3aK/1109a€TCsI B CJIEAYIOIIEM:

1. Boibupaem nHekoTopoe umcio B, sBjdiolee BepxHeil TpaHureil s

pacCMaTpruBa€MbIX ITPOCTLIX YUCEJT U UX CTeIICHEN.

2. CTpouM MOC/IE0BATEILHOCT MPOCTHIX 4nces 2 < 3 < b < ... < Pm,

MEHBIIHNX B U 10C/Ie10BaTeIbHOCTD CTeleHell a; Takylo, 410 p;' < B.

3. Honaraem uncino R = [[i2, ¢i*. Ecin p gaBnsiercs B—cTeneHHO-IJIAIKIM,

To R nenutcd Ha p.

4. BeiObupaem  ciydaitHbiM  obpa3oM 4mciga P omw () m  cTpoum

II0CJIEJOBATECJILHOCTD YUCEJI ﬂIOKa, IIOKa HE€ BBIYUCJIUM UR .

5. Hasnee soraucium H.OJ1.(n,ug) = d. Ecin 1 < d < n, 10 3a1a4a perieHa.

Hokazano, 4To ecin () B3aUMHO IIPOCTO C P U
P? —4Q)
p

TO CBOIiCTBa I1ocJIe 10BaTCJIbHOCTU JI10ka obecIIeqnBaioT HaXO2KJIcHHEC

= 1,

HETPpUBHUAJILHOI'O AEJIUTEJIA YUCIa 1.

2.4. p-meton Ilosapia

9toT MeToj ObL1 pazpaboran [Ixkonom Ilommapgom B 1975 1. Ilycts n —
YUCJI0, KOTOPOE CJeAYeT Pas3/ioKuTh. p-merosn llostapaa padboraer cjeayonmum

obpazoM:
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1. Boibupaem HeDOJIBIIOE YHCJIO Ty U CTPOUM IIOCJIE0BATETBHOCTH YHCE
{z,}, n=0,,1, 2, ..., onpejie/isisi KazKJi0e CJAEJYIONEe Tyi1 110 (HPOPMYIIE

Tpi1 = (22 — 1) (mod n).

2. OpHoBpemeHHO Ha KaykjoMm Imare ¢ Borunciasem H.O.J d uqucna n u

BCEBO3MOXKHBIX pasHOCTell |z; — x|, rie j < 1.

3. Korna oyner naitnem d =H.O. . (n, |x;—x;|), orimanstit ot 1, Beraucienne
sakaHunBaercst. Haiijennoe d smisiercss jgenuteneM n. Ecaun n/d He
SIBJIIETCSI IIPOCTBIM YHCJIOM, TO IPOILEAYPY MOXKHO IIPOJOJIKUTEL, B3$B

BMECTO 1 9ucio n/d.

Bmecro dynxuun F(z) = (22 — 1) mod n B BBIYUCICHUN T,41 MOZKHO
B3ATh JPYTroil MHOTOUWIeH, HAapuMep, 22 + 1 Wi NpousBOJILHBIA MHOTOMIEH 2-ii
crenenn F(x) = ax?® + bx + c.

Hejmocratkom JlaHHOTO BapmaHTa MeTOJa SIBJISIETCST  HEOOXOIMMOCTD

XPaHUTh OOJIBIIOE YHCIIO TIPEJIbIIYIINX 3HaYeHU ;. 3aMeTuM, 4To ecJin

(zj = i) = 0(mod p), o (f(z;) — f(xi)) = 0 (modp),

I03TOMY, ec/n mapa (x;, T;) JaeT HaM DelleHle, TO PelleHne JacT Jodast mapa
(Tigk> Tjgk)-

[Tosromy, HeT HEOOXOIMMOCTH IIPOBEDSATH BCe NApbl (T, T;), & MOXKHO
orpannuuThes napamu Buibl (z;, x;), e j = 28 u k upoberaer nabop
1ocJIe/IoBaTeIbHBIX 3HaUeHnit 1, 2, 3, ..., a ¢ IpUHUMaET 3HaYeHUs U3 NHTEepPBaJIa

[2F 4+ 1;2¥Y] . Hanpumep, ipun k=3 j =2 =8, a i € [9;16].
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int p-Pollard (int n)
{ int x = random (1, n-2);
int y = 1; int 1 = 0; int stage = 2;
while(H.O. 1. (n, abs(x —y)) = 1)
{
if (1 = = stage ){
y =X
stage = stage*2; }
r=x * x + 1(modn);
i=i 4 1;
1
return H.O. /1. (n, abs(z — y)); }

)

B sroM BapmaHTe BhIUMC/IEHNE TpeOyeT XpaHUTL B MaMsITH BCEro TpH
[epeMeHHble M, T U Y, YTO BBITOJHO OTJMYAET 9TOT METOJ OT JPYIUX METOJ0B
dakTopu3aINN.

Eme ogana Bapuanus p-merojia l[losiapma 6blia paspaborana Dioitgom
(Floyd). Cornmacuo @Joiiiy, 3HadYeHne ¥y OOHOBJSIETCST HA KaKJOM Iare Io
bopmysie y = F2(y) = F(F(y)), nosromy Ha mare i 6y1yT HOJyUeHbl 3HAYCHUSI
x; = F'(xg), yi = w2i = F?(x0), u H.O.JI. Ha 9TOM Iare BLIYUCIAETCS MEKLy

nmy—=x.
Ob6ocuoBanue p-merona llosamapaa
IIpuBejiem obOocHOBaHME 3TOrNO METOJA U OIEHHUM €ero TPYI0eMKOCTb.

OrneHKa OCHOBBIBAETCS HA U3BECTHOM <«IIAPAJIOKCE JTHSI POXKICHUS>.

Teopema 2.1. (Ilapadokc dua poorcdenus) Ilycmov A > 0. Jaa cayuwatinot
svioopru u3 |+ 1 anemenmos, xaorcovili us Komopwvix menvuwe q, 2de | = /2Aq,

6EPOAIMHOCTN® TN020, IO dea anemenma oraHcymcAa pasHvlMU

p>1—e*A.

OrmerumMm, 9To BepoaTHOCTh p = 0,5 B mapajokce JHSI POXKICHUS JOCTUTAETCsT

mpu A ~ 0,69.
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[lycrs  mocnenoBaresnbHoCTh  {u,}  cocronT W3 pasHOCTE(l
|z; — x|, mposepsieMblx B Xoje paboTbl anropurma. OmupejesuM HOBYIO
MOCJIeJI0BATEIBHOCTL {2, }, THe 2z, = wu, mod ¢, ¢ — MeHbINN U3 gejuTeseh

n. Bee wiensl nociegoBaresbHOCTH {2,} Menbiie /n. Eciu paccmarpubarh
{z,} Kak ciaydaifHyo MOCIEI0BATEILHOCTD UHCEN, MEHBIINX ¢, TO, COTJIACHO
apaJioKcy OJIM3HEIOB, BEPOSTHOCTH TOIO, UTO Cpeju IMepBbiX [ + 1 ee djieHOB
MOMAJYTCST JIBA OJIMHAKOBBIX, mpeBbicut 1/2 mpu A ~ 0,69, torma [ mg0/KHO
6bITh He Menblle v/2Ag ~ /1.4q ~ 1,18,/7.

Ecim z; = zj, Torna @; — x5 = 0 mod g — x; — x; = kq ]I HEKOTOPOIo
k € Z. Ecmn x; # x;, 9T0 BbIIONHACTCA ¢ OOIBIION BEPOATHOCTBIO, TO NCKOMBIIL
aemurens g ancaa n Oyger naitgen xak H.O . (n,z; — x;). Ilockonsky /g <

/4 10 ¢ BeposiTHOCTDIO, HpeBbinaoeil 0,5, IeJUTeb N MOXKET OLITh Haillem

n
3a 1,18 - n'/* wrepammit.

Taxum obpasoMm, p-meroq [loyrtapaa aBageTcsd BEpOATHOCTHBIM METOJIOM,
IIO3BOJIAIOIIMM HAafTH HETPUBHAJIBHBIN JIe/IUTe b ¢ 4Yucaa n 3a O(ql/ 2y <
O(n/*) urepanuii. C10KHOCTb BBIYUCJICHNS HETPUBUAILHOIO JICTHTENSA B 9TOM
METO/Ie 3aBUCHUT TOJILKO OT pasMepa 9TOro JeJUTeJisd, a He OT pasMepa ducia n.
[Tostomy, p—merosn Ilostapia npuMeHUM B TeX CIydasix, KOrja Jpyrue METOJIbl
daxTopu3aIun, 3aBUCAIINE OT pa3Mepa 7, CTAHOBSITCH He 35(D(PEKTUBHBIMI.

OTmMeTnM, 9TO B HEKOTOPBIX CIyUasx, MOCIEI0BATEIBHOCTD {y,} Moxker
3alUK/IMBAThC (T.e. Ha HEKOTOPOM Iare t MOsIBJISIeTCsl Tp = X, I0CJIe 9ero

I1ocJjie J0BaTeJIbHOCTDh HOBTOpHeTCH), TorJa Halo IIOMEHATD HCXO,ZLHbIﬁ QJIEMEHT X

i osmHoM F(x) Ha Kakoit-HuOyIb pyroil.

Ynpaotcrnenus.

1. Ilombepure HECKOJIBKO COCTABHBIX YHCEI 7N OJMHAKOBOW JIJIMHBI, WU
BBIIIOJIHUTE IPOOHOE PpaszjioxKeHne »STux 4ducesa wmerogoM [lomrapia.
Berancure cpejree  BpeMst  (KOJMYECTBO WTepanuil) 10 HaXOXKIEHHs
HETPUBUAJIBLHOIO JIeJIUTeNId 1. KaK CHIbHO OTJINYaeTCsl BPEMsl BhIUNUC/ICHUST

JUIST PA3IUIHBIX 17

2. Bemosinnre yrpaknenne 1 ¢ ajropurmom @iioiiga. CpaBHute cpejiHee

BpEMs BbIYUCJICHUA AEJIUTEJIA B IIEPBOM U BTOPOM CJIyYdadX.
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2.5. p-meron lloasapaa pajd BBIYHCJEHUS JANCKPETHOTO
JorapudmMa

[Ipobsiema guckperroro Jyorapudma (Discrete Logarithm Problem DLP)
COCTOUT B BBIMUCJICHUN B KOHEUHOM 1oJie [y, ¢ oOpasyloleil g J/1d IPOU3BOJILHOIO
s/leMeHTa ¢ HauMeHbIero yncia k Takoro, uto g8 = t. Xors sra npobiema He
CBsI3ata HeloCPeICTBEHHO ¢ MpobJieMoil (haKTOpU3aIii MeIbIX YUCcesI, OHa UI'PaeT
BaykHYyIO0 poJib B Kpunrorpadun. [Ipu jumbe xmouda L npobsema DLP mmeer
TaKYIO Ke CJIOKHOCTH PeleHns, Kak 1 mpob/ieMa paKToOpU3aIum Yucaa JTuHbl L
o3ToMy Ha mpobjeme Burauciaenns DLP noctpoeno MuOro Kpunrorpapuiecknx
IIPOTOKOJIOB, B TOM YHCJIe, M3BECTHBIE TPOTOKOJIbI [ du-Xenmana BoIIucIenns
00IIIero CeKPeTHOro KJitoda 1 DJib-l'aMalist 3/IeKTPOHHON 1 POBOil MOJIIIICH.

Cy1ectByeT OO0JIBIIIOE YHCJIO PA3IUIHBIX METOJOB JIJIsi PEIleHusi STOi
sagaan. B rmase 5 kumrm JI.Bammmrroma [54] gamo ommcanme OCHOBHBIX
asiroputmoB i JIJI9K. B sTtom pasmesie Mbl pacemorpum p-meton [losutapia
it DLP, KoTopwIil urpaer 3jiech Ty »Ke PoJib, 9To U p-Metoj [losutapaa s
1pobsieMbl gaxropuzanuu. I'pymiy 1o ymMHozKeHuio mosd f),, p—1pocroe 4uciIo,
obosnaunm uepes Fy = {1,2..p — 1}. Hamomuum, uro sjpement g € F)
HA3BIBAETCSI PEHEPATOPOM MOJIA, ecyin JI00of s1ement ¢ € F° paBeH HEKOTOPOIt
crenenn atementa g: t = g*. IlycTs ¢ — (Kakoi-HUOYIb) renepaTop 9Toil TPyIIIbI,
1 IyCTh © - IIPOU3BOJIbHbIN dj1emenT Fr.

JIns HaXOXKJICHHsl HEW3BECTHOrO MOoKazaTess k Takoro, 4ro ¢F = t,
OyzieM CTPOHUTDL TI0CJIe0BATEIbHOCTh Hap (a;, b;) wwmcen no momymio p — 1 u
110CJIEI0BATEILHOCT &; YHCEJI 10 MOJAYJIO P TaKylo uTo x; = t%g% . Onpemnenm
HadaJIbHble 3HaUeHud ag = by = 0, rog = 1. Berunciienne nocjeayomux 1JIeHOB

MOC/IeJIOBATETLHOCTEH OyIeM BBITOIHITH 110 (DOPMYTIaM:

(a;+1,b;) mod (p—1), ecm0<az; <p/3,
(ait1,bi41) = < (2a;, 2b;) mod (p — 1), ecn p/3 < x; < 2p/3, (2.27)
(aj, b +1)mod (p—1)  eciu 2p/3 < z; < p,
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", COOTBETCTBEHHO,

tr; mod p, ecm 0 < x; < p/3,
Tiy1 =13 x7modp,  ecmn p/3 <z <2p/3, (2.28)
gr;modp  ecmm 2p/3 < x; < p,

Ora I1ocjIeJ0BaTC/JIbHOCTL BbIYUCJ/IACTCA JO TEX IIOP, IIOKa HE II0ABATCA HOMEDPa

i, J Takue, 4To x; = x;. lorua, tugh = t%gb | orxyna,
(a; —a;)k =b; —b; (mod(p—1)) (2.29)

Ecomm HO..(aj —a;, p—1) = 1, Torga MHOzkuTeIb k B ypasHeHuu (2.29) Moxxer
OBITH HallJeH ¢ UCHOJIL30BAHMEM ODODIIEHHOr0 aaropuTMa HEBKIMIA, pPeruB B

[eJIbIX YUCJlaX YpaBHEHHE
w(a;j —a;) +y(p— 1) = b; — b (2.30)

OTHOCUTEJILHO 2,y u oupejensst k = x mod (p —1).
Ecmn ke HO.[d.(a; — a;, p— 1) = d > 1, Torna, ypasuenne (2.30) mo-
IIpezKHeMy, pas3pelyMo, HO JiaeT pelleHre HAIIero YPaBHeHUs ¢ TOYHOCTHIO JIO

ciaraemoro kparnoro (p — 1)/d, T.e. pererue nMeer Bu/
r=xy+m(p—1)/d (2.31)

rie m € [0,d — 1]-tenoe aucyio. Ecau MmHO)KUTENb d - MaJI, TO perierue Oyer
HaiijleHo nojicranoBKoi uncen (2.31) B ypasuenue g~ =t mod t.

Tak ke, Kak B p—MeTojie (PaKTOPU3alllud, B STOM aJrOpuUTME MOXKHO
1CHoIb30BaTh Mojudukaimio Ouioiina, BLIUUCIAA HA §-M IIare OJHOBPEMEHHO
TPOIiKY (a;, b, T;) 1 TPOUKY (aa;, ba;, To;), MOKA HE JOIIEM JI0 TAra 7, Ha KOTOPOM
x; = X9;. B 9TOM BapumanTe ondTh HE HAJ0 XPAHUTL B IAMATH Ha IIare i Bee
Tpoiiku (aj, b, x;) i j <4, a JOCTATOUHO COXPAHATDH JiBe TPoiiku (a;, b;, ;) u

(a% b, 51?2@) .

ITpumep. Paccmorpum nosie £, ipu p = 43. DjieMenT g = 2 He dABJIAeTCA
regepaTopoM 10 Kpurepmio Iloxmmnrrona (cm.crp.19), T.x.2 mod 43 = 1.

BosbMeM B KadecTBe TeHepaTopa JIEMEHT g = 3 U PEeIM ypaBHEHHUE

3% mod 43 = 15. (2.32)
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Urax, p =43, g = 3, t = 15. Oupenenum (g, by, xg) = (0,0, 1), u Gyem cTpouTh

JIBe TOCIeI0BaTeIbHOCTH (a;, b, ;) U (agi, by, ;) 10 bopmysam (2.27) u (2.28):

iolag | b | x| ag| by | Ty
1 [2]0(10] 6 | 0|11
213|021 7 | 1]/22
3160|1115 ] 2 | 36
4 | 71013630 | 6 |11
5 |7 ([11]22]31 7|22

Ha 5-m miare swadennst x; u xy; coBnajm. CocraBum ypashenne (2.30):

r(31-7)4y(43—1) = 1-7( mod 42),

win, 24x+42y = 36 ( mod 42).

Borancinv HO . (a; —a;, p— 1) =H.0.J1.(24, 42) =6 # 1.

[Tonemmm Bce KoapdunuenTsl ypapuennd na 6:

4r + Ty = 6 (mod 42).

C moMmoIpio pacmuperHoro aaroputMa Eskimaa (em. paszg 1.8) perrum

ypaBaenne 4x + 7y = 1, moacrasigsa Bvmecto A m B koddduimeHTsr 3T0ro

ypaBHeHHUs (IIOMEHsIB UX MecTaMi, 9Tobbl A 6b110 Gosibie B ):

A/B/AmodB|AdivB |y |x
714 3 1 -1 2
413 1 1 1]-1
311 0 3 0]1

Taxum obpasom, 7-(—=1)+4-2 =1, mwm, 7-(—6)+4-12 = 6. [Tosoxkum,

xg = x = 12. [lockosbky, d > 1, 10 Koperb X ypasuenus (2.32) omnpejessiercs

¢ TOYHOCTBIO J0 ciaraemoe (p — 1)/d = 7, 1.e. umeer Bun X = x¢ + Tk, v1e

k € Z. Bynem nojicraBiarh B (2.32) nocienoBarenbHo unciaa 12, 19, 25, ..., noka

HE MOJIyYUM TOXKJECTBO 3% mod 43 = 15. Bajaua pereHa.
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2.6. (I)aKTOpI/ISaI_[I/Iﬂ C NCII0JIb30BaHNEM HellpePbIBHBIX

apobeii

O nH 13 MeTO/I0B (haKTOPU3aIMN OCHOBAH Ha, ICIIOJIB30BAHIN HENPEPHLEH L
dpobeti. PaccMoTpuM 9T0 BaxKHOE HOHSITHE.

Ilycth @ — BelecTBeHHOE 10JIOXKUTEIbHOE drcsio. Obo3HaunM OYKBOI ¢

HaubOJIbIIee Ie/I0e YUC/I0, He HpeBocxojdiiee «. IIpm HemesoM o nmeeM o =

qo + O%, a1 > 1. Touyno Tak ke 1pu HENEJbIX Q, ..., g ] UMEEM

1
o =q+ 5, e > 1,

1
Qs—1 = (Qs—1 T .’ as > 1.

DTa mpoleaypa JaeM HaM pasyioyKeHne « B HEIPEPLIBHYIO JPO0b:

1
a=qy+ : (2.33)
1
Q1+
1
Q@+ ...+
1
Qs—1 + —
s
Bynem wucnosnbzoBath 3amuch « = [qo, q1, G2, --- Qs—1] JJIsT COKPAIIEHHOTO
obosnauenns dhopmyisl (2.33).
Fciu o — wuppanmoHajibHOe, TO U BCAKOE iz — HUPPAIMOHAJIbHOE, U

YKa3aHHBII IIPOIECC MOXKET ObITh HEOTPAHMYEHHO ITPOoJoJKeH. Ecn ke yuciio a
— palloHaJIbHO, TO IIPOlecc OYyIeT KOHeYeH U MOXKeT ObITh BBIIIOJIHEH C IOMOIIbIO
ajropurMma EBKnma.

72

ITpumep 1. Paznoxkutb apodbb o = i

A|B|Amod B |q =|A/B]
72125 22 2

25| 22 3 1
22| 3 1 7
31 0 3
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24— —[2,1,7, 3]

Besmunust 6 = qo, 01 = [qo, 1], .-, 0s = [q0, @1, -, Gs],
HA3BIBAIOTCS  IOAXOMAIIMMU  ApoOsiMu. st J100BIX  JIeiCTBUTE/IBLHBIX (v

CYIIECTBYET IOCIe0BATEIHHOCTD TOAXOISIIIX Apodei Takast 9To o = lim,, o0 0, .

IIpumep 2. IlIpubausuts o = +/14 moOC€/10BATEIHBHOCTHIO

MOAXOAANINX JApobeit

Pewenue. Obozuaanm depes qo = [V 14] = 3. Torma

1
+(V14-3) = qot—.
1

1 _ V14+3 1_|_\/14—2

= 1.
o) = \/— 3 5 5 » q1
5 \/ 442 V14 — 2
g = =24+—— @ = 2.
/14 2 2 2
2 \/ +2 v14 — 3
It———, g =1

@ = \/_ E 5
@4—\/1__ = V1443 = 6+(V14-3), q4 = 6.

[ToceroBaTe IbHOCTD MOJAXOSIINX ApoOeil mMeeT BUIL:

So=3, 01 =3+1/1=4, 6 =3+

1
~ 3667, (53 = 3+1+—1 ~ 375,

14+1/2 2+1/2

20
=3— ~3.741 ....
04 327 3.7

MoxxkHO BHAETH, YTO YETHbIC YJEHBI STONH IOCJEI0BATEIHLHOCTH JIAI0T
sHadeHne /14 ¢ HeJOCTATKOM, & HeYeTHbIe—C U30bITKOM, & PA3HOCTH |dg11 — Og]

yOLIBAIOT U CTPEMATCS K HYJIIO.
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Brramnciaenne HOAXOISAIIIX Apoboeii JIJIsI KBaJIPATHbBIX

UPPaIAOHAJIbHOCTEN

KB&,H,paTHbIMI/I NppagnoHaJIbHOCTAMN 6yﬂ;eM Ha3bIBaTbCA YpaBHCHNA BUJA
A? 4+ Br+C =0, tme A, B, C € Z,u D = B> —4AC > 0. (2.34)

Kopuu ypasuenus (2.34) Bbrauc/istiorest 1o hbopMmysie

_ —B+VD

2.35
a 5 (2.35)
BBojst oboznauenns P = —B, (Q = 2A u paccMarpuBast TOJIBKO OOJIbINNit
KOpEHb, PUJIEM K BBIPAYKEHHIO
P D
o = P+vD (2.36)

Q

O6osznaunm 1depes m = [vD]. Torga nepsas mogxojsdmmast apodb st

KOpHA & MMeET BUJ:

P
50 — 5m (2.37)

Haiinem BTOPYyIO HOAXOIAIIYIO JpOOL Jjist KOPHS <. JlJist 9TOro BbIIEIMM

nenyio uacte r = [P 4 +v/D/Q] u3z (2.35). Ipobb, obpaTHas K OCTATKY, Gy/er

NMETDhb BUJI:

“a-q@ P+vD-r-Q VD-(r-Q-P)

JIOMHOXKUM 9HCINTENbL U 3HAMEHaTe b HOoCaeHell 1pod1 Ha BbIparKeHiue,

COIIpAZKEHHOE K 3HaMEHAaTEJIIO. HOHy‘{I/IMI

_ Q- (VD+(r-Q—P))
D—(r-Q-P)

oy (2.39)

[Tockonbky Q|(D — P?), To snamenarenn jenntcs Ha (QQ, u 1ocse

COKpallleHuA I10JIYyYUM:

_VD+(r-Q-P) _ P+VD

5 5 (2.40)

a1
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e P'=rQ—P.Q = (D~ (r-Q—PP)/Q=(D~(P))/Q.
9TO JaeT HaM PEKKYPEHTHLIE (i)OpMyJIbI JJIA BBIYUCJICHUA

nocsienosarenasrocreit {P,}, {Qn} n {g,}:

P, D
Py=—-B, Qo=2B, = L\/_

Qo ’
P+ VD
Pii=r;-Qj = Pj, Q= (D~ P)/Q) rjn=|""F—|.
Qjt1
(2.41)

Tenepn noaxomgamue Apodu it KOPHS (¢ MOXKHO BBLIYUCJIUTE 110 (POPMYJIAM:

1 14+rg-r

So=r0, O=rog+—=—"-1
r1 r

541 = Pj+1 _ Tj+1-Pj+ Pj-1 (2.42)
qdji+1  Tj+1°q; +qj-1
OrmMeTuM, 4TO JIJIs 9aCTHOTO ciydas « = /n, caejpyer B3ate D =n, Py = 0,
Qo = 1. MoxkHO TakzKe JJIsi COKpAIeHUs BLIKJIAJIO0K Ha OJUH IIAr, B3ITh CPa3y
Py = [V'D], Qo = D. Jlna sorancienus nesoii gactu 7j41 B dopmymnax (2.42)
Heobxo 1Mo Gpars npubmmkenne v D ~ m = [v/D] npu Q;>0,un VD ~m+1
npu Q; < 0.
Bameuanue. Ilockosbky, Bee wiensl nocuenosarenbuocreii {FP;} u {F;}
orpanmaensl ceepxy [V D], To umcno pasmuunbix nap (P, Q;)-Komeuno, wu
Haiijercss Homep k rtakoit, uro (FPy, Qo) = (Pk, Qk). Haumenbiee u3 takux k

HA3BIBAETCS Nepuodom TOCTIEI0BATEILHOCTH HEIIPEPBIBHBIX JIpobeii.

2.7. YpaBuenune Ilenna

YpaBraenneM [leana HazbiBaeTCss IMOGMAHTOBO ypPaBHEHNE
2 —ny? = %1 (2.43)

Perrenne sToro ypaBHenus u3-3a OMIMOKN Diljepa MPUINCHIBACTCH AHTITNIAHITHY
xony Ilemny (J. Pell 1611-1685), xorst obiriee perlieHre TOrO ypaBHEHMUsI
ObLJIO BIlEpBBIE HafijleHo B EBpore apyrum aHrjmdaHuHOM, JIOPJIOM BuabsamcoMm

Bpaynkepom (Williams Brouncker 1620-1684), oTopblii HCHOJB30BaT 3TO
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ypaBHEHUE JIJIsi TOJIyYeHUs MPUOJIMXKEHUsT YNC/Ia T HENPEPBIBHBIMU JIPOOSIMH.
Onnako, ropasjio paHee 3TO ypaBHEHUE Y2Ke Pelajgoch NHINHCKIM MaTeMaTHKOM
1 acrporoMoM Bpaxmarynroit (Brahmagupta 598-668).

Pemenns ypasuennsa Ilemna npu 1 B mpaBoil 9acTu OnpeessaioTcs

CJICJIYIOIICI TeOPEeMOIL:

Teopema 2.2. [Iycmv n > 0-HamMypasvbHoe YUCAO, HE ABAAIOULEECA NONHDIM
xeadpamom. Ypasnuenue Ileana x> — ny? = 1 6cezda umeem MHOIHCECTNGO
pewenuts (x,y), HAuMEHbUEE U3 KOMOPOE ABAAECMCA NOOTO0AWET IpodvIO
{z/yr}, crodawuxca x deticmeumenvromy wucay /n, 2de nomep k-nepuod
nocaedosamesvbHocmy HenpepwvienuT dpobeti. Jlhoboe dpyzoe pewerue ypasHenus
AGAAECMCA CENEHBIO HAUMENDWE20 pewenud: Ty + yiv/n = (zo + yo - V1)t

t=0,1,2, ...

2 _—ny?=1npu n=14.

(1) V14 = 3+(V14-3), (2) \/1_;_3:3+5\/ﬁ:1+@’
\/1_45_2:2+2\/ﬁ:2+\/1_42—2, () 2 _2+\/ﬁ_1+\/ﬁ—3’
5

[Tepuos mocseoBaTeILHOCTH HEPEPLIBHBLIX Jipobeii pasen 4. Haitgem

ITpumep 3. Pemuth ypaBnenne x

(3)

Vid—2 b 5

Tereph MOJXO/IAILY0 JIpo0k st k = 4 (mocsiejiHee BBIYUCICHIE He YIUThIBACTCS ):

1 1 3 15
34 ————— =3+ r=3+ 7=

Orcrona x1 = 15, y; = 4 — HauMeHblIlee peleHne ypapHeHusi. [Iposepum
perenne
152 — 14 - 4> = 225 — 224 = 1. Bce pemienns MOYKHO HalTH, BO3BOIA B
crenenb t asydinen (xg + yoy/n), t = 0,12 3 ... Hanpumep, npu t = 2
nomyanm (15 4 4v/14)2 = 449 + 120v/14, Te. (9, yo) = (449, 120).
OrmeTuM, 9TO J1JIsT BBIYUCJIEHHUS IOAXOAAINIEH APOOM MbI HCIIOJIb30BAJIN

I0CJIeJI0BATEIHHOCTD 1eJIbIX dacTeil jipobeit «; {r;} = {3,1,2,1,6...}. Dra
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IpoIieypa He CJAUIIKOM YJI00Ha, TI0O3TOMY JIJIs BIUUCJIEHUS ITPSIMOTO BHIUNC/ICHUA
MOJIXOMSIIIX Jpobeit yjaobHee pekkypeHTHasi Gopmyria (2.41), npusejeHHast B
npeapIyIeM maparpade.

Ypasuenne [lenna nmpu —1 B mpaBoil yacTu He Bcerga UMeeT perieHne, 9To

YCTaHaBJINBACTCs CJIC/IYIONICHl TeOpeMOil:

Teopema 2.3. [Iycmov n > 0-HamypasvHoe “UCAO, HE ABAANULEECA NOAHDIM
weadpamom. Ypasnenue Ileara 2 — ny? = —1 umeem nenycmoe mHoscecmeo
PEWEHULT 8 MOM U MOALKO 6 MOM CAYYAE, ECAU Nepuod NOCACI0BAMEALHOCTIU
HENPEPLIBHBIT OPOOETs ABNACNCA HEUEMHBIM YUCALOM K .

2_ny2:_1’

Ecau (x1, y1) —naumenvuwee (nempusuasvioe) pewenue
mo moboe dpyeoe pewenue (Ty, Yi) MOHCHO NOAYHUMD B036E0EHUEM 6 HEUETNHYIO
cmenens deyuaena (xr1 + yi - v/n ). lpu eozsedenuu dsyurena (1 + 41 -4/n) 6

2

wemnylo cmenens 6yym noaytens. peuwenus ypastenua x2 — ny? = 1.

2

IIpumep 4. Pemurs ypasrenne 22 —ny? = —1 npu n = 29.

PackitapiBast neficTBUTEIbHOE YHCI0 /20 B OCJIEI0BATEIBHOCTD HEIIPEPHIBHDIX
npobeii, HaifjleM HauMeHbIuil niepuos k = 5. Perienue, cooTBeTcTBYyIOINICEe H-if
nojxoseit xpoou, umeer sug, (x5, ys5) = (70, 13). IIposepum ypasuenue 70% —
132.29 = —1. Ksapar asyunena 70+13 /29 maer napy (2, 2) = (9801, 1820),

SBJIAIONTYIOCS penenneM ypapnenna a2 — 29y% = 1.

Omnucanue ajsropurma (paKTopU3aIun

Meton akTopusanum ¢ MCIOJb30BAHIEM HENpEephIBHBIX Jjipobeii (the
continued fraction factorization method CFRAC) 6bu1 paspaboran B 1975 .
Mopucconom n Bpmibxaprom (em.[40]).

[Iyctb  n— HarypaJibHOE YHCIO, KOTOpOe TpedyeTcss pasjioKUuTh.

PaccmarpuBaercst ypasaenue [lesa
i y2 n=1

1 CTPOUTCS TIOCJIE0BATEIBHOCTE HMojxosamux apodeit {p;/q¢;}, i = 1,2, 3, ...
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JJIsI KBaJIPATHOIO KOPHSA /T 110 (hOPMYyJIaM:

0, ecsin k=10
P, =< |V/n], ecin k =1 (2.44)
Th-1 Qr—1 — Pr—1, ecm k > 2.

0, ecn k=0
Q=14 n—rg, ecn k=1 (2.45)
Qro+rp1:(Pro1— Pr), eciumk > 2.

- { lv/n], ecm k=0 (2.46)

L"(’gg—kp’“j, ecu k > 2.

4
ro, ecsin k=10

Pr.=14 l+ry-71, eccn k=1 (247)
Tk * Pk—1 + Pr—2, ecmmk > 2.
\

’

1, ecn k=0
k= T1 ecin k =1 (2.48)
| Tk k-1 + qr_o, ecam k > 2.

[Iporece npojosKaeTest 10 TeX MOp, MOKa BbIParKeHUe
_ .22
Si=p; —q;-n

He OKazKeTcsl paBHBbIM HoJHOMY KBajpary S; = B2, Torja, ¢2 -n = p? — B% =
(pi+B)(p;—B), u ¢ 60J1bI110i1 J10J1€it BepOITHOCTH 1. Oy/1eM UMeTh HeTPUBHAJIbHBIIT
obruii gesmressb jubo ¢ (p;+ B), mibo ¢ (p; — B). DTOT mesnTesib MOKHO HANTH,
seranc/sst H.O.J1.(n, p; £ B). Eciu »ke Ham He TIOBE3ET, TO CJIE/IyeT MPOIOJIKATD
IOUCK cJiejlytoliero kpajparta ();, Ilo Teopeme 2.2 Takoe pelieHue Koria-HIOY/Ib
MOSIBUTCS.

IIpuBegem Temeph mpumep pasjaoxKkenuss ducaa n o o= 11111 ¢

NCIIO/TH30BAHIEM METO/a HEIPEPBIBHBIX JIPOOEii:
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k| P|Q| r | p | q|p—ng
0/ 0 | 1/]105| 105 | 1 86
1110586 2 | 211 | 2 77
2|67 |77| 2 | 1527 | 5 46
30187 |46| 4 | 2319 | 22| 37
4197 37| 5 |12122]115| -91
5188 | 91| 2 |26563|252| 25
3HaueHne BbIpAKEHUs p° — ng® B IOCJAEIHEHl CTPOKE CTAJ0 PAaBHO

IOJTHOMY KBaJIpaTy 25, oTkyda 252n = 26563% — 5. Bolumciass ¢ MOMOIIBIO
asroputma Ekimaa d=H.O. /1 (n, 26563 + 5) =H.0./1(26568, 11111), Haiizem

HETPUBUAJBHBIN jtesinTeib d = 41 ducia n.

3amMeTnM, 9TO Hallla TabJ/HIa IIO3BOJSIET TaKyKe BBIUHUCJINTL 3HAYEHHE
KBaJIpaTHOIo KOpHst 3 n = 11 111. [eiicTBurenbuo, Tounoe 3nadenue /11111 =
105,408 728 3..., a moC/eIHSIA TOJAXOJsIIas JApoOb JaeT OTHOIIEeHUue p5/qs =
105,408 730 1, KoTOpoe OTJIMYAeTCs OT TOYHOTO MeHbIe, deM Ha 2 - 107°.

Samevanue. Ormernm 3j1ech, 9To camu aBTopbl MeToga CFRAC crponin
II0CJIEJIOBATE/ILHOCTD  JAPOOEi, CXOJMILYIOCd K KOPHIO /T, UTE€PaIOHHbIM
merojoM Hprorona. Jlumb 1o3Ke ObLIO 3aMedeHO, YTO HCIOJIL30BATH
HelpepbiBHbIE JApobu yiobHee. B 4-0if rjiaBe Mbl pacCMOTPUM HCIIOJIB30BAHNE

HEIPEPBIBHBIX JIpobOeil B METO/Ie KBaJIpATUIHOI'O PEIeTa.

2.8. ®akTopu3anus C HCHOJb30BaHUEM KBaJAPaTUIHBIX
dbopm

Mero1 paxTopu3aIum, OCHOBAHHBIN Ha KBaIPATUIHBIX OMHAPHBIX (bOopMax,
nostyuansi HaszBanne SQUFOF or anrmiickoro SQUare FOrm Factorization u
o1 paspaboran B 1975 r. Janumenem Illenkcom (D. Shanks), xors cam Ilenkc
He OIyOJIMKOBaJI HU OJHON CTaTbhbM, IMOCBAIICHHOI 3TOMYy MeTony. [logpobHee 00
HCTOPHUH 9TOI0 METO/a U O €0 CBSI3M ¢ METOJOM HEIPEPBIBHBIX JIpobeil MOXKHO
y3HaTh 13 crarbu LoBepa n Barcradda (J. Gover, S.S. Wagstaff [25]).

DTOT METO/J 3aHNMacT CBOIO HUIIY B KﬂaCCI/I(bI/IKaU;I/H/I Pa3JIM9IHBIX METOJI0B
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dbakTopu3aUN, ABISACH CAMBIM deMIHoOHOM Jyist umcena or 109 o 1018,
Kpowme Toro, 3ToT MeTO]I MCIOJIb3YeTCsl KaK BCIIOMOTATE/IbHBII IIPH Pa3I0yKEHIH

nenuTe et 6obIImX dnces Tuna duces Pepma.

Onpenenenue. BunapHoii KBajpaTudaHoOl (POPMOIT HA3BIBACTCS MTOJTMHOM

OT OBYX IIEPEMEHHbBIX T 1 Y:

f(z,y) = ax® +bry +cy® = (x y) a b g
0 c Y

Byznem 3ammchiBaTh KBajgparnanyio ¢opmy f = azx? + bry + cy? B Goiee

kpatkoM Buje f = (a,b,c). Auckpumunanmom dopmbl (a,b, c) Ha3bIBACTCA

qncio D = b? — 4ac. ®opMBl ¢ OTPUTIATEIBHBIM JUCKPIMIHAHTOM HA3BIBAIOTCS

onpedesennoimy  — definite, a OPMBI ¢ MOJOKUTEIbHBIM JIUCKPUMIHAHTOM

neonpedesernvimy  — indefinite. B merone Illemkca WCIOMB3YIOTCA  TOJBKO

HeolIpe/ieJIeHHbIe (DOPMBI.

Onpegesienne. [Ie kBajparuuansie dhopmbl f = (a,b,¢c) u g = (p,q,1)

Ha3bIBalOTCA IK6UGANAECHTIHbBIMU, €CIJI HailgeTcsd 1ejJ04YncIeHHasd MaTpunga

a f
v 0

C ompeJiesInTeIeM paBHbIM 1, miepeBojisdias MaTpuIly f B MaTpUILy ¢:

pq a a b a B
0 r g o 0 c v 0
[TocKo/IbKY SKBUBaJIEHTHOE IIpeoOpa3oBaHue He MeHsIeT JeTePpMUHAHT
GopMbI, HEOOXOANMBIM YCIOBHEM SKBUBAJIEHTHOCTH JBYX (OPM  SBJISIETCS
paBeHcTBa  ux JjerepmuHaHToB. Ojunako, obparHoe HeBepHo. Cpejnn
dopM ¢ OJMHAKOBBIM JIUCKPUMUHAHTOM MOYKET HAWTHChL KOHEYHOE YHCJIO
HESKBUBAJIEHTHDIX.
Cpenn Kitacca BceX KBaJIpaTHIHBIX (DOPM, SKBUBAJIEHTHBIX JAHHON, MMEIOT
ocoboe 3HaUeHNe TaK HasbiBaeMble pedyyuposantvie hopmbl. Dopma f = (a, b, ¢)

Ha3bIBacTCHA pedyuupoeamwﬂ, €CJIA BLIIIOJIHAETCI HEPABEHCTBO

VD —2|a|| < b<VD. (2.49)
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Metoyi mostydeHuss pejyrnupoBaHHON (OPMbI, SKBUBAJEHTHON JJaHHOMN, ObLI
naitnen eme Kapaom [ayccom m cocrouT B mocjeoBaTeTbHOM ITPUMEHEHNN
oreparopa pedykyuu f = p(f), noka f He cTaHeT peayrUpPOBAHHOIL:

Onpepesienne. Onepartop pexaykimn p(f)— 910 omepatop Ha Kiacce
KBa/[pATUYHBIX OWHAPHBIX (OPM € MeJbIMA  KOI(DPUIMEHTaAMU, KOTOPbIi
OIIpeJIENIIeTCS CAETYIONUM 00Pa30M:

p(f) - p(a,b, C) - (Ca T, T24_CD> )

(2.50)
rie r = r(—b,c)—1es0e YUCIO, OJHOZHAUHO OIPEIEIAEMOe CJIeyIOMNMU

VCJIOBUSIMIU:
1. r=—b(mod 2c),
2. —|c| <r <|e|, ecn VD < |c],
3. VD —2|¢| <7 <D, ecmu |c| <VD.

Pesynbrar npumenenus oneparopa p K dopme f n pa3 3alncbiBaeTcs

1

p"(f). Obparublii K p onepaTop p ' ONPEIENSIETCs CIEYIOMINM 00Pa3OM:

2_D
o a,b, ) = ( )

4a
(2.51)

riae v = r(—b, ¢) onpejesieno kak u panbiie. CrpaBe/inBa CJIeIy oIy TeOpeMy:

Teopema 2.4. Kaocdas dpopma [ oxsusasenmua nexomopots pedyuyuposarmoli
dpopme, u obas pedyuyuposannas gopma das f pasna pF(f) daa nexomopozo

noaootcumenvnozo k. Ecau f—pedyyuposana, mo p(f) maxorce pedyyuposana.

Onpepesienne. [lge dopmbr  (a, b, c¢) u (¢, V', ) nasbBarores
emeotcnvmu  (adjacent), eciu BeimosHsiercst yesiosue b + O = 0(mod2c ).

Kazxast popma (a, b, ¢) 9KBHBaJIEHTHA HEKOTOPOH CMEXKHOiT (hopMe, a UMEeHHO,
(a, b, ¢) ~ (¢, =b, a) (2.52)

Takyke Ha MHOYXKECTBE SKBUBAJEHTHBIX (OPM MOYXKHO OIPEJIe/IUTh

OIepaInio yMHOXKeHHsT (KOMIIO3UIMIO), TOrJa, ecau KodpduimenTsl a u b
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B3alMHO-TIPOCTHI,
(a, b, ac)* ~ (a*, b, c) (2.53)

Ecin B xBagpatuunoii dopme f = (a, b, ), Tpernit xosddumment
SIBJIAETCs TIOJIHBIM KBAJPATOM, TO Takylo (opMmy OyaeM HasbIBaTh k6adpammol
(square). VI3 xBajparHoit ¢hbopmbl f MOXKHO U3BJIeYb KBaJpaTHbIi KOpeHb. Jljist
BLIYKC/ICHNs KOPHs 3aMenuM (opMy [ Ha 9KBUBAJICHTHYIO eii cMexkuyio (popmy
f ~ (% —b, a), notoMm usBJIEYEM KBajpaTHBIH KopeHb 110 dopmytam (2.53).

[Tomyunm:

g=f"?=/(a, b, ) =+/(c2 —b, a) = (¢, =b, ac). (2.54)

Onpepesienne. Popmva Bujia (k, kn, c) HasbiBaercs HeodHO3HAYHOU (am-
biguous). Ecmu dbopma — HeojHO3HAUHA, TO €e ONpeJenTeb JeJuTcss Ha k:
D = (kn)? — 4kc = k(kn® — 4c).

Unest merona Illerkca cocTOUT B COMOCTABICHUN YUCIY 7, KOTOPOE HAJIO0
Pas3/IoKNUTh, KBaJpaTuIHOl OnHapHOit hopMbl [ ¢ jguckpumuHanToM D = 4n, ¢
KOTOPOIl IIOTOM BBIIIOJIHSIETCS CePUsi SKBUBAJIEHTHBIX IIPEO0PA30BaHUil U IePexXo/l
ot dopmbl [ K Heognozuaunoit dopme (o', b, ). Torma, H.O./.(d', b') Gyner
SIBJISITHCSL JlejiuTesieM n. bosee 1moapoOHO ajropuTM MOXKeT OBbITh 3alllicaH B

cJIeIyIONIeM BHJIE:

Bxox: HederHoe cocraBHoe 9mcyio n, KOTopoe Tpedyercst (phaKTOPU30BaTh.
Ecin nmod4 = 1, zamenum n #a 2n. Tenepp nmod4 = 2 wm 3.
[TocsiegHee cBOICTBO HY2KHO, UTOOBI OIpEIEJNTENb KBaJAPaTUIHON (OpMbI ObLI
dyHIaMEHTAIBHBIM, YTO 00ECIIeINBACT CXOANMOCTH METOIA.

Bpixoa: HerpusnaibHblil geanresb n.

1. Oupesesnm ucxoanyio Ksagparuanyto dopmy f = (1,20, b — D), ¢
auckpuMuHanToM D = 4n, e b= |y/n].

2. Bomogaum tuks pepyrnupoBanuit f = p(f), noka dopma f He craHer

KBa/JIpaTHOII:

while not ( f square ) do f = p(f);
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3. Borancinm KBajpaTHbiil Koperb u3 f 1o dhopmytam (2.54):
9= (. ¥, &) = 1

4. BbIOJHUM TIHKJ penynupoBaHuii ¢ = p(g), MOKa 3HAYEHHE BTOPOrO
/ I N o

KoapPunuenta ne crabunusupyerca b, = b;. Hucnao nrepanuit m srToro

IUKJIa JIOJIZKHO OBbITH IPUMEPHO PABHO IOJIOBUHE OT YHCAA HTEpaluii

nepBoro 1ukJa. [loceaee snadenne @’ 1act jgeauresb 9ucia n (BO3MOXKHO

TPUBUAJIHHBIIT ).

JlajmiM Tereph MOJTHOE OIMCAHIE 9TOT0 aJITOPUTMA C COOTBETCTBYIOTIIMU
dbopmymami. OTMeTnM, YTO XOTsI TEOPETHUECKasi HYACTh aJlOPUTMa CBs3aHA
C 9SKBUBAJIEHTHBIMHI [PeoOpA30BaHUsi KBAIPATUIHBIX (DOPM, MpaKTHIeCcKas
9acTh AJITOPUTMA BBINOJHSETCS 10 opmytam  (2.44)—(2.46) BbrYucIeHUA
koadurmenTor P, () u r MeToja HeIpepbIBHbIX Jpodeit 6e3 obparieHnst K
dbopmam. Karkiast nrepaliyst [uK/ia COOTBETCTBYET OJHOMN OMEpAIN TPUMEHEHUST
oreparopa pejyKIiun K coorBercrBytorreil dopme. [Ipn HEOOXOMMMOCTH MOKHO

BOCCTAHOBHUTH COOTBETCTBYOIIE GopMbl [, = (ak, bg, ¢) 1m0 hopmyam:

(@, br, o) = (1) 'Qx-1, 2P, (—1)"Qy) (2.55)

Huxe mpr gagum ommcanne ajropurma SQUFOF mist npakrumaeckoit

pean3aluu:

Anropurm SQUFOF Haxo>KaeHusi HETPUBUAJBHOTO JIEJUTEJIsT N

Bxoa: CocraBaoe 4uciio n.

Bpixoa: HerpuBnaibHblil gemuTesb n.

I. Mnuyuanudayua as2opumma.

1. ITpoBepum, siBIsieTCs T N MOJTHBIM KBajipaToM. Ecim j1a, To BeraucuM d =

V1, 1 3aBepiiuM Bblunciaenue. Vuade, nepeiijeM K CJeLyiomemMy IyHKTY.

2. Ecm n =1 (mod 4), torga samenum n #a 2n. Oupeneanv D = 4n, gy =

VD]



I'maa 2. IIpocTble ajropuTMbl (haKTOPU3AIINI 80

3. OrnpeesuM UCXo/IHbIE 3HAUEHUsT TapaMeTpoB P, (), r:

Py=0, Q=1 ro=P =|vn], Qi=n—rj, r=|2r/Q].

I1. Ilepswiti yuxa. [locaenyromue snadenns napametrpoB P u () OyaeM BeIMIHC/IATh
110 (hopmysiam popmysiamu (2.44)-(2.46) BeITHCIEHIST YACTHIHBIX JIpOOeii B MeTo/Ie

daxropuszarun senpepbiBHbix JApobeit CFRAC (pasmen 2.6):

P+ [\/n
Py =rp1-Qr1—Pi1, Qr = Qr—o+(Poo1—DPr) ri—1, 1 = {k—iﬂJ k> 2.

(2.56)
[IpomoJizkim BbIuncienns KoddpuiueHTo Py, Qr u ri, k=2, 3, ... 10 Tex 1op,
oKa, He HaiijeM ()}, SIBJISAIONIEECs IOJHBIM KBAJAPATOM. DTO JIOJZKHO IIPOU30ATH

npu nekoropoM dernom k. Ilycts Q) = d? nna nenoro d > 0. Ilepeiinem K

CJIeYIONEeMY TUKJTY.

III. Bmopot yuxa.

Haunem 1uxit brunciennit Hopbix napamerpos Pj, @, ri, j = 0,1, 2, ...
DopMyJIBl I pean3anyun BTOPOro IMUKJIA OCTAHYTCA TAKUMHU K€, KaK PAHbIIE.

I3Menarces ToabKO HadasbHble 3Hadenust napamerpos P, Q' u r':

B+ [V

P,:_Pka Q/:da 7“/:\‘
0 0 0 Q6

J Pl OQ—P, Q= (N=P)/Q)

P!+ /n]
A / / AN / AN, I J .
Pi=ri 1Q; =P, Q;=Q; oH(P;_1—P})r; 4, ;= o | J =2
j
Boranciienne cienyer Hpojo/izKaTh, IIOKa JIBa OIS 1 X 3HAYEHUsI
)

P]( 41 P]( 41 He okazKyTcs pasubiMu. Torja, sHauenne () JIacT UCKOMBbILIL JleJIuTe b
qucyIa n.

Omnucanne ajropurma [lenkca 3aKoHUIEHO.

IIpumep daxkropusanuu mo merosay Illenkca

BoinostauM  (haKTOpU3alinio HAIEro MnpuMepa U3 IIPEJIbIIYIIero pasjelia
n=11111.

HMhuyuanusayus. Haitiem n mod 4 =3, rg = [/n] = 105.
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Huwxa 1. CoctaBum Tab/nily BblUuc/IeHns 3HadeHnil kosdpduimento P, () u r
o dopmysiam (2.56). Berauncsienne 3akaHaInBaeTCs MOCIe TOrO, Kak B ¢TOJI0ME ()

HOABUTCS ITOJIHBINA KBaJdpaT:

ki P | Q] r
0O 0 | 1 ]105
110586 | 2
2067 |77 2
3| 87 |46 | 4
4197 |37 5
518 |91 ] 2
6|94 (25| 7

B cronbre () HaiijeH HoJHbIH KBaapaT d> = 25, OTKy/Ia HaXOIIM 3HaUCHIe

d = 5, UCIOJIb3yeMOe BO BTOPOM IHKJIE.

Huxna 2. BemoanseM BTOpoi MUK/ Bhruncjaenuit. [luka mpojgosnkaerces, moka B
crosibie P’ He nossaTCs MOAPsSL JiBa OJAMHAKOBBIX 3HadeHns. Torjaa smadeHue
()j—1, Haxojdlleecd B HpeJrocie/iHeil crpoke cTosdna (), ABIAeTCs UCKOMbIM

JdeJimTresieM 4ducija 1.

il o
0]-94] 5 |2
1104 59 | 3
21 73 | 98 | 1
3| 25 107 1
4] 82 | 41 |4
5( 82 1071

B cronbue P Oblin HalijieHbl JiBa TOJAPS WAYIINX 3HadeHus 82.
Bapepmraem Boramcsenne. Ilpemmnociennee 3Hadenne B cTojidne () COAEPIKUT
NCKOMBIN JeanTeab 41 guciaa n = 11111.

OTMeTnM, 4TO TEOpEeTUIECKOe UNC/IO UTepalnii 2-0ro MUK J0I2KHO ObITh
IPUMEPHO PaBHO MOJIOBMHE OT YHC/Ia UTEPAIUil IepBOro MUK/Ia (B HAIIEM IpUMepe

j = 4 okaszajoch Ha eJuHUILY OOJIbIe TOJOBUHBI k = 6).
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Onenka cxomumoctu merosa Illenkca

CoryraciHo pacdeTam, BBITOJTHEHHBIM camuM [Ilenkcom, dmcio mreparmii
IIEPBOTO M BTOPOTO THMKJIOB OIpPEJIEIdeTcsd IUCJIOM W COMHOXKHUTENEH dncaa n
1 PaBHO MPUMEPHO

C
—— _.pl4
20 — 2
rine C—KoHCTaHTa, paBHasi HpuMepHO 2,4 JiIsi HEpPBOTO IUKJA HTEPallnii.
Taxkum obpazom, MeToJ KBaJpaTudHbix ¢opm [Ilenkca nMeeT acUMITOTUIECKYIO
cioxnoers O(n'/*) u apiserca, Kax yxKe yIOMHHAJIOCH paHblie, Hambosiee
OBICTPBIM METOJIOM B KJIACCe aJITOPUTMOB JIJIsT PA3JIOKEHUS IUCesT JIMHON 10 18

JECATNYIHBIX SHaKOB.
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3. DduannTmiecKkne KPUBbIe W UX NPUJIOXKEHUS B
Kpunrorpadpun

Xorst smunrudeckue kpusble (Elliptic Curves) wuccieioBaiuch  Ha
POTsAZKEHUN 0oJiee COTHU JIET, NHTEpeC K HUM ITPOSB/ISIIN UCKJIIOUUTEIBHO Y3KIE
CIEIUAJIICTBI B 00J1acTH Teopun 4nces. Tak ObLIo npumepHo g0 1985 1., moka
onnoBpemenno u neszapucumo H. Kobusmur (N. Coblitz) u B. Musrep (V. Miller)
HE MPEJUIOXKIIN  HCIOJb30BaTh JUIMIITUYCCKIE KPUBbIE JIJIsi  IIOCTPOCHUS
KPUIITOCHCTEM C OTKPBITBHIM KJTIOUOM.

[Tocie »TOoro wHTEpec K SUIMNTHYECKNX KPUBBIX CTaJl PacTd B
reoMeTpUYIecKoil  mporpeccun. DBbuin  HafijeHbl HPUJIOXKEHUsS] HHCTPYMEHTA
9K B pasnbix o0jacTsax Kpunrorpaduu TakKuX, KakK Teopusl KOJIUPOBAHUSI,
reHeparys IMCeBIOCTYYaAHbIX MTOCIe0BATE/TbHOCTEN, aJrOPUTMUIECKAs TeOpHs
qucesT JIJIg MOCTPOEHNsT TECTOB Ha TTPOCTOTY U, HAKOHEII, JIJIsA CO3aHns OJTHOTO 13
caMbIX KPacUBbIX MeTo/I0B (pakTopusaimn 1e/bix dncest (X. Jlencrpa [31]).

Meton ~ dakropusarnun  JleHcTphl  MOXKHO — pacCMaTpuUBaThb — Kak
vomudukaimio (p — 1)-meroma Ilommapna. Ou siBiisiercst caMbiM  OBICTPBIM
CpeJin BCeX MeTOJOB, yHnoMsaHyTbix panee. Kak u (p — 1)-meron Ilosmapa,
CJIOYKHOCTH 9TOTO METOJ/a OIIPEJIE/IsieTCsT BEJUINHON He caMoro ducjia n, a
BEJINYNHOI €ro HAUMEHBIIIEro JICJTUTEIs, MO3ITOMY, JaxKe eC/JU JHUCJI0 N O4YeHb
BEJIMKO U HEJOCTYITHO JPYTUM aJrOpUTMaM, OHO MOXKeT OBITh ITPOBEPEHO C
OMOIIBI0 MeTojia hakTopusanuu sumunrudeckux MOIK. Tlogobro (p — 1)—
merony Ilommapna (em.pazg. 2.2), MOIK cocrour usz jByx crajuii. I[lepsas
cTaJiusd aJropuT™a Oblia paspadorana camMuM JIEHCTPON U UMeeT e IMHCTBEHHbI
BapuanT. Bropasi crajius nMmeer HeCKObKO Bapualnii. OHa n3 HUX, OCHOBAHHAA
Ha mapaJiokce GJIM3HEIoB, OblTa mpejyioxkena Bperntowm. [8].

B 9T0i1 rj1aBe Mbl pACCMOTPUM OCHOBHBIE CBONMCTBA SJITUITUIECKUX KPUBBIX
U UX TPUJIOXKEHWd B Teopuu unces u kpunrorpaduu. Cpean JguTepaTypbl Ha
PYCCKOM $sI3BbIKE, OTHOCAIIEHCS K TeMe SJUININTHYeCKNN KPUBLIX OTMETHM, B
nepByto ouepejnb, kuury H. Kobmuna «Kypce Teopum umcen m xkpunrorpaduns
[69] u aBe xkuurm A. Bosorosa, C. Tamkosa, A. ®pososa u A. YacoBckux

0JT Ha3BaHUEM <«DJIEMEHTapHOE BBEJICHUE B SJITUNTUYECKYIO KPHUITOrpaduios
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|60] u «Asropurmmdeckne OCHOBBI SJUIMITHYIECKON Kpunrorpadun» [61]. Ha
AHTJIIIICKOM SI3BIKE CJIe/lyeT OTMETHThb, B IEPBYIO OUYepellb, 2-€ M3JaHue KHUIH
JI. Bammuurrona <«Elliptic Curves Number Theory and Cryptographys. [54]
Xopormmit 0030p 10 aJaropuTMaM HCIOJIb30BAHUA SJUIMITHIECKUX KPUBBIX B
Kpunrorpadun MoykHO Hafitu B |16].

Haunem Hallle u3jIoyKeHHe C ONIPEIESIeHUs SJUIUITHIECKON KPUBOMH HaJL

KOHEYHDbIM IIOJIEM.

3.1. Onpeaenenne 3JLJIUNITUIECKOl KPUBOIA

Onpenenenune. Ilycrs [y, ¢ = pF, KoHedHoe TI0JIe XapaKTepHCTHKNI

p > 2. DJMNTHYECKOHl KpUBOil HaJ ImojieM Fj Ha3blBaeTCdA MHOXKECTBO TOUCK

(x,y) € F, ® F,, ynoBiersopsionux ypasHenuio Beitepirpacce
v +ay+b=2"+cx’* +dr+e (modq). (3.57)

Kpome Toro, Kk MHO>)KecTBY Touek DK jobaBiisieTcs: crenpajbHasi TOYKA,
obo3HavaeMasl depe3 o0 U Ha3bIBaeMasl TOUKONH B OECKOHEIHOCTH.

Eciu xapakrepuctuka mojst p > 3 (a UMEHHO 9TOT CIydail Jijis HAC
HanboJsiee WHTEpeceH), ypaBHeHue (3.57) Moxker ObITh MPeOOPA3OBAHO IIyTEM

3aME€HDbI IIEPEMEHHBIX B YpaBHCHUE

> =2° +ar+b (modq), (3.58)
rae a, b € Iy, JononnurenbHbIM TpeOoBaHUeM Ha IIapaMeTpbl a U b sdBideTcd
yeaosne 4a® + 27b% # 0, B cily KOTOPOTo JMCKPUMIHAHT HOMMHOMa 25 + ax + b
He paBeH (), ¥ IMOJIMHOM HE MMEET KPaTHBIX KOPHEI.

[TockosibKy Bce omepaiun B ypaBHeHHH DK BBINTOJIHSIIOTCS 10 MOJLYJIO
qucsia ¢, 3HAK paBeHCTBa B ypaHeHnu (3.58) cieoBajio Obl 3aMEHUTH 3HAKOM
9KBUBAJIEHTHOCTH =, OJHAKO, CJeys TPaJUIMIM 3anucu ypaBHeHuss dK, Mbl
HCIIOJIb3YeM 3HaK —=.

Ha wmuOXKecTBe TOUYeK FE SJIMNTUYECKONH KPUBOH MOYKHO OIPEIe/ITh
I'PYIIIOBYIO OIEpaliio CJI0XKEHUsI ~+, C IOMOIIBI0O KOTOPOH 9TO MHOXKECTBO

CTAHOBUTCSI aJI/INTUBHON abesIeBOil TPYIIION ¢ TOYKON 0O B KadecTBe HYJIs.
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[Iycts P = (z,y) € E, Torma obpaTtHoii kK Touke P siBjisiercst Touka — P =
(x,—y). Cymma P+ (—P) = oco. Cymma touek P = (x1,y1) u Q = (2,y2), Tie

P # —(@Q, Boruncigercs 1o gpopMysIaM:

s :>\2—ZL’1 — X2
ys = N(z1 — x3) — 11
Y2—y
) — { -, e P =#£Q,

3z +a
nP =
5, €CTI Q

(3.59)

['pymma Todek S/uMNTHYECKOil KPUBOH Haj mnojem Fj obo3HadaeTcs
cumBosiom E(F), a ee MOIIHOCTD (KOJIMYECTBO 3/JEMEHTOB) CUMBOJIOM #E(F)).
NsBectno, uro E(Fy) =2 C,, & C,,, vae C, - MUKJITYECKas IPYIIIA IIOPsijIKa 7,

N9 JEJIUT Ny, U Ny AEJUT q — 1.

IIpuwmep. [lycrs E(F,) - rpynna Touek Kpusoit y* = x°+x+1 Has nosem
Fy3. D1a rpymma ssisercs nukindeckoii ¢ reaeparopom P(0, 1). Pacemorpum Bee

kparabie kP Toukn P :

P(0,1) —(6,—4) 3P =(3,-10) 4P =(-10,-7)
5P = (—5,3) =(7,11) 7P=(11,3) 8P =(5,—4)
OP = (—4,—5) 10P = (12,14) 11P=(1,-7) 12P = (—6,-3)
13P = (9, —7) = (4,10) 15P=(9,7)  16P = (—6,3)
17P = (1,7) 18P = (12,—4) 19P = (—4,5) 20P = (5,4)
21P = (11,-3) 22P = (7,—11) 23P = (—5,-3) 24P = (10,7)
25P = (3,10)  26P = (6,4) 27P=(0,—1) 28P = ()

Takum obpasom, JaHHast KpuBast cojepkuT 28 touek. [lopadox mouku A
— 9TO HAUMeEHbIIIee HaTypaJabHOe dncio k Ttakoe, ato kA = oo. Ilopsamok Jroboi
TOYKHU SBJISACTCA JIeJIUTE/IeM MOPsiIKa YUCTa TOYEK, MOITOMY, MOPJIOK JIFOOOI

TOUYKW Ha JAHHOI KpuBOil mpuHa/iekut Muoxkectsy {1, 2, 4, 7, 14, 28}.

IMTpumep. Haiitu cymmy touek 3P = (3, —10) u 7P = (11, 3).

Permenue. Boruncium A = (yo — 1) /(0 — 1) y2 —yp = 3 — (—10) =
13, 29 — 21 = 11 — 3 = 8. Ilockoibky 81 = 3(mod23), To A = 13/8 =
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13 -3 mod 23 = 16. Tenepn, 23 = A\ — 27 — 29 = (16> —3 — 11) mod 23 = 12, a
ys = Nx1 —x3) —y; = (16 — 12 — (—=10)) mod 23 = 14.
Otset: (3,—10) + (11,3) = (12,14).

ameuanmne. [Ipu BbIIOJIHEHNN YIBOGHUs] TOUKHU UJIA BHIUYUC/IEHUN CYMMBbI
HeoOXOAMMO BbIUHMC/IeHHe Oo0paTHOro »sJjieMeHTa B 1oJje [j. DTa onepanus

BBITIOJTHSIETCST C TIOMOITBbI0 0000ImenHoro aaroputma Eskima (cm.pasi.1.8).

Boraucaenue xpatHoro k() 3aJaHHON TOYKU ()

[TockosibKy, apudmMeTnka JIHITHIECKIX KPUBBIX HE COJEPYKUT IPSIMbIX
hopMyIt JJIst BBIUUCIEeHHsT KPATHOrO k(@) Jjist 3a1auHoil Touku Q(xy, Y1), TO 9TV
OITEPAITNIO BBITIOJHSIIOT ¢ WCIOJIB30BAHNEM OIEpaIil CI0YKEHWUs, BbIYUTAHUS U
yIBOeHHUsT TOUYKH. J[IsT 9TOr0 HaJI0 HpejIcTaBUTh 4nuCa0 k B JBOMYHON cucTeMe
ucaucyenns k = by b;_1...0y, b; € {0,1}, norom BbrYuc/IUTHL Bee Toukn 20, 4Q),

, 20 Q) um nojcunTaTh cyMMy Tex Touek 2° - (), i KOTopbiX b; = 1.

ITpumep. Ilycrs k& = 13. B aBouunoit cucreme k£ = 11015, Torua,

13Q = 8Q) + 4Q) + ). DTy Ke TOUKY MOZKHO BBITUCIATH Kak 16() — 2Q) — ().

IIpeobpa3oBanne ypaBHEeHUS KPUBOIl B MPOEKTUBHBIE KOOPAMHATHI

Haxoxienne cymmbl u KpaTHoro todek K Tpebyer BblYucC/IeHMsA
00pATHOT'O dJIEMEHTa B KOHEYHOM I10JIe. DTO TPYL0eMKas olepaliusi, TpeOyromas
HCIIOJIb30BaHne 0000I1eHHoro ajaropurma Eskinga. MoxkHo oHAKO M30aBUTHCS
OT YacTOr0 MCIIOJIHL30BAHUsT TON OIepalyi, €CJn PacCMaTpPUBATh ypaBHEHHE
SJLINIITUIECKON KPUBOIl B TPEXMEPHBIX IIPOEKTUBHBIX KoopnHaTaxX. Pacemorpum

HOBOE ypaBHEHNEe KPUBOIl
Y27 = X4+ aXZ?+ 77, (3.60)

KOTOpOEe TI0JIydeHO u3 ypaBHeHust (3.58) mpu Imepexojie K MPOEKTHBHBIM
Koop/uHaTaM. B aTom ciryuae kpusast E(Fj) paccMaTpuBaeTcs Kak MHOZKECTBO
KiaaccoB  skBuBasienTHocTH (X, Y, X) ¢ oOTHOmEHHEM —SKBHBAJCHTHOCTH
(X,Y,X) ~ (aX,aY,aX). Byaem naspiBarh Takme KJacChl TOUKAMH U

obozHauarh ux JobeiM  mpegcraButeseMm (X, Y, X) wiacca. Beckonewno
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yJaJeHHON Touku 00 Oyger coorBerctBoBarh Kiace (0,1,0) mpoekTuBHOIL
mwiockoctu. Eemn P = (X,Y,Z) # oo, Torjga comocraiisisi Touke P TOUKY
P = (z,y), v = X/Z, y=Y/Z, noayanm B3anMHO-OJHO3HATHOE COOTBETCTBIE
MEYKJTy TOUKaAMW MeKJIy TOUKamu ncxoganoit 9K n kjiaccamu mpoekTusHoit JK.
Jtst oty aenust popmyst CIOKEHUs U yIBOeHUA ToueK DK B IPOEeKTUBHBIX
KOODJIMHATAX 3aMeTuM, 49ro Koddduiment A BxoauT B dopmyibl (3.58)
BO BTOPOH W TpeTheil CTEeNeHW U COJCPXKHUT 3HAMEHATEeIb 21, I0ITOMY,
9TOObI B pe3ysbTaTe 3HaMEHATeIb COKPATUJICT TOJHOCTHIO, HAJIO JOMHOXKHUTDH
nostydgennble KoopiumHarbl Hopoit Touku (X', Y’ Z') na xosdbdunnent Sy
[Tocsie cooTBETCTBYIONTNX TPE0OPA3OBAHIIT, TTOTYYUM (DOPMYJIBI JIJIsI BIUYNCIEHUS
oreparyy YJABOCHUS TOYEK B IMPOEKTUBHBIX KOODJAMHATAX, HE HCIOJIb3YIONIYIO

BbIYHCJIECHUE O6paTHOFO JIEMEHTA.:

X3 = 2Y1Z:((3XT + aZ?)? — 8X1Y{’Z;) (modp)
Y3 = 4Y2Z1(3X1(3X2 + aZ?) — 2Y2Z,) — (3X} + aZ?)*(modp)  (3.61)
Zy = 8Y{'Z{(modp)

IIpu ciozkenuu JAByX Touek npumeM Zs = Z1Z+(X1 X2 — X175)%(modp), orkya

JIBE JIpyTHe KOOP/IMHATHI OY/IyT HAXOIUTHC IO (DOPMYJIAM:

(X = (XoZy — X125)[2025(Ya 2 — Y12)2 — (Xo 2y + X1 Zs)-

(X221 — X1Z5)?](modp)

Ys = (XoZy — X1 7252 |YaZ) (Yo Zi + 2Y1 Zy) — Y1 Zo( X1 Zy + 2 X5 Z1)]—
| —Z125(Y2Z) — Y1Z5)*(modp)

o\

(3.62)

3.2. Ywucyao Tovek 3JLINNTUYECKON KPUBOIA

OpHoit U3  TPYAHBIX MpobJIeM, WMEIOIMNX BayKHOE 3HAYCHHE JIJIsI
NPUJIOZKEHNit, dABJseTcd  TpoOJeMa  BBIUNC/IEHUs KOJMYecTBa TOYEK Ha

SJLTHIITHIeCKOi KpuBoii. V3BecTHOE HepasencTBo Xacce (Hasse) yTBepKaer, 9To
#E(F,) =q+1—1, (3.63)

rie [t] < 2,/q.
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Ecui BeIosHEHO yeI0BHE P | T, TO KpUBasi HA3BIBACTCS CYNEPCUHLYAAPHOT
(supersingular), nnade KpuBast Ha3blBaeTCsA 00vKHOGEHHOT (ordinary). OTmeTnM,
910 yeJaoBue p |t mpu p > 5 sxBUBaseHTHO ycsoBuio ¢t = ().

HepapenctBo Xacce BhITEKaeT U3 ypaBHEHUs

#E(F)=p"+1— Z x(2* + azx +b), (3.64)
xerk
rae x(#) — KBaJpaTH4Hblil Xapakrep B nose F, (nabivn ctosami, x(2) = 1,—1,0
B 3aBHUCUMOCTU OT TOI'O, SIBJISETCHA 2z KBaJPATUIHBIM BBIYETOM, KBAJIPATUIHLIM
HeBbldeToM win paseH (). Hamomuumm, 9ro KBajpaTHYHBIE BBIUETHI MOYKHO
BBIUUCIATH € HOMOIIbI0 cumBosia Jlexxkanapa (cm. pazgen 1.9). Onnako
npakTudeckn dpopmyia (3.64) He NpUMEHNMAa, TTIOCKOJIBKY BBINOJTHEHNE PACIETOB
C ee UCIOJIH30BAHNEM 3aHUMAeT CJUITKOM MHOIO BPEMEHH.
YpaBHeHue I UuUCIa TOYEK SJUIMITUYECKUX KPUBBIX OINUCHIBAETCS

teopemoii B. Borepxaysa, cm. monorpaduto JI. Bammurrona [54|, Teop. 4.3, c.
98:

Teopema 3.1. (W. Waterhous). Hycmo dano nore F,, ¢ = p" u wucro N =

q+1—1t. Had norem Iy cywecmeyem ssiunmudeckas KPUGAs ¢ YUCAOM MOYEK

#E(Fy) = N <t <2,/q u 6vinoareno 00no us credyrowus yciocui:
1. HO. /. (a,p)=1,
2. n —uemno, u t = +2,/q,
8. n —uwemno, p#1(mod3), u t==%/q,
4. n —vwemmno, pZ1(mod4), u t=0,
5. n —Hewemno, p=2 uru 3, u t= :l:p(”+1)/2,

0. n —newemno, u t=20.

3 nepaBencTtBa Xacce BBITEKAET, 9TO YHUCJIO TOYEK Ha SJITUNTHIECKOL
KPUBOIl OTJINYAeTCsl OT MOIIHOCTHU I0OJisi ¢ = p" camoe OoJiblliee Ha BEJIUIMHY

{ MeHbLIero NopsaiKa O(ql/ ). OyHako BbIUMC/ICHUs B abeeBoil rpylie Touek
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JLTUITHYECKON KpuBOil OoJjiee I'POMO3JIKHE, UeM B KOHEUYHBIX IMOJIsAX. A 3TO
3HAYUT, 9TO JIIs IIPOU3BOJILHOM TOUKKM (G BBIYUCICHIE MHOXKUTE/IsI K TAaKOro, 9To
G = kP, rne P renepaTop TOYeK KPUBOIii, T.e. pelieHue MPodIeMbl, aHAJTOTTIHOM
BBLIUNCJICHUIO JUCKPETHOTO Jorapudma B KOHEYHBIX IOJAX, pelnaercs Oojee
Tpynoemko. IlosTomMy Ha rpynmax TOYeK SJUIMITHIECKUX KPHUBBIX MOYKHO
CTPOUTHL KpUNTOTrpadpmiIecKne MPOTOKOJIbI THlla IpoTokota Jluddnu-Xenmana
BBIPAOOTKH OOIIEro CeKPeTHOI'o KJIoda, JIEKTPOHHON IudPOBON MOANNCH WK
mucpoBannst WHMOPMAINK, BBIOHPasi PasMEpHOCTh KJ09a  (OIpeIessieMyto
3/IeCh PA3MEPHOCTDIO 10JIA Fi ) MenbIneit Jmuel. Beito mojcunTano, 4To Jimna

K09a B 160 OUT HA 9/UIMITUYECKUX KPUBBIX COOTBETCTBYET KJIIOUY JyimHBI 1024

onrta B Meroge RSA (cm.[74], ¢.132).

3.3. AaroputMm dakTopusanunu JIleHCTPHbI

[Tepeiimem najiee K Metoay JleHCTphl (DaKTOPU3AINK IEJIBIX JHCEL.
[Iyctb n — cocraBHOe 4YHC/IO, JJIS KOTOPOro Tpedyercs HailTy HauMeHbIINii
nejuTesib p. B ormmunn oT Apyrux MerojoB (aKTopU3alnn, paccMaTprBaeMbIX
3J1€Ch, IPOU3BOIUTELHOCTE MeTo/Ia JIEHCTPhI 3aBUCHT TOJLKO OT pa3Mepa 3TOro
HAMMEHDBIIIEr0 MHOXKUTEIA, & He OT PA3MEPHOCTU YUCJIa 1.

Paccmorpum muoxkectso Z, = {0,1,2, ...,n—1} Kak 0OCHOBHOE MHOXKECTBO
JIUIs KOODJIMHAT TOYeK sjuaunTHyeckoil kpusoit EC(Z,) : y* = 23 +ax +b. B
CTPOrOM MaTEMaTHIECKOM CMBIC/IE 9Ta KpUBasi He OyIeT SJINITHYECKON KPUBOIi
(JlencTpa HazBasg Takylo KpPHBYIO ncesdokpueotl), T.K I He sBIseTcs mojem,
1, 3HAQYUT, B HEM HE BCErJla BBLINIOJHUMbBI ONEPAIMU HAXOXKICHUS OOpPaTHOIO
9JIeMeHTa, HEeOOXOMUMbBIE sl HaXOXKIEHHUsl CyMMbI ToueK Kpuboil. OpHako
JleHcTpa 3aMeTIII, YTO HEBO3MOYKHOCTH BBIUICICHUSI CyMMBI JIByX Touek P(z1, Y1)
n Q(zg,y2) O3HAYACT, UTO PA3HOCTb MEPBBIX KOOPAMHAT Ty — X1 JIOJKHBI
paBHATHCs 0 110 MOJLYJIIO OJHOIO U3 AeIUTeeil 1, TOraa, BLIYUC/IAs Hanbo bIInii
obmuit gesurens H.O. . (n, Ty — X1 ), MBI JIETKO HaliJIeM NCKOMDBIN JIeJTUTeITh.

Cyrhb asropurma JIeHCTpBl 3ak/io4aercss B BLIOOpe Ha ICEBJIOKPHUBOIL

EC(Z,) npousBosbHO 6a30B0it ToUKN Py 1 JJOMHOXKEHUH €€ HA BCEBO3ZMOXKHBIE
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[IPOCTBIC YUCJIa U UX CTEICHU 1I0KA He IOJIYyYUM
kPy = oo (mod p), (3.65)
rjie p—OJUH U3 JeJInTesieil n .

3ameuvanue 1. [locko/bKy, HM OJUH U3 JieJUTe/Ieil n HaM 3apaHee He
M3BECTEH, TO YCIOBHE BBINOTHEHUsT (3.65) HEBO3MOYKHO MPOBEPHUTH, MOITOMY
MIPU3HAKOM YCIIEITHOTO 3aBepIeHusT paboThl aJlOPUTMa SABJISIETCS BBITIOJIHEHNE
yesosust H.O.J1. (n, C') = d > 1 npu odepegHoM BbruucieHun Kosdduimenta A B
orepaInn yaBOSHNS WU CJIOKEHNS TOUeK ITPU BHIYUCIEHIHN OUepPeIHOI0 KPATHOTO

C' Touku Fj.

3ameuanue 2. Pabora ajaropuTMa COCTOUT U3 JIBYX CTa i, HA3bIBAEMbIX
srariom 1 u sranom 2 (stage-one and stage-two). Ha nepsom srare cyiecTBeHHy 10
pOJIb UTpaeT HaCTpanBaeMblil mapaMeTp Bi, Ha3blBaeMblil orpaHmduTeieM 1 3Tarma
(stage-one limit). Ilo cyrtm amropurm JIeHCTpBI SIBIETCST MOJHBIM aHAJIOTOM
(p—1)—anropurma [losmapma (eMm.pass 2.2), Tje onepairiisi BO3BEJCHUs B CTEICHb
IIPOCTOrO YNCJIa P 3aMeHeHa omepalueil JoOMHOXKeHns ToYkn DK Ha MHOXKHUTEIDb
p. B ocraigpnom, oprarmsaliust paboThl IEPBOIO M BTOPOI'O 3TAIOB MOXKET ObITH

BBIIOJIHEHA, [IOJTHOCTHIO aHAIOTHIHO pabore (p — 1)—MmeToja.

Ornmucanne HepBOﬁ CTau aJITOPUTMa

[. Hnuyuanrusauus:

1. Boibepem nexoTopoe 3nadenne Bi, nanpumep, B = 10000.

2. Beibepem ciygaiinbiv obpasom qucia x,y,a € [0,n — 1].

3. Berancnum b = y?—23—az mod nu g = H.O.M. (n,4a3+27b%). Ecin
g = n, Bo3BpaliaeMmcs K 11.2. Ecin 1 < g < n, Torja npekpaTuM BbIUHCIEHNIE —
neanTenb Haiinen. naue, onpenemnm kpusyio E : y? = 23 + ax + b u 6a30By1o
Touky-reaeparop Py(x,y).

4. TlpucBoum usmensieMomy mapamerpy P(z,y) HadajbHOe 3HAUYEHHE,

paBHoe Fj.

II. Bwyucaenue:
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1. JIig Kaxkji0oro mnpocToro yucia p < By HaiijieM HaubOJIbIIYIO CTEleHb T
Takyto, uro p’ < Bj. Bomojgaum nukn for (j =05 <r;j++) P =p-P,
B pe3yJbTaTe KOToporo Touka P jgomMHOXKUTCH Ha p'. KaxKjgoe yMHOXKEHIE Ha P
BBLITIOJTHSAETCS ¢ TIOMOIIBIO aJITOPUTMa HAXO0K/IeHNsT KPATHOTO TOYKM, OIMICAHHOTO
Ha ¢.86.

2. IlpomomkuM BBIYHUCIEHUE IO Te€X TOpP, MOKa He OY/yT MPOIIeHbl Bce
IIPOCThIE YWC/Ia, MEHbINe B, Win He HalijleTcd Iar, Ha KOTOPOM BBITTOJTHUTCS
yeaosue HOJL (n, P) =d > 1.

Ec/mn BBITTOJIHUTCS TIOC/IeTHEE YCJIOBUE, TO UCKOMBIH e TuTe/Ib N HafljieH.

Mnade, mbo yBemunBaeM B; 1 MOBTOpPSEM BCe 3aHOBO, JTUOO TEPEXOTIM

KO BTOPOI CTaJINU aJIrOPUTMA.

Bropasi cranus ajropurma

Ha BTopoit cTajiun aaropuTMa MpenoaracTcs, ITo OCTAICT OTIMH OOJIBINIOLH
IIPOCTO MHOXKHUTEJIbL ¢ > [ Takoil, 9To JOMHOXKEHNEe TOYKHN P, MoJydeHHol B

KOHIIE [IEPBOTO JTAlla, MPUBEJIET K BBITOJTHEHUIO YeaoBus (3.65).

1. Buibepem moByio rpanuity By, W BBINUIIEM BCe MPOCTbIE YHUCTA U3

unrepsaia [By; Bl : {q1, ¢2, .-, ¢m }-

2. Bynem nocsiejoBaTeIbHO BBIMUCIATL TOUKU 1 - P, qo- P, q3- P, ... oka

He JofiieM 10 rpaHuiibl By, jmubo He BeimosHUTCA yeaosue (3.65).

Kak u B (p — 1)—meroje Ilo/mapsa, 91066l BBIYUCIUTL OYEPETHYIO TOUKY
¢i+1 P mocrarouno mpubaBuTh K paHee BBIUNCIEHHON Touke ¢; P Touky 0; P,
rjie 0; = ¢j+1 — ¢; . 1l0CKOJIbKY IIPOCTBIE YNC/Ia PACIIOJIOKEHBI JJOCTATOUHO OJIM3KO
JIPYT K JIPYTY, pa3IndIHbIX TOUYeK Bujia 0; P OyjieM HeMHOro. IIX MOXKHO BBIYUC/IATD
3apaHee U Pacio/IOZKUTh B HEKOTOPOM MaccuBe. Tora KakJ10e HOBOe BhIYUCIEHIE
@; P MOXKHO BBITIOJTHITD € TIOMOIIBIO TOJTBLKO OJTHOI omtepaliun cioxKenus. [Toaromy
BTOpasi 9aCTh aJITOPUTMa BBITIOJIHAECTCA O9eHb OBICTPO.

B wmambosiee mpocTOoM BapuanTe peau3allid BTOPONH CTaJNN MOXKHO
BBLIUNCIUTEL TOJBKO OJHY TOUKY 2 P u mpubaBidTh ee K Touke ¢ P Toka He

nostyanM Tpebyemoe yesosue (3.65).
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ITpumep 1. [lyctsb Tpebyercs paszyioKuTh uncio n = 455 839. Bridbepem

SJUTHIITHIECKY IO KPUBYIO
y* = 2% 4+ 5z — 5,
trouky P = (1,1) ma meit n nocrapaemcs Borancants 10! P.

1. Haitnem cnauama 2P . Tanrenc yrjia HakJioHa KacaTelbHOH A B T. P
pasen A = (3-2+5)/(2y) = 4 u koopmunarel P» = 2P = (x9,y2) =
(14, —53) (modn).

2. Boruucium jganee, P3 = 3(2P) = 3P,. Ilpamoit dopmysbl st
BBIUNCJIEHUSI TOYKN 3P HeT, 09TOMY IPUJIETCs BRIYUCINTD cHadasa 25, 3arem
nosiyauth 3P, cymmupyst toukn 2P u Py. [omyanv 2P, = (259851, 116 255),
3P, = (195045, 123 227).

3. Ilpomomxast 31y mpoueaypy soraumcaum 4!P, morom 5!'P u T,
[Ipn Beramcsennn 8!P 3HaMenarenb A craHeT paBHBIM 599 U BBIYHC/IEHNE
H.O. /. (n,599) nacr suadenune d = 599. Orciona 599 sBisercs pesnTeseM n, u
nesid n Ha 599 Haiinem Bropoil jgennTesb n: 455839 = 599 - 761.

[Ipuamna, 110 KOTOPOIi mporiecc corresicst npu Beranciaernn 8! P, cocTout B
Tom, uTo Kpubasg y> = 23 + 5z — 5 (mod 599) comepkur 640 = 27 - 5 Touex.
Brops kpusas y? = 23 +52—5 ( mod 761) conepxxur 640 = 27-5 Touex. Yucio
8! menures na 640, no ne genmres Ha 777. IlosTOMY IEPBLIM MMOSIBUIICS JEJIUTEND

p = 599.

Anamms merona JleHcTpbl

IIposeseM Teneps anaans MeToa JIEHCTPHI 1 ONEHNM YCJIOBUS, TPU KOTOPLIX OH
OyJeT yCIIelrHo 3aBepieH. o cux 1mop Bce BBIYUC/IEHHS IPOBOIMIICH 110 MOJLYJIIO
qucsaa N, OJHAKO, €CJIM KOOPJIMHATHI IIOJIY YeHHBIX TOYEK BBIYUCIATH 110 MOLYJIIO P,
ABJISIIOIIETOCS JIEJIUTEEM 7, TOrJIa YCJOBUEM YCIIEIITHOI'O 3aBEPIIEHNST aJITOPUTMA

Oy/IeT, OYEeBU/IHO, YCJIOBUE

kP = oo, e k = H i (3.66)

p?iSBl
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1 3JUIMNTHYCCKas KpuBasg y> = 3 + ax + b paccMaTpuBacTcs B KOHCUHOM I0JIE
F,.

[Iycts | = #E(F,) uucio todexk sroii kpusoit. ITo mepasencrsy Xacce
lep+1-— 2\/(p), p+1+ 2\/(]9)]. st mr06oit Toukn (QQ(x,y) BBITOJHSIETCSI
ycaosue [()Q = o0, HO3TOMY, JJisi TOrO, YTO AJIOPUTM JIEHCTPLI YCIIEIIHO
3aBePIIIICs, HEOOXOMMO, YTOOBI MHOXKUTETL k B ypauenuu (3.66) jeuics Ha
opsiiok Kpupoii [. ITociemnee ycioBue OyeT BBIIIOJIHEHO, €CJIM BCe JenTesan [

He TPEBBIMAIOT IpaHnuIbl By .

Jlagum  37ech  ompejiesienne  2aadkocmu Teaoro ducia  (smoothness),
KOTOpoe OyJleT HIMPOKO HCIOJIB30BAaThCs B IOCJEAYIOMNUX pasjenax. Ilycts B
— HEKOTOpOe IOJIOKUTE/IbHOE Ie/loe 4rcjao. [IponsBosibHOE I1ejIoe YUCI0 X
Ha3blBaeTCd B — IajKuM, ecjii Bce JICJIUTEN T 10 MOJIYJII0 HE IIPEBBIIalT
B. Hanpumep, x = 2° -5 - 132 apngerca B-riajaxuM Jyis jgoboro B > 13.

DTO ycJoBHE TJIAJKOCTU sIBJsgeTcd 0Oojiee caadbbIM, deM TpebyeTcs B
anroputrme JlercTpsl. Jlj1st yerenHoro 3aBepiiieHnst 3Toro aJiropurMa Heobxodumo,
9TOOBI BCE JIe/INTeNN Yncia [ Buja p~, KpoMe MOCIeHEr0, ObLIN MEHBIIE IPAHUITbI
B, a naubosbmunii jeaureab p’ uMeJs creneHb r = 1 1 ObLI MeHbIIEe I'DAHUIBI
By. Hanpuwmep, niust #EC(F,) = 2°-5-13% - 233 rpanunpt By, By J0/KHBI
VIIOBJIETBOPATD yeiaoBusiM B > 132 = 169, By > 233.

Yucno [, ymoboit geauTeab KOTOPOro Buja p', rie p-IIpocToe Yuco,
MeHbIIIe I'paHullbl B, HaspiBaeTcss B —2aadkocmenennvim. .

OrMeTuM, dYTO HeoOXOIMMasl T'paHulla Ui CTeneHeir jenuresein [
CYIIECTBEHHO 3aBucHT or 3Hadennss #FEC(F,), KoTopoe, B CBOIO OYepPEjib,
onpejiesiercd kKodddunuentamu a u b Kpupoii. K corkajgeHuio, HeT HUKAKOIO
pPeryJsipHoro crocoba BeIOpaTh KPUBYIO C HAMMEHBIIINM 3HaYeHIeM MaKCUMaJ IbHOM

crenenn genurenst #EC(F)).

ITpumep 2. Paccmorpum npocroe wuciao p = 1007 wu BbrYucIuM
HaUMEHbBIINE 3HadeHus rpaHun Bi, By g KaxKJI0ro mejaoro 4mciaa k u3

unrepsasia [1001, 1013], okpyzxatomiero p. [Tomyamm:
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k | 1001 | 1002 | 1003 | 1004 | 1005 | 1006 | 1007 | 1008 | 1009 | 1010 | 1011 | 1012 | 1013

B, 7 3 1 4 5 2 1 16 1 5 1 11 1

B, | 143 | 167 | 1003 | 251 | 67 | 503 | 1007 | 16 | 1009 | 101 | 1011 | 23 | 1013

DTOT IpUMeED IIOKa3biBaeT, 4TO (haKTOPU3ALMIO UHUCIa 7o, UMEIOIIEero B
pazaoxennu Muoxkuteab p = 1007, moxkeT BBIIOIHUTL Npu By = By = 16, a
MOXKET MOTPeOOBATh IpaHuIlbl By, cpaBauMoil ¢ ynciaom 1007, B 3aBUCUMOCTH OT
BbIOpaHHOI KpuBoii. OTMETUM TakzKe, 4TO I'paHuily B B OOJBIIMHCTBE CIydaeB
MOYKHO B3sITh O4YeHb HeOOJIbINOl (Hanbosbinee 3HadeHne — 16), a rpanuma By
IOYTH BCerja o49eHb OOJIbIas.

[TosTomy mponenypy daxkropuzanuu Ha IK ciieayer 6cezda BBIIOJHSITH
OJIHOBPEMEHHO € HECKOJBKIMU PA3INIHBIMUI KPUBBIMU.

Knaccnaeckuit  anropurm Jlencrpor 1987 1. 3aBepmiaercd B cBoeit
nepBoit crajuu. Ilociemyrormye yaydiieHnst 3TOrO aJropuTMa, BbIIIOJHEHHBIC
MonTtromepu, bpernTom u Jip., TO3BOJIMIN PeriaTh 3a/a49y paKTOPU3AIUN N JIaXKe
B CJIydae, ecJiu TOpsJIOK [ co/lepyKuT DoJiee 0JIHOI0 MHOYKUTE/Is, PEBBIIIAIONIETO
B . Omnucanne ajropurma MoHTroMepn Jijisi BbIUMC/IEHUS KPATHONO TOUYKH DK
MOXKHO HaiiTi B kHure Bosorosa u jp. [61], a yuydrerust Morromepn K MeTojty

Jlenctpor B cratbax [36] u [37).

Onenka 3(p@peKTNBHOCTI METOa SJLJINITUYECKNX KPUBBLIX JIeHCTPHI

[TycTh HAMMEHBITHI MHOXKUTEIb Ynucia n paBeH p. Torma, BpeMsi pabOThI

aJIropuT™Ma JIeHCTPHI MOXKHO OIEHUTDH BEJINIMHOIMN

exp (\/5 +o(1)y/Inplninp) ) : (3.67)

KOTOpast BBITIOJIHSIETCS B cJIydae, ecJii rpaHuna B BeiOpaHa OJM3KO K BEJINUNHE

exp (\/5/2 +0(1)y/Inplnlnp) ) :

[TockobKy 3HaUYeHMEe MHOXKUTES P HEU3BECTHO, TO BBIOOD 3HaudeHus By
BBIIIOJTHAETCS SMIUPUYECKN, YTO HECKOJIbKO YXV/IIaeT HPaKTUYECKYIO OIEHKY
cxopumocT MeToja JlencTpol. OTMeTnM, 9To g00aBjeHne B ajaropuTMm JIeHcTpbl

BTOPOIl CTaJINM BBIYUCJCHUN coXpaHseT OOIIyI0 aCUMIITOTUYECKYIO OIeHKY,



I'maBa 3. umnrudeckue KpuBble 95

XOTs1 obecrieqnBaeT OOJIBIION TPAKTHUIECKNN IPUPOCT CKOPOCTU  CXOJAMMOCTH
AJIFOPUTMA.

Ecnu cpaBHUBATH METOJ SJUIMIITUICCKIX KPHUBLIX € JPYTHEMHU METOdaMU
daxTopmzarun, To Meroj; JIEeHCTPBI OTHOCUTCS K KJIacCy CyOIKCIIOHEHITHAILHBIX
MEeTOJIOB (paKTOpHU3alluid, a, 3Ha4uT, padoTaeT ObICTpee JIIOOOro MeToJIa,
YIOMSIHYTOI'O BO BTOPOIl IJIaBe.

Ecnau cpaBHUBATH €ro ¢ METOJIOM KBaJpaTHIHOro perrera QS W MeToaoM
perrera qncsioBoro 1mojig NS, To Bce 3aBUCHT OT pa3zMepa HANMEHBITIETO JIe/INTe I
quciaa n. Ecam gmeno n BeiOpano 1mo merony RSA kak npoussejeHme JIByX
IPOCTBIX YUCEJT IPUMEPHO OJMHAKOBO JITNHBI, TO MeTo EK nmeer Ty ke o1eHKy;,
YTO W MEeTOJ KBaJPATHIHOIO pelieTa, HO YCTYIaeT METOJy pelieTa YHUCI0BOrO
OJIS.

OjHaKo ecjam N HUMeeT PasMEepPHOCTb, IIPEBBIIAIONYI0 PEKOPHbIE
nokazaresist st MerogoB QS u NFS, (HamoMHuM, 9T0O mHOC/EHEE DPEKOPIHOe
pazioxkenne dnces RSA ¢ ucnonbzoBannem NFS orHocuTest K dnciy jimHbL 768
OUT), TO €JIMHCTBEHHAsT HAJIEYK/Ia HANTH JIEJIUTEb 7 MOYKET BBIOJIHEHA TOJIBKO

C IIOMOIIBLIO METOJa IJIIMIITUNIECCKUX KPHBBIX.

3.4. Kpunrorpadudeckue IIPOTOKOJIBI Ha SJLINOTHYECKUX

KpuBbIX

P&CCMOTpI/IM HanboJiee N3BECTHLIC BapHuaHTbI NCIIOJIb30BaHA

TN THICCKUX KPUBBIX B KPUIITOrpadU.

IIpoTokon Iunddpu-Xeamana

[Tporokos dudpdu-Xenbmana ucmoib3yercs Jjid TeHepaii JIByMs y/IaJeHHbIMU
aboOHEeHTaMU OOINEro CEeKPEeTHOro KJ/IUYa B YCJIOBUSIX HE3AIUINEHHOIO KaHasa
CBSI3.

Crauasa BbOUpaeTca mpocroe unciao p ~ 29 u mapamerper a n b
S/UIHIITHIECKON KPUBOil. DTuM 3aj1aeTcss Muozkectso Touek YK FE,(a,b). Barem
na F,(a,b) Bbibupaerca renepupyiomast touka G = (z1,41). pu Beibope G

BaykKHO, YTOOBI HaWMeHbIllee 3HadeHne n, npu kKoropom nG = (0, oka3ajaoch
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OYeHb OOJILIINM IPOCTBIM 4YuncjaoMm. Touka (G HaszbBaeTcs 0030601 TOUKOIA.
[Tapamerpor Ej,(a,b) u KoopauHaTbl 6a30BOH TOUKN KPHITOCHCTEMBI SIBJISIOTCH
OTKPBITBIMHU IIapaMeTpaMy, M3BeCTHbIMHI BceM ydacTHHKaM. OOMeH KJjodamiu

MeZK/Iy MOJIb30BaTe/aMi A 1 B IponsBoguTCs 10 CIeayoIeil cxeme:

1. Yyacrouk A BwIOupaer mesoe 4YUCaIo Ny < N. IDTO UUCIO ABJISIETCSI
3aKPBITBIM KJIIOYOM ydacTHHKa A. 3areM yYacTHHK A  BBIUHCJISIET
OTKPBITHII Kod P4 = naG, KOTOPBI IpejcTapiiser coboil HEKOTOPYIO

Touky Ha E,(a,Db).

2. Touno Taxk ke yJacTHUK B BbIOMpaeT 3aKpbIThIil KJIIOY Np U BBIYUC/ISIET

OTKPBITBHIIl KJII0Y — TOUKY Ha KpuBoit Pg = npG.

3. YuacTHUKI OOMEHNBAIOTCs OTKPBLITBIMHU KJIIO9aMM, IIOCJIE€ 9ET'O BBIYUCJIAIOT

o0IIMit ceKpeTHbI Kiaod K A,B 1O CJIeyIomell cxeme:

YuaactHuK A BbMHCIAET TOUKY 3jmunTHdecKoil Kpusoit 9K Kap = ngy -
Pp, saBisdioniyrocss TpeOyeMbIM OOIIMM KJIOYOM. Y4acTHUK B HaxouT
ko4 110 dopmysie Ky p = np - P4. PaBencrso kimoueil obecrieunsaercs
coornomerneM Kgp=ny-Pp=mn4-(np-G)=np-(na-G). Ormerny,
9TO TOCKOJIbKY TOUKa Ha DK nmMeer jiBe KOOP/IMHATHI, TO MOZKHO B KAU€CTBE
KJo4a OpaTh MO0 TOJILKO KOOPJMHATY &, JUOO TOJHKO KOOPJUHATY Y,

JInbO UX CymMMmy T + .

Bo3MOXKHBI NPOTUBHUK, 3Has U3BECTHBIE HapaMeTpbl n4, ng u G, He
CMOKET BBIYHMC/IUTH 3HAYEHME OOIIEero KJjrova, T.K. JIJIs 9TOTO €My HaJIo PelluThb
33241y JUCKPETHOIO JIorapuMUPOBAHUS Ha SJLIMIITHIECKON KPUBOI (T.e. HauTu
kpatHoe k 1o koopguHatam 1. kG u G).

Samevanue. g cynepcuHIyIsipHbIX KpUBbIX B 1993 roay ObLI HaiijgeH
asroputm Meneszeca, Oxatamo n Bamcroyna (tak maseiBaemas MOV-araka)
(|34]), ocnoBammubiit Ha mnpeobpasoBanun Beiing-Teiita, mo3Bo/sONil CBECTH
3ajiady jguckpersoro jorapudmyuposanns va DK (JIJI9K) k zamade quckpertoro
norapudmuposanns B koreanom nosie (JIJIKP), rae sta 3amada moxker 6bITH

peleHa HaMHOTO b deKTUBHEE.
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[TosTomy cymepcuHIY/IsipHble KpPHUBbBIE II€pecTaju UCIOJb30BaThCsAd B
IIPOTOKOJIAX TIOCTPOEHUS 3JIEKTPOHHOI 1t poBoit nojmucu DIIT u mudpoBanms.
Ommaxko B 2000 romy A. JDkoyke ([27]) namen samedaresbHble TPUMEHCHHS
npeobpasoBannio Beitig-Teiita B Kpunrtorpadum, W Ha CErOJHSIIHUAN JEHb
9Ta TeMaTUuKa SBJIAETCS OJIHON M3 caMbIX IOMYJSPHBIX a Kpurrorpaduu. Mbr

paccmoTpuM asiroput™m Meneseca, Okatamo u Bancroyna B pazjese 3.5.

IIudpoBanue coodbilieHUli C UCIIOJIB30BAHUEM SJIJIUNTUIECKUX KPUBBIX

Pacemorpnm  caMblii IpOCTOi TO/IXO/] K MG POBAHIIO / e POBAHITIO
CEeKPETHBIX COOOIIEHUI ¢ HUCIOJIb30BAHUEM 3SJUIMIITUYECKNX KPHUBBIX. 3a/ada
COCTOUT B TOM, 4TOOBI 3ammudpoBaTh coobiieHue M, KoTopoe MoxKeT ObITb
MPEJICTABICHO B BHJE TOYKU Ha SJUINNTHIECKON Kpuboit P, (z,y). Kak u B
ciiydae 0OMeHa KJIFOUOM, B cucreme miudpoBanus/ menmdpoBaHus B KadecTBe
IapaMeTpPOB pacCMaTpuBaeTcst d/uUInITHIecKast Kpusast Fy,(a, b) n 6azosas Touka
G na Heil. YyacTHUK B BBIOMpaET 3aKPBITHII KJII0Y N3, IPEJICTABISIONUI cOOO0It
1[eJI0€ YUCJI0 OT 2 JI0 1, TJie N—TOPAJ0K TOUKU (G U BBIYUCISIET OTKPBHITHINH KJII0Y
Pp = ng-G, apagomuniicss TOYKO# Ha KpuBOil. Y4acTHIK A BbIOMpaeT ciydaiiHoe
1eJ10€e TIOJI0XKUTEIbHOE YUCI0 K 1 Bbrunc/sier 3aindpoBannoe coodienne Ci,,

ABJIAIONICEC 1apoil TOYEK Ha JIIUIITUYIECKON KPUBOIL:
Cm ={k-G, P, +k-Pg}.

Yrobbl JienudpoBaTh coodIEHNE, YYacTHUK B BblYUTAeT W3 BTOPOH TOYKHU

Ipon3BeJIeHne MepBOil TOYKNU Ha CBOU 3aKPBITHIN KJTIOY:
Pn+k-Pp—nB-(k-G)=PF, +k-(nB-G)—nB-(k-G) = P,.

Yuactauk A sammdpoBas coobiierne P, mgobapienneMm K Hemy kPp.
HukTo e 3HaeT 3Havenus k, mo3ToMy, X0TsI Pg 1 SIBJISIETCST OTKPBITHIM KJIIOUOM,
HUKTO He 3HaeT k - Pg. IIpoTuBHUKY )i BOCCTAHOBJIEHUA COOOIIEHMS ITPUJIETCS
BoluncyiuTh k, 3Hass G u k - G. Cpenarb 310 OyJIeT HeJErko, T.K. HaJo
BBIYNC/IUTD JUCKPETHBIN JiorapudmM. [losyuaresb Takyke He 3HaeT k, HO eMmy
B KadecTBe M0JIcKa3Ku 1ocklLiaercs k - G. YMHOKUB k - G Ha CBOI 3aKpbITHI

KJII04Y, IIOoJIy4daTeJb IIOJIYYUT 3Ha4dYeHue, KOTOpPOoE OBLIIO rZLO6ELBJI€HO OTIIpaBUTEJIEM
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K He3ammmdpoBaHHOMY co00IIeHnI0. TeM caMbIM oJIydaTesib, He 3Had k, HO nUMesd
CBOII 3aKPBITHIN KJII0Y, MOZKET BOCCTAHOBUTDL He3alIn(POBaAHHOE COODIIEHNUE.

Jameuarue. 31ech HAIO elle CKa3aTb, KaK KOJUPOBAThL TEKCTOBOE
coobIeHne TouKaMu KpuBoil. [Ijist 9Toro coobienne pazdnBaeTcs Ha OT/AeIbHbIE
CHUMBOJIbI, U KAayKJbIfl CHMBOJI 3aMEHSeTCsl ero YHCJ0BBIM KOjoM. MOoKHO
HCIIOJIb30BaTh KaKylo-HUOyIb cranjgapTayio kKoaupoBky tumna ASCII, DOS-866
i WIN1251 ubo npocto mepeHyMepoBaTh Bce OYKBBI II0CJIEI0BATE/IbHBIMU
udpamu.

Hanee wajo kaxjgomy koay (r.e. wmeiay or 0 jgo 255) comocraBuTh
KaKyIO-HHOY/Ib TOUYKY Ha KpuBoii. Camblil IpoCTOil BapuwaHT — 3TO COCTABUTDH
TaOJIUILY, COMOCTABUB CUMBOJIy ¢ KOJIOM k KoopauHary x Touku kG. dpyroii
BAPUAHT — BOCIIOJB30BATHCSA TEM CBOHCTBOM, [jisi Jjioboro wmesna x < [n/2]
Ha SJUIAINTUYECKONl KPUBOII C BBICOKOH BEPOSITHOCTBHIO HAalJIETCsd TOYKa C
koopaunatamu Uy (2x,yp) win Us(2x 4 1, 1y5), KoTopas OyJer CIyKuTh 06pa3oM
st Koja . JlefictBuresibHO, 3Hast KoopauHatet (', 1y') smoboit u3 Touek Uy min

Us MOXKHO BOCCTAHOBUTD ', BBIUUC/ISS MEJIYI0 9aCTh 0T &' /2.

ITocTpoenne 3y1eKTpOHHOIT MU(POBOIT MOAIINCU C UCIOJIb30BaHNeM DK

Asropurm ECDSA (Elliptic Curve Digest Signature Algorithm) npumsr B
kadectBe crangaproB ANSI X9F1 u [EEE P1363. Coznanue Kirouei:

1. Bsibupaercs ssmnrudeckast kpusast £,(a,b). Yucsio rodek Ha Heit 10/2KHO

JICJINTHCA Ha OOJIBIIOE IIPOCTOE YUCTIO N
2. Beibupaercs 6azosast Touka G € Ej(a,b) nopsuka n, n- G = 0o.
3. Breibupaercs ciayuaiinoe uncio d € (1,n).

4. Beraucnsierea QQ = d - G.

5. 3akpBITBIM KJIIOYOM sIBJIsieTCsl  d, OTKPBITBIM KJIIOUOM - KOPTEXK <

a,b,G,n,Q >.

Co3zjanne moamnmucu:
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1. Beibupaercs coygaiinoe ancio k € (1,n).
2. Borancisierest k- G = (x1, y1) u 7 = 21 (mod n).

3. Ilposepsiercst yeoBue r # 0, Tak Kak WHaYE MOJINCH He Oy/IeT 3aBUCETH OT

3aKpbIToro kioda. Eciaun r = 0, To BeIOUpaeTcs Apyroe caydaiiHoe 4ncJio

k.
4. Boruncisiercs k! (modn).
5. Boruncaserca s = k=1 (H(M) + dr) (modn).

6. IIposepsiercst yeosue s # 0, Tak Kak B 3TOM CJlydae HEOOXOIMMOTO JIJIst
IpoBepKu Hojmucu 4ncia s 1 (modn) He cymecrsyer. Ecim s = 0, To

BBIOWPAETCs JIpyroe ciydaitnoe ancio k.

[Tommmuceio yist coobrnerust M siByistercst napa auces (7, s).

IIpoBepka nmoamnucn:

1. TlpoBepuMm, 4TO wmcsga r u § HpuHajIekar jgnamnazony uucen (1,mn).
B mporuBHOM ciiydae pe3yabTaT IMPOBEPKU OTPUTATEILHBINA, W IOJINCH

OTBEPraeTCsl.
2. Borancnurs w = s (modn), u H(M),

3. Beraucimts up = H(M)w (mod n), u us = rw (mod n)
4. Boraucsutb ug P + us@Q = (xo, %), v = xo (mod n)

5. Tloammenr BepHa B TOM U TOJILKO TOM CJIydae, KOTjia v = T .

JonoHuTe/IbHYI0  MHMOPMAIMIO 00 HCIOJB30BAHUE  SJLIUITHICCKIX

KPUBBIX B KpUnTorpadun MoKHO HaiiTn B Kuurax [21] u [37].
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3.5. Cunapusanue Beiing-Teiita

[IIupokoe WCIOMBL30BAHNE SIUNTUICCKIX KPUBBIX B KPUITOrpaduu
OCHOBAHO Ha TOM CBOICTBe, YTO 3ajJada JIUCKPETHOTO JOorapudMUpOBaHns Ha
S/MITHYecKnX KpuBbix (3agada JIJIDK) ssisiercst Gojiee TpypoeMKoii, dem
3aJlava  JIUCKPETHOro JorapudgmupoBanns B KoHedHbIX mosax JIJIKIL. 9to
MO3BOJIIET WCIOJIL30BATh KJIIOYM MEHbBIell JJIMHBI 10 CPABHEHUIO C KII0YaMU
metoioB RSA n Duap-Tamasnsa (160 6ut nporus 1024 6ut), 4ro yMeHbIIAET
TpeDOBaHUSI Ha BLIYUC/IUTEIbHBIE CUCTEMbI, BBITOJIHSIIOINIE TH(POBAHIE.

Opmnako, B 1993 romy A. Menesec, T. Okamoro u C. Bamcroym [34]
nokazaJin, uto 3aja4a 119K cBoguresa k 3amade IJIKIT B HeKoTOpOM KOHEUHOM
paciupennn ucxojgnoro nosst GF(q) samunrudeckoit kpupoit. West cBenenns
ocHoBana Ha crnapusanuu Beiiig (Weil’s Pairing) mo wumenu Bbigarorerocs
dbpanmysckoro maremaruka Amjgpe Beitis (1906-1998), usBectHOro cBOMMU
TPyJaMu B 00J1aCTU aJiredpanvecKoil reoMeTpHH.

[Tycrs 3ayano ypasuenne DK F : y? = 2% +ax+b nagnonem F,, ¢ = p™.
HarmomMunM, 410 ajredpandeckiuM 3aMblKaHneM 1101 K Ha3bIBaeTCsl MHOXKECTBO
KOpHeil ypaBHeHnit ¢ Koaddunuentamu u3 3roro nojs (obosnagaercs K ).

[Tycts m-Tle0€  MOJOXKUTENHHOE —YHCJIO, B3aUMHO-IIPOCTOE € P.
Omnpejiesiim MHOKeCTBO [[n] Kak MHOXKeCTBO TOUYeK Kpuboii F 1mopsjka n
HaJl a/rebpauuecKuM 3aMblkaHueM Fy, HCXOJHOro 1ojst F, | T.e. MHOMKECTBO
touex P(z,y) € EC(F,), yrosiersopsionux nP = oo,

XoTa ncxojnoe 1oJie [y KoneuHo, ero saMmblkanue odeckoneuno. OJHaxo,
MHOZKeCTBO E[n| cofep:KuT KOHETHOE YHCIIO0 9JeMEHTOB (MOYKHO J0KAa3aTh, UTO
oHO n30MOpdHO rpyiie Z, ® Z, ) u, 3HAUUT, COJEPKUTCST B HEKOTOPOM KOHETHOM
pacmupenny Fr ncxopnoro noid. Crenenb k HasbIBACTCH CMENEHDIO GAONHCEHUA.
OTa cTeleHb MOXKET ObITh OIpejieieHa KaK HaMeHbIee TOJOKUTETLHOEe TUCIO0
co coiictBoM n | (¢F — 1). Onpeaemun ji, Kak MHOXKECTBO KOpHeil n-if cTernenn
u3 1, conepzkamuxca B Fok .

Orobpazkenue Beitsst mpejcrapisier coboit OuinHeliHoe oTobpaskeHne
e: En|® En] — pn, (3.68)

obJiajiaroniee CaeIyIOmIMI CBOMCTBaMMU:
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o (6ununeiinocrs) e(A+ B,C) =e(A,C) +e(B,C),
e(A,B+C)=e(A,B)+e(AC),

e ¢(P,P)=1 nuamoboro P € Eln],
e (ueBbipoxxjcunoctTh) (3P, Q € Eln]) e(P,Q) # 1,
o (Boramcammocts) e(X,Y) Moxker ObITh 3hHEKTUBHO BHITUCICHO.

FEciu cremenb Bokenust k npuHHMaeT HeOoJbline 3HAYEHUs (J10
k = 6), o jis noncka Kioda mnudgpoBatusg BMecTo perenus 3ajgaqn JIJI9K
MOKHO pemaTh OoJjiee JIEIKYIO 3a/lady BBIUHCJIEHUS JINCKPETHOrO Jorapudma
B KOHEYHOM moje pasmepHoctu ¢F. Takum o6pasoM, JUIMNTHYCCKHE KPUBLIE,
JIOITyCKaIOIIe BJIOXKEHNE B KOHEUYHBIE 110151 ¢ HeOOJIBIION CTelleHblo k, He MOI'YT
OBITH NCHOJIB30BaHbl B KpHNTOrpaduu. TaxoBeiMm, HaIpuMep, SBISIOTCS BCe

CyTIePCHHTY/IsIPHBIE KPUBBIE, IMeroIne crernenb Baoxkenns k € {1,2,3,4,5,6}.

Kpusas E = FEC(GF,) HasbBaeTcs CYnepcuneysapHotl, ecim ee

motHOCTh #E =p" +1—1t, u p|t.

[IprMepoM CYHepCHHTYIAPHON KPUBOil MOXKET CJIY’KUTh KpuBas F 1 y? =
23 +1 (mod p), ecim xapakTepucruka 1ojs p = 2 (mod3), Torma E cojepKuT
p+ 1 syement, t =0 u E umeer cTeneHb BIOXKEHUS, PABHYIO 2.

Criocod BbIYUCCHUS JUCKPETHOro Jjorapudma Ha DK, HCHOIL3YIONMNI
ceesienne Beitrst, mosyann naseisanne MOV-arakn (MOV-attack) mo 3ariaBabiv
oykBam bamMusinii nzodperareseit

Muorue HpOTOKOJIBI, HCIOJB3YIOmNe IudpoBaHue ¥ SJeKTPOHHBIE
1U@POBbIE TOJANKUCH HA SJUIMIITUICCKIX KPUBBIX, CIEIUAJBHO 3alperiaiT
ICIIOJIb30BaHIE CYyIePCHHTYISAPHBIX KPUBLIX. TaknuM 00pa3oM, CyepCuHIyIsIpHbIE
KpUBbIE OBLIN U3bSIThI 13 KPUITOrPpaduu.

Onnako B 2002 romy A.Jlxkoyke |27| Hamiesn HeOKUJIAHHOE MPUMEHEHUE
cnapuBaHuioo  Beilyis W CyHNEpCUHTYJISPHBIM — KPUBBIM  JIJIsT  IIOCTPOCHMS
OJIHOPAYHJIOBOTO  IIPOTOKOJIA BBIPAOOTKH  ODIEro CEKPEeTHOro KJI04a  Ha
ocuoBe Metojia nddu-Xenmana. lajee Oblin HaiijieHbl W JApyrue, He MeHee
MHTEpPECHbIE NTPUJIOZKEHUsT TaKne, KaK, HallpuMep, IOCTPOeHHEe OTKPBITOIO KJIH0Ya

II0JIb30BATE/IsI Ha OCHOBE €ro OOIIEM3BECTHBIX UJICHTU(MUKAIIMOHHBIX JTaHHBIX
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TAKWX, KaK, HAIPUMep, UMsT WK ajpec 37eKTporHoil moursl (identity based open

keys) (cm. Advances in Elliptic Curve [4]).

Pemnienne mnpobsieMbl JUCKPETHOrO JIOTapu@MHUPOBAHUA C ITOMOMILIO

MOV -ajropurma

Orrcanne 5TOro ajropuTMa MOXKHO Hafitn B rviase b kuuru JI. Bammumnrrona [54].

[IycTb 3ajanbl smnrTudeckas kpusas EC : y? = 23 + ax + b (modp”),
n Toukn P, ) € EC mnopsijka n, rjie n-IpocToe YHUCJO0, MPUUEM CYIIeCTBYeT
m Takoe, uro () = mP . Tpebyerca Haiitu MHOKUTENL M. OTOOparkeHue Beiis
oynem oboznadaTh depe3 e(X,Y). AiropuT™ BBIUHC/IECHUST M 3aK/II0YACTCS B
CJIEJLY IOITEM:

1. Haxomum ciyuaitnyto Touky 1€ EC(F).

2. Haxonnm nopsimok M toukm T'.

3. Haxomum d =H.O.J1.(n, M). Eciu d = 1, 1o BO3Bpammaemcst K 1.1.
naue, nepeiiem K cieaytomemy nyHkty. Oupejeaum, 9To B 3ToM ciaydae T.7T'
UMeEET TIOPSIJIOK 7.

4. Berauesnm a = e(P,T) nu ¢ = e(Q,T).

5. Brerumcngs amckperHblii Jjiorapudm B mose Fux, HaiigeM HCKOMBbII

MHOXKHUTEJb 17 .

OTMeTnM, 9TO MOYKHO BBIIOJIHSITE 9TOT AJITOPUTM C COCTABHBIM 7, TOLJA
YUCJIO d MOXKET OKa3aThCsl COOCTBEHHBIM JICJIUTEIeM 1 U HalJeHHbBII MHOYKUTEIb
oKaxkeTcsd paBHbIM m mod d. B 3ToMm ciiyyae MOXKHO IIOBTOPSITH BbIUMCJIEHNE
C pasJIMIHbIMU TOUKamMu 1;, Bbrauciass m; = m mod d; 710 TexX Iop, IOoKa
IIPOU3BEICHIE PA3INIHBIX d; HE cTaHeT 00Jibile nin paBHo n. Ilocse 3Toro MoxKHO

HafTH M C IIOMOIIbIO KUTACKON TeopeMbl 00 ocTaTKax.

3ameuanmne. Ecjin pedb HIET O MIPOU3BOJILHON TOUKe (), TO IIpexK/e,
YeM BBIUHC/ISITH JUCKPETHBIN JiorapmdM, IIOJe3HO 3HATh, HAMIETCS JII TaKoe
m, 9ro () = mP. DTy npoBepKYy MOYKHO BBIIOJHUTD, HCIOJIb3Ys CJIeyIolee

yTBEPZK/IeHHE:

Teopema 3.2. /s npouseoavnoti m.Q) € EC(Fyr) natidemca wucao m makoe,
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umo Q = mP 6 mom u MoAbKO 6 MOM CAYUAE, ECAU GOINOAHANMCA 060 YCAOBUA:
1. nQ = o0,
2. e(P,Q)=1.

3.6. JIluBusopnl

[TocTtpoenune orobparkenust Beitjiss m pOJCTBEHHOINO €My OTOOparKeHUsI
TeiiTa ocHOBAHO Ha TEOPUU JUBU30POB (JiesmTesieil) aaredpandecKux KpPUBBIX,
paspaborannoit Anjgpe Beitnem. Ilpupesem 31ech OCHOBHBIE CBEIEHHS U3 ITOM
Teopui. Bostee mompobHbIil MaTepual MoyKHO HaliTi B Kuure JI. Bamunrrona [54].

ness moHATUS  JAUBH30pPa OCHOBAHO HA TOM  HAOJIIOJEHUU, YTO
KO3 UIUEHTHI  JII0O0I0  MMOJMHOMa, MOYKHO BBIUYHCIUTH € TOYHOCTHIO JI0
HEHYJICBOTO MHOYKUTEJIA, 3Hash KOPHU STOTO MHOTOUYJIEHA U WX KPaTHOCTD.
HeiicTBuTesibHO, ecn MHOrOWIeH P(x) nMeeT CBOMMHU KODHSIMH KPATHOCTH T

QJIEMEHTBI X;, TO

P(x)=ua- H(x —x;)".

B mnamem ciydae Kiacc usydaeMblX (QYHKIUNE COCTOUT U3 JPOOHO-
palnoHaJbHBIX (DYHKIMH HaJ] SJTUNTUIECKUMUA KPUBLIMU, T.€. OTHOIIEHUN JIBYX
MHOTOYJIEHOB OT JIBYX MEPEMEHHBIX T U Y, ONPEJeJIeHHBIX Ha TOIKaX HEKOTOPOIt
JINIITUYECKOl KPUBOIL.

[Tycts Teneps E @ y? = a3 +ax +b-—samnTudeckas Kpubag naji nojeM K |
a f(r,y): F — K-npobuo-pannonaibias Gyuknus. Eciu f — #e koncranTa, T0
cyIiecTByeT He Oosiee KoHeIHOro uncia Touek P € E| B koropeix f(P) =0 nm
f(P) = oo. Touknu mepBoro Bujia HA3BIBAIOTCS HYAAMU Pynkyuu [, a BTOporo —
noatocamu f.

C TOYHOCTBIO JIO HEHYJEBOTO MHOXKHUTENsA (PYHKINIO [ MOYXKHO 3aJiaTh,
Hepednc/iss Bce ee HYJINM U TOJIIOCH 1 3a/1aBas UX KPaTHocTh. Benn f nveer Hysb
(mostroc) kKparHocTH k B TOUKe P T0 f MOYKHO NMPEJICTABUTD B BUJIE TPOM3BEICHUSI
f = ub g, e up numeer B Touke P myib (10J110C) 1EPBOTO MOPSJIKA, a
g(P) # 0,# oo. Oyukimst up HasbiBaeTcst yhugopmuzamopom byaknnu f B

Touke P
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3

IMpumep. Pacemorpunm kpusyito y? = 23 — x u bynxkumo f(z,y) = x/y.

[lepenuiiem f B BHjIE

_r_r_ v Y 1
f(xay)_y_yQ_xg,_x Z‘Q—l

I3 nocearero npecrasiennst Bugnm, ato Touka P(0,0) saBiagercs nymrem 1-o
nopsiyika dbyukiun f(z,y) = x/y, a byukinusa u(x,y) = y ee yHHDOPMUA3ATOPOM
B Touke P(0,0).

IIycts Mj—MmHOXKecTBO Hysteit, a Ms— MHOXKECTBO I0JI0COB (DYHKIUN

f(z,y). Conocrapum dbyukriun f dbopmaibHOEe BbIpazKEHIE

flxy) ~ > rplPl= > rplP], (3.69)

PeM, PeM,

rJIe 7p— KPaTHOCTH HyJ/Is (mostoca) P

Onpenenenne 3.1. [Iyemv E : y? = 23 + ax + b — sasunmuveckas xpusas

nad nosem k. lususzopom D nad xpueol E nazvieaemca Gopmasvhas cymma

suda
D = E rp [P],
PeFE
6 KOmMOpol KoIPPuuueHmb. TP — UEABIE HUCAGL  (NOAOHCUMEALHDIE  UAU

OMPUUATNENBHDIE) U HUCAO CAGRAEMBIT € HEHYALBWM  KoIPPuyuernmom 1p
— KOHEYHO.

Mmnootcecmeo  movex P, odaa womopwxr rp # 0, mnaszvieaemcs
nocurejeMm (support) dususzopa D u obosnavwaemea supp(D). Ileaoe wucao
k=> rp, P € supp(D), nazweaemcs cmenenvio D u obosnavames deg(D).
Towka sarunmuveckol kpueot, pasnas Y p.pTp - P, naswsaemca cyMmMmoit

dusuzopa D u oboznavwaemes sum(D).

CyMmMa JTUBU30POB  OIPEIE/ISIeTCs eCTEeCTBEHHbIM 00pa3oM. MHo¥KecTBO
JIMBU30POB SJIIUIITUIECKONH KPUBOiT 0Opa3yeT aJl/INTUBHYIO I'PYIITY OTHOCUTETHHO
oriepaIun CJIOXKeHnsd, a HyJIeM sABJIIeTCS JUBU30P, ¥ KOTOPOTO Bee KOIMDPUITNEHTHI
paBubl (0. B rpynme auBum3opoB HamboJiee BayKHYIO POJIb HI'PAIOT JIUBU30DbI

byHKIHIiT, KOTOpbIe HA3BIBAIOTCS TJIABHBIME JBU30pamMu (principal divisors).
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Boeraucaum jguBusop npamoit [ @ ax + by + ¢, npoxojdineii depe3 jBe
sajianble TOUKkl Py(r1,y1) 1 Py(wo,ys) sumnrudeckoit kpusoit E. Ecmu [
He dBJIdeTCd KacareabHoii B T.P; m P, To oHa mepecekaeT I 1 B TpeTbeil
T. P3(3,y3), a Takyke B GECKOHEUHO yjaJieHHO#i Touke oo. B roukax Py, P, u
Ps; npsamag [ umeer nynmm 1 mopsjka, a B T. 00 — IOJIOC 3 HOPsAKa. UTOOBI

yBHJIeTh 3T0, nepenuiieM ypasnenue DK y? = 23 + Az 4+ B B ciemyiomenM Buje:

2 —1
A B
(g) — ! (1 + 2 + ﬁ) 3 (3'7())

OTKY/1a

z! = (5)2 - <1 - % - g) : (3.71)

N3 ypasuenus (3.70) ciemyer, uro x/y obpamaercs B 0 B T.00, a
ypastenue (3.71) mokasbiBaer, 4To (QYHKIUSA X /Yy ABISETCS YHUDOPMU3ATOPOM
27! B T.00 M T.00 ABJSETCA HyJeM BTOPOTO ITOPSKA JIA & L. SHAYUT T.0O0
SIBJISIETCST TIOJTIOCOM 2 TOpsiJIKa it x. Tak Kak y = x - (y/x), To T.00 ABJISETCS
moJitocoM 3 nopsijika Jjst y u st pyaknun [ = Ax + By + C'. OTcioga quBuszop

npsaMoit [ nMeer Bu/I
div(lp, p,) = 1[P1] + 1[P2] + 1[Ps] — 3[oc]. (3.72)

IIpoBesiem uepes T. P3 BepTUKAJIbHYIO HPsIMYI0 v = & — x3. OHa IpOXoauT

aepes T. P3(x3,y3), —P3(x3, —y3) 1 T.00, a ee IUBU30D MMEET B
div(vp,) = 1| P3| + 1[—P5] — 2[0]. (3.73)

N3 dopmy (3.72) u (3.73) mosy M

T — T3

div (Aa: Byt C) = div(Az+By+C)—div(z—x3) = [P]+[P2]—[— Ps5]—[o0].

Taxk kak P + P, = — P35 Ha KpuBoil F, To 1ocjeHon (hopMyJly MOXKHO

[epelnucarb B BUJIEC

(3.74)

[Pl]"—[PQ] :[Pl—f—PQ]—f—[OO]—f—diU (Ax+By+C>

r — T3
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N3 dhopmyn (3.72) u (3.73) MOXKHO BHJIETH, UTO COIVIACHO OTPEJICJICHUIO
3.1 crenenn npAMbIX lp, p, 1 vp, pasibl 0, & IX cyMMa paBHa 00, UTO ABJISIETCS

puMepoM o0ITero hakTa, BIPAyKaeMOoro CJIEIYIONeil TeopeMoi:

Teopema 3.3. J[usuzop D sarunmuveckoli kpusoti E, umernowuld cmenenv
0, asasemcs Jusu3opom HEKOmopoli dyrkyulu mozda U mosvko moezda, Koz20a
sum(D) = oco.

IIpumep HaxoxkaeHus (pyHKIIMUA MO 33JAHHOMY ANBU30PY

Dopmyna (3.74) maer crocob HaxoxKjeHUst (PYHKIUU f I 3aaHHOTO
nusmusopa D, yiaoBierBopsioiiero Teopeme 3.3. Beramcsnm dyuxknuio f na 9K

E: y?* =23+ 4x(mod 11), quBusop KOTOPOi UMeeT Bl
D = [(0,0)] + [(2.4)] + [(4,5)] + [(6,3)] — 4]o].

[Ipamas [, npoxopsimast wepe3 T.(0,0) u (2,4) umeer Buj | = y — 2z,

npudeM T.(2,4) sBisiercs HyJaeM 2 Hmopsijika, OTKY/Ia
div(y — 2x) = [(0,0)] 4+ 2[(2,4)] — 3[o0].
Beprukasbhas npsimas depes T.(2,4) umeer Bujg v = x — 2 u
div(z — 2) = [(2,4] + [(2, —4)] — 2[o0].

SHa4uT,

0,0)] + [(2,4)] = [(2, —4)] + [o0] + di (y - 2“””) .

T —2
AnaJjioruaso,
4,50+ [6,3)] = [2.0)] + ]+ div (LE212).

OTKY/1a

D = [(2, —4)] + div <yx__2x> +[(2,4)] + div <%§C+2> — 2[o0).




CnapuBanue Beiis-Tefita 107

[Tockosbky (2, —4)] + (2,4)] = div(x — 2) + 2[oo], TO Oy THM

y+x+2
r—2

-2
D:div(x—2)+div<y 2x>+dz'v< =

x_

r—2

i (=244 2),

Eciin pacKpbITh CKOOKH B UHCJIUTENIe N 3aMEHUTDh ciaraemoe y> Ha x° + 4z, To

BbIHOCS T — 2 3a cKoOku, nojtyunm (y —2z)(y+x+2) = (z —2)(2? —y), orkyza

D = div(z* — y).

DyHKIMA OT AUBU30POB

Orobpazkenne, 3ajgaBaemoe (opmysoit (3.76), sBIgETCS TIPYNIOBBIM
roMoOMOpQU3MOM U3 aJJINTUBHON T'PYIIILI JUBU30POB B MYJILTHILINKATUBHYIO

rpymiy nojs K T.K.

f(Dy)
f(Dy)

Pacnipocrpansisi dopmysibl (3.75) Ha TPOU3BOJILHBIEIUBU30PEL, TOJTY UM

opmyiry

FQ_kP) =] 1P (3.76)

Crientytonias TeopemMa HOCHT Ha3BaHme 3akona p3ammuocTu Beitisg (Weil

f(D1+ Dy) = f(D1)- f(D2), f(D1—Dy)= (3.75)

reciprocity).

Teopema 3.4. Ecau [ u g — dpynxuuu na asrunmuveckoli kKpusot marue, 4mo

div(f) u div(g) He umerom obwux mouer, Mo20a GHNOAHACTNCA CACIYOULAA

hopmyna:

f(div(g)) = g(div(f)).

Omnpenenenue oroopakennii Beitnsa u Teiita

laM B 9TOM pasjiesie TOUHbIE olpejiesieHust oroopaxkenuit Beitist u Teiira

(Weil” and Tate’ Pairings). ITycrs E : y? = 2° +ax +b — sjmmnTuyeckas Kpubas
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Hall aﬂF€6pqueCKH 3aMKHYTBIM IIOJIEM K, N —IIOJIOZKNTEJIbHOEC IIE€JIOC YUCJIO U

E[n] — noarpymma tovex xkpupoit E nopsika n:
En]={Pe€E |n-P=o0}.

DTa noArpyiiia n3omMopdHa aIuTUBHOM rpyume Z, X Z,.
[Iycts 1.7 € E[n]. Pacemorpum qusuzop D = n[T] — nf[oo]. Ero crenenn
paBHa 0, a cymma oo. Ilo Teopeme 3.3 Haiijiercsa pyHKIuUs [, JUBU30P KOTOPOI

paBen D:
div(fr) = n[T] — nf[oc]. (3.77)

Bynem maspBath dyHkuuio fr, ymosaerBopstoinyto (3.77), dbyHKIHEN
Beityisi. [Tycrs 1. P € E[n] ne npunajyexxut opoure 1.7, T.e. He COBIAJALT HU C

KakuM KparHeiM KT, k < n, toukn 1. PaccMorpuMm IuBU30DbI
Ds=1[5] —[oc], Dr=I[T+ R] - [R], (3.78)
rie R-1pomnsBosibHO BhIOpamnas Touka Fln].

Onpenenenune 3.2. Omobpasicenue (cnapusanue) Betiaa — amo busunetinoe

0moobpascenue
e, : En] x E[n] — pn, (3.79)

ede [, —nodepynna no ymmooiceruro rxopueld n—u cmenenu u3 1 noaa K,

sadasaemoe caedyrouleti Hopmynot:

_ fr(Ds) _ fr([S] = [o0])

) = D)~ (T + - [R) 350
Ucnobsyst dopmyiiet (3.75), moxxHO niepenucath (3.80) B Bujie
_ fr(R)fr(S)
en(T,5) = FoT+ B fr(o0)’ (3.81)

MozkHo JloKa3aTh, 4To 1mpeodbpazoBanue Beitist He 3aBucuT oT BbiOOpa T. I,
oITOMy B ompejiesieanu (3.78) B kKadectBe R MOMXKHO B3SITH JIOOYIO TOUKY U3

E[n]. B xuure JI.Bamunrrona ([54]) orobpakenune Beitsisi 3aaercst obpaTHbiM
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0TOOpaKEHNEM TI0 OTHOIIEHNIO K opmyiie (3.78), Moy deHHBIM [TPH [IEPECTAHOBKE
MectaMu aprymerToB T’ u S'. 9To He BJIMsieT Ha CBOWCTBA 9TOr0 PeodPa30BAHMIS.

PaccMoTpuM mipuMep BBIYUCICHIA 0TOOpaskeHust Beits.

IIpumep. Ilycts E -snanuntndeckas KpuBasg HaJl mojieMm Fr, 3amannas

ypaBHEHUEM
Y = a4 2.

Nmeem, E(F7)[3] ~ Zs @ Zs. Boraucaum ez((5,1), (0,3)).

Ompemenmv S = (0,3), T = (5,1) uw R = (6,1). Torma Dg =
[(0,3)] = [o0], Dr = [(3,6)] — [(6,1)] = [(5,1) + (6,1)] — [(6,1)]. Taxxke xak
1 B IIpeJIbIIYINeM pasjeste, Haiinem dyuknuio Beiins (3.77) misa touek S u T
e —y+1
f(o,s) Y ) f(5,1) 5z —y — 1

Ianee,

o f(073)(376) o 6—3 _
fo3(Dr) = F09)(6,1) =1{_3°- 2 (mod 7).

Anajiorn4aso,

f1)(Ds) = 4.

Orcrona
es((5,1), (0,3)) = z = 4 (mod 7).

Ormerum, uTo 4 sIB/steTcst KybudyeckKum KopHeMm 13 1, T.K. 43 = 64 =1 (mod 7).

Onpejenum — jajiee  orobpazkenme  Teiita. IlepBbiM  aprymenToMm
npeobpaszoBanns Teiita mo-npekHeMy siBJisieTcss npousBosibHas T.1 € FEln].
Ob6osnaunm vepe3s nkE muoxecrso Touek {n@Q | Q € FE}, a uyepes E/nE

MHO2KECTBO KJIaCCOB 9KBHUBaJICHTHOCTU KpHBOﬁ E 1o MHOZKECTBY nk.

Onpenenenune 3.3. Omobpasicenue (cnapusarnue) Tetima — samo busunetinoe

0mobpastcenue

ot En] x E/E[n] — Fu X Fu\ (3.82)



CnapuBanue Beiis-Tefita 110

2de i, —nodepynna no ymmosicernuro wopreld n—i cmenenu us 1 noas Fu,

sadasaemoe caedyrouLeti Gopmyroi:

B fT(S + R)

ede Rg {T, =S, T — S, co}.

OHuM 13 BayKHBIX OTJIMIMIT oToOparkenue Tefita sBJseTCS TO, 9TO OHO He
BBIPOXK/IeHO (He paBHO 1) ipu P = ). DT0 MO3BOJISET BBIYUCIUTH MHOKUTEb 1M

Takoil, uro () = mP 3a oxHO Bhramcienue. eiicTBUTEIHHO,
7(P,Q) =7(P,mP) =71(P,P)" =b (mod gq).

Yrobbl HaiiTu Temeph M, JOCTATOYHO BBIYUCIUTL JUCKPETHBIH J1oraprdm
log, b (modgq), rie a = 7(P, P), B noite K = F,.

Ormernm, 9To 3HaUeHne mnpeobpasoanust Teitta 7(P, Q) oupejessercs
Toukamu P u () He OJIHO3HAYHO, & C TOYHOCTBIO JIO MHOYKUTEJISI U3 TPYIIIBL iy, .
Yro0bI TOJYINTh YHUKAJBHOE 3HAYCHUE, 1eMeHT T(P, ()) BO3BOIAT B CTENECHDb

(¢" —1)/n). O6ozHaunM 9Ty BYHKIIIO Yepes3 Ty

Tun(P, Q) = 7(P, Q) I/, (3.84)

Asroputm Muniepa

[raBHOil mipoOsiemMoii B BbluucjeHun Ipeobpaszopanuit Beiiiiss n Teiita
sIBJIsieTCs HaxozKjenne yHKIUH [, JUBU30P KOTOPOI COBHAJAET C 3aJaHHbIM
muBuzopoM D. Ilyers .1 € E[n]. B arom paszese Oyjem 0bo3HadaTh QyHKIUIO
Beiina (3.77) ¢ auBuzopom n|T|—n[oo] gepes f, 7, mOJMepKUBas €€ 3aBUCHMOCTD

ot nopsaaka n T.T'. OnpenenuM BerioMoraTe/bHbIe JINBI30PHI
Dj = j[S + R] — jIR] = [jS] + [od],

KOTODBIE  YJIOBJIETBODSIOT yCJoBHsIM TeopeMbl (3.3). Obosnadum uepes fjr
dbynkImio, auBu30p KoTopoit pasen D;. 9T DyHKIMN HasbIBalOTCA (DYHKIIAMN

MuLepa.
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Oyuxrmio Beist f, p((Q)) MOXKHO BBLIMHC/INTD C HOMOIIBIO PEKYPCHBHOTO
anropurma Musiiepa, OCHOBAHHOIO Ha BBLIUNCIEHUU TTPOMEKYTOUHBIX (PYHKITHI

Mustepa f; p(Q) st j < n o ciemyiomnieit hbopmyie:

fir(Q) =1 naa moboit T.Q) € E(K),
firjr(Q) = fir(Q) - f;r(Q) - g ; (3.85)
Vitjlg
rae lj; = Ax + By + C— ypaBHeHue npsamoii, npoxofdmeit gepes 1.1 u 57T,
Viy; = T — To— YPaBHEHME BEPTUKAJLHON NpAMOIl, nmpoxogdmieil dyepes T. R =
(i+7)T.
[Tpusenem dpopmyinl mist Boranciaerust kosdgduimento A, B u C' npsimoit

lpg, npoxomsmieit uepe3 T. P(x1,y1) n Q(z2,y2):

1. P = (). YryioBoit Koo duimeHT A HaKJIOHa KacaTeJbHON paBeH

A= (327 +a)/(2y1) (mod p). (3.86)

2. P # (). YrioBoit koadhuimeHT A paBeH B 3TOM CJIydae

A= (y2 — y1)/ (w2 — 1) (mod p). (3.87)

B oboux ciyuasx ypaBHeHHE MPIMOit, TIpoxosiieil gepes Touky P(x1,y1)
1 UMerorTeit KoapPUIUeHT Hak/IoHa A, UMeeT BuJ y — Y1 = A - (r — 1), OTKyjIa

II0JIyYUM ypaBHeHue [:
[ =y—dx+ (Axy — ). (3.88)

[Tocaeqnumu BoinuineM (GOPMYJIbL I BLIYUCICHNAST KOOPMHAT CYMMBI TOYeK P+
Q) = (x3,y3) (DOpMyJIbI [T YIBOCHHON TOYKH MOYKHO TIOJIYIUTh, IPUPABHUBAS

To = T1):

{ZCg—)\Q.IllCQ

(3.89)
ys = —y1 + AMx1 — 3).

Agroputm Muniepa Bbrauciienus dysknuu Beitia fp),
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1. Haiijilem bunapsoe npejcraBierne quciaa n = (ng ... ng)s.

2. OnpejiesiuM UCXOHbIE 3HAYEHUST IEPEMEHHOMN TOUKN 4 U PYHKIUU [ paBHbIMU

P n 1 coorBeTCTBEHHO.

3. Bemonngem nukia mo ¢ or ¢t =1t — 1 10 ¢ = 0:

e YCTaHOBUM

f=f*lzz/vaz,
/=27,

e Fciu n; = 1, Tora BBIMOJHUM ONEpaIuio cjiokenus P + Z:

[ =71 1lpz/vpsiz,

Z =P+ 7
4. OnpegenmM Bbixognoe 3Hadenne dynkuun Beina fp, = f.

ITpumep 1. Jana xpusas y> = 23 + 11 nax nonem Fip. Ona comep:kuT
25 Touek m m3oMopdHa rpyiie Zs X Zy. dTa IpyIiia MOPOXKIAETCsS TOIKAMI
P =(2,9 u @ = (3; 10), mmerormumu mopsagok n = 5. CreneHb BIOKeHUs
k=1, 1k p'—1 =30 nemurca na n = 5. Beramcanm dbyukimo Beitna fs p,

HCIIOJIb3Ys ajaropuTM Musiepa:

1. Haiijiem nBoudnoe npejcrasierne n =5 = (101)q, t = 2.

2. Homoxum Z = (2;9). BeimosHuM BbIMUCIECHHS MAra 3 ajroputMa

Musnnepa npn ¢ =t —1=1.

A=3-22/(2-9)mod 31 =2/3 mod 31 =2-21 mod 31 = 11.
l=y— X+ M1 —y)=y—1lz+11-2—9=y— 11z + 13.
Z =27 = (N —2x1; —y1 — Mag — x1)) = (24; 28)
v=c—-24d=x+T.

for = (—1lz+y+13)/(x + 7).

IIposepum ycimosue n; = 1. T.k. n; = 0, To onepalus CJIOXKEHUs Ha, ¢—M

mare He BoIosHseTcd. [lepexoanm K caemytomeir nreparun npu ¢ = 0.
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3. Z = (24,28). Bomosmum onepanuio yasoeHus T.2: A = 22, lyg =
9r+y+4, 27 =(2;22), vy=u1z—2. Orcroaa

9z +y+4 (—1lz+y+13)*(9z +y +4)
r—2 (z+7)%(x —2)

2
fap = f2,P :

T.x. n; = 1, To BBIIOJIHAEM BTOPYIO YacTh IIara 3 ajaropurma Muniepa.

DT0 BhIYUC/IEHNE IPUBOIUT K T.OP =oco u l=x — 2, v =1, orkyzua

(—1lz +y + 13)*(9z + y + 4)
(x+7)2

for=fap (v —2)=

Beraucnnm suadenne mpeobpazosanus Teiita 7(P, Q), B3 Q = (3; 10).
st sToro morpebyercs BecrioMorare/ibHasd Touka R. Bo3bmewm, Hanpumep, R =

Q. Borancum cymmy S = 2Q) = (—1; 14). Beraucium dyukimio Beitist B Toukax

Su R:
f(S)=f(—=1;14) =20, f(Q)= f(3;10)=10. 7(P,Q)=20/10( mod 31) = 2.

CHoBa BbIYHCIUM 3HaudeHne npeobpasosanust Teiita 7(P,Q), B3siB R =
2@) . Bosbmewm, Hanpumep, R = 2Q = (—1; 14). Boraucium cymmy S = 2Q+Q =
(—1,17). Torma

F(S) = f(=1;17) =23, f(2Q)=20. 7(P,Q)=23/20 = 12( mod 31) = 2.

Mpbl BugMM, 49TO 3HadYeHHe IpeodOpasoBaHus TefiTa 3aBUCHT OT BbIOOPA
Toukn R. Jljng mosydeHuss YHUKAJLHOIO 3HAYEHUs] HEeOOXOMMO II0JIyUeHHOe

sHadenue BozsecTn B crenenb (¢° — 1)/n. B namem npnmepe ono pasao (31 —
1)/5 = 6. Nwmeewm,

2°(mod 31) =2, 12°(mod 31) = 2.

ITpumep 2. Jlansl j1Be Toukn P = (2; 9) u o P = (24; 3). Haiitu kparHoe

T Ha ssmnTHYeckoil kpusoit y? = x° + 11( mod 31) u3 npeablayIero npuMepa.

Pemenne. Onpenenmum bynkiuo fps Tak Ke, KaK B IPeJblIyIIEeM

npumvepe. Beraucsum 7(P, P), B3gs R = (15, 10):

S=P+R=(29) + (15, 10) = (3, 10), fr5(S) =30, fps(R)=T,
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7(P,P) = 30/7 = 22( mod 31), a = 7,,(P, P) = 22° = 8( mod 31).
Beraucnnm 7(P, x P), B3sB no-ipexxkunemy R = (15, 10):

S"=xP+ R=(24; 3) + (15, 10) = (6, 14), fp5(S") =29,

7(P,zP) = 29/7 = 13( mod 31), b= 7,,(P,zP) = 13° = 16 ( mod 31).

Temepb It HAXOXKJeHWsl T HaJ0 BeYUCUTh + = log, b(modp) =

logg 16 ( mod 31). Haiimem z mpoctbiM mepebopom:

82 mod 31 =2, 8% mod 31 = 16, 3uaunr z = 3.
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4. Metoa KkBaJApaTUYIHOI'O penieTa

MeTo1 KBaAPATUIHOTO peleTa 3aHIMaeT BTOPYIO CTPOUKY B CITUCKE CaMbIX
OBICTPBIX AJITOPUTMOB (PAKTOPUBAINH, YCTYIIasd TOJHLKO METO/LY PelleTa YicJI0BOrO

IIOJIA. P&CCMOTpI/IM OCHOBHbBIEC NJIEN 9TOI'0 MeTOda.

4.1. Nnes Mopuca KpeiiTuuka n ajaroputm /lukcoHa

B 20-x r. XX crosneruss Mopuc Kpeiitank (Maurice Kraitchik), obo6rmast
neio Gepna, MTPe;TIOZKIIT BMECTO TIap 9ncel, yI0BIeTBOPAIONINX ypasHenne A2 —

B? = n (2.20), nckaTh napbl 9KCe, YI0BICTBOPAIOIIIX GoJiee 06IIeMy ypaBHeHHIO
A? = B*(mod n) (4.90)

Kpeiitauk 3amermi, aro muorume u3 duces ¢(z) B (2.21) packiaplBarTCs
B IpOM3BejieHne HeOOJBINX TPOCTBIX Yucea (T.e. SIBJISIOTCS TAAJIKAME 110
COBpeMeHHOI TepmuHOI0rHHN). Pacemorpum mpumep u3 crathit [lomepanma [46]:

IIpumep. Ilycts umcio n = 2041, Koropoe TpedyeTcss pPas3IoKUTh.
Bokaiiinum K n aucioM, saBJISIONMMCS HOJHBIM KBaJAPaToOM, dBJjsiercs m = 45,

m? = 2025. PaccMoTpun nocieosaTenbHocTs nap uncen {x; ¢(z)}, rae
q(z) = (m +x)* —n, (4.91)

a x npuHuMaer oyinskue K () 3HAUYEHUS:
{(=2; —192), (—1; —105), (0; —16), (1; 75), (2; 168), (3; 263), (4; 360), (5; 459),
(6; 560)}.

MoKHO 3aMeTHTb, YTO BTOPbIE KOOPJMHATHI HEKOTOPBIX U3 ITHUX Iap
Pa3JIO’KUMBI B IIPOU3BEIeHIe HeOOJIbIIIX TPOCTHIX YNCE:

—192 = =20 x 3, —105 = -3 x5 x 7, —16 = =24 75 = 3 x 5%, 168 =
23 x 3 x7,360=23%x3%x5, 560=2°x5x7.

BoibepeM MHOXKECTBO HEOOJIBIUX MPOCTBIX YHUCe/ U HA30BEM €ro
dakroproit 6azoit FFB = {2,3,5,7}. Jlioboe 1enoe 4ucio, pasioKnmoe B
[IPOU3Be IeHNe MHOYKUTe el 13 (haKTOPHOIT Oa3kl, HA30BEM 2.4a0KUM OTHOCUTETHHO
9Tofl (pbaxkTOpHOIT Oa3bl. TakuM oOpa3oM, Nepeyunc/ieHHbIe BBIIIE YNC/Ia ABJISTIOTCA

rnagakuMu. Korna dakropHas 0as3a BblOpaHa, J1000€ TJIaJIKOE YHCI0 MOXKHO
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IPeJICTABUTH BEKTOPOM MOKazaTeseil creneneit v = (1,7, ...Tg), k — pasmep
daxroproit 6as3bl. Harrpumep, anciy 560 coorsercrByer Bektop v = (5, 0, 1, 1).
Hanee KpefiTank 3aMeTnI, YTO MOYKHO ITEPEMHOXKUTH HEKOTOPBIE IJIaIKIE

qucJla Tak, YTOOBI IIOJIYYHUTD IIOJIHbIE KBaApPaTbl:

75 x 168 x 360 x 560 = 504002, (—192) x (—16) x 75 = 4802,

Omnpenesienne 4.1. [apa uesvr wucen (A, B)  mwasweaemcsa — 2aadkot
(ommnocumenvro daxmoprot 6asw F ), ecau:
1. Bunoanaemes coommowenue A> = B (modn),

2. B — packaadvisaemcs 6 npouseederue anemenmos u3 F.

Corracuo stomy ompenesenmio, muoxecrso M = {(—2, —192), (=1, —105),
(0, —16), (2, 168), (4, 360), (5, 560)}, mocrpoeHHoe B ImpUMEpe, COCTOUT U3
DJIaIKIX T1ap.

Kaxk ncro/ib3oBarh Iajkue mapbl! 3aMeTHM, 9TO IPU YMHOXKEHUN YUCe,
X BEKTOpa IoKa3aTeieil crerneneil CKIabBaioTcsa. YToObI IPOU3BeIeHNe IIaIKIX
quces ObLIO TOJTHBIM KBaJpPaToM, HEOOXOAUMO I1000paTh TaKylo KOMOMHAIUIO
COMHOXKHTEJIefl, 4TOOBbI CyMMa BEKTODOB IIOKa3aTeseil nmesa TOJBKO YeTHBIE
koopjuHarhl. Hampumep, npoussenenuio 75 X 168 x 360 x 560 coorBeTcTBYET
cymma sekropos (0, 1,2,0) + (3,1,0,1) + (3,2,1,0) + (5,0,1,1) =
(8, 4,4, 2).

BumecTo 11e/109UCIeHHBIX  KOOPJUHAT BEKTOPOB CTelleHell W UX CYMM
JIOCTATOYHO PaCCMATPUBAThL MX OCTATKU II0 MOJIY/IIO 2, T.€. BBIIOJHATH BCE
perancsiernss B mone Fy, = {0, 1}, rorma mnpousBeseHue 3aemeHtoB M
SIBJISIETCSI TIOJIHBIM KBaJPATOM TOT/Ia M TOJBKO TOIJA, KOIJa BEKTOP CYMMBI 110
MOJIYJIIO 2 BCEX BEKTOPOB—IIOKa3aTe el SB/IsieTCs Hy/IeBbIM BeKTOpOM. MHOXKeCcTBO
BCEBO3MOXKHBIX BEKTOPOB pasmeproctu k uajn mojgem Fy, = {0, 1} obpasyer
JUHEeiHOe TpocTpaHcTBO Ly pasMepHocTn k, I[MO3TOMY JH000€ MHOYKECTBO
BEKTOPOB, cojiepzKaliee OOJIbIle k 3JIEMEHTOB, SIBJISIETCA JUHEIHO 3aBUCHMBIM,
I CYIIECTBYeT HeTpUBHAIbLHAS JIMHEHAs KOMOMHAIINS TaKUX BEKTOPOB, paBHAs
HyJIeBoMY BeKTOpY. KoadduimenTsr 910l JIMHEITHON! KOMOMHAIIMN MOXKHO HaiiTH,
perrasi CHCTeMy JIMHEHHBIX YpaBHEHUMH, COCTaBIEHHYIO U3 KO3 UINEHTOB

cTereHeil B3AThIX 110 MOJLYJIIO 2.
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[TockobKy KO3 PUIMEHTHI 9TOM JIMHEHHON KoMOuHaIum paBHbl b0 0,
aubo 1, To oHa IpeJicTaBsAeT OO0 MPOCTO CyMMY HEKOTOPOTO IMOJIMHOZKECTBA
BekTOpoB. OTciofia ciemyeT TOT hakT, UTO JId HAXOXKJCHUS HETPUBUAJILHOTO
MOJIMHOXKECTBa TUIAJIKUX 9HCeJI, MPOM3BEJeHNe KOTOPBIX €CTh IMOJTHBIN KBaJpar,
JIOCTATOYHO UMeTh k + 1 riajkoe ducio, rjae k — pasmep hakKTOpHOI Oa3bl.

Korma nabop riiajkux map, cojepzkaiiuit ne menee k41 sjnementa, naiije,
To pemieHue ypaBHeHus 4.90 MoxKHO HaliTu, pelias COOTBETCTBYIONIYIO CUCTEMY
JIMHEHHBIX YpaBHEHN, HAITPUMED, ¢ MTOMOIIHIO METO/1a NCKIOUCHUS HEM3BECTHBIX
['aycca.

B 1981 r . [Huxcon [22| mupemioxkun Meros —akTopusami,
ucnoyip3ytonuit ujpen Kpeiitunka. OJjHako, XOTd 3STOT MeTOJ| 00eCIeTrBAJ
3HAYNTE/ILHOE TPEUMMYIIECTBO 1O OTHOIIEHUIO K IIPEJINEeCTBYIONNM METOJIaM,
OH paboTajl MeJJIeHHO, T.K. HPOOHOE Jie/ieHre Ha 3JIeMeHTbl (haKTOpHOH Oa3bl

3aHUMaJIO CJIMINIKOM MHOI'O BPEMECHH.

4.2. Metona llomepaHniia

B 1982 r. Kaps Ilomepant npemio:Kna HOBYIO HJIEI0 TOWCKA TJIAJIKIX
qHCesI, UCIOJIb3Yysl METOJ, MOXOXKuil Ha periero Jdpartocdena. Umpes [Tomepania
3aKJII0Ya/IaCh B TOM, 4TO €CJI JIJIsI IPOCTOro ducjia p € F'B HaiijieH aprymenT x
taxoit, aro ¢(x) = 0 (mod p), To Ha p OyIyT JETUTHCA BCe djieMeHThl ¢(y), Tae y
OTJIMYAOIIECs OT & Ha apryMeHT, KpaTHbIil p, T.e. y = x+k-p, k € Z. Ilostomy,
ecJi Jiist JAHHOTO p Haifijien kopenb  ypasuenns ¢(x) = 0 ( mod p), To st Beex
y, y = x (mod p) Oynem Takxke BoinosHeHo ycjosue ¢(y) = 0 (mod p).

AnropurMm ITomepania paboraer cjegayonmMm 00pa3oM:

1. Beibupaercst HekoTOpbIil wmcoBoit wHTepBas |—L; L], Ha3bBaeMbIii

NMHTEPBaJIOM IIPOCENBAHNI,

2. B maccus nespix ancen W[—L.. L] 3anocarcs 3uadenns moanHoMa ¢(x)

st x € [—L; L],

3. Hnsa xaxkgoro aucia p u3 daxTopHoit 6aspl F'B umyTesa uncia 0 < x < p
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Takme, YTO BBINOJIHSIETCS CPaBHEHIE
q(z) =0 mod p (4.92)

OTMGTI/IM7 9TO 39TO ypaBHEHHE MOXKET MMETDH Jmbo 2 pelienusd, Jmbo HU

OJTHOTO.

4. Jlns kaxkJaoro perieHusi x ypaBHeHusi (4.92) B NUKJE MPOCMATPUBAIOTCS
qnciia BUjga T = T + kp usz unrepsana [—L; L], k € Z, u BbInoyHsercs

nesenne sxementos Wxyg| na p.

IIporeypa moBTOpsieTcs it BceX ducesa p u3 (akTopHOil 0asbl u
ux creneneii p¥ < B, orpaHHYeHHBIX CBepxy rpaHuieil B. B pesyinbrare
BBITIOJTHEHUsI TIPOIE/IyPhI [TpOCenBaHms HeKoTophie syementbl W x| maccusa W
cranyT pasubivMn +1. CoorsercrByformue napbl (z,q(x)) ABIAIOTCT TIAJIKIMI.
Jlist HAJIE’KHOTO  HAXOXKJIEHWsI HETPUBHAJIBHOTO perieHusi ypashenus (4.90)
HEOOXO/IUMO, YTO YHCJIO0 HaJIeHHBIX IJIQJKUX IIap IIPEBbIIIAJIo, I0-KpaiiHeil
Mepe, Ha 1 pasmep dakTopHoil 0a3wl. Torma ms KoIhOGUIUEHTOB Pa3/I0KEHMSI
IJIaJIKUX YUCeT Ha 3JIeMeHThl (PaKTOPHOH 0a3bl MOXKHO COCTaBUTH CUCTEMY
HEJIOOIIPEJIEJIEHHYI0 CHCTEMY JIMHEHHBIX ypaBHEHMiI, Koropast OyjeT HMeTb
HETPHUBUAJILHOE PEIICHHE.

CitejtlyeT OTMETUTh, YTO HAJUYINE HETPUBUAJIBLHOTO PEIeHUs] rapaHTUPyeT
HaAM TOJIbKO HAXOXKJIEHUE Tapbl HATypaJibHbIX dncest (A; B), yI0BIeTBOPSIONINX
(4.90). OHAKO He BCe Mapbl TAKOTO POJIA JAIOT UCKOMOE DeIleHre, MOITOMY JIJIst
HaJIC2KHOCTH TIOJIYUYEHUS HETPUBHUAJIBHBIX JCIUTENCH N YHUCI0 TVIAJIKUX YHCeI
JIOJIZKHO OBITH OOJIbIIIEe pa3MepHOCTH (paKTOPHOI Oa3bl Ha Yucyo k > 1, Hampumep,
Ha k=3 wm k= 4.

JlonoiHUTEeIbHBIM ~ JIOCTOMHCTBOM — MeTojia  [lomepaHna  siBIJIach
BO3MOXKHOCTH pacliapa/lIeJIMBaHIsT BBIYUCICHUS U 3allycKa aJropuTMa I
OJIHOBPEMEHHOI0 MTPOCEMBAaHUS Ha HECKOJIBLKIX KOoMITbioTepax. Metoj [Tomepantia
MOJIYUMJI Ha3BaHHe MeToja KBajparudHoro pemiera (the Quadratic Sieve).
Ucnonb3yst aror meron, B 1994 r. Arkunc, I'pad, Jleimang u Jlencrpa cymenn

pasIoKuThL 129-3HaUHOE YHCI0, IPEIJIOYKeHHOe co3aareasiMn RSA.
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[Iponierypa mpocenBanms sABJsIeTCS caMOil 3aTPaTHON 110 BpeMEHN YaCThIO
AJITOPUTMa KBaJ[PATHIHOTO perteTa. B Xojie ee BBITIOJIHEHNS WY TCS TTapbl YUCeT
(A, B), yI0BIETBOPSAIONINX

A% = B mod n. (4.93)

Pazmep dakropHoit 6a3bl SIBASETCS OJHUM U3 KJIOUYEBBIX I1apaMeTpOB
aJICOPUTMAa ITPOCENBAHNA, ONPEIEIAIONIX ero 3deKTuBHOCTh. Ecin ee pasmep
SIBJIAETCS  CJUIIKOM MAaJICHBKUM, TO IVIaJKHE YUCaa OYyT MOMaJaThCsd O4YeHb
peaKo WM He OyayT momajarbcs Boodie. llpm memocraTodHOM pasmepe
dgakTopHOil 0a3bl TPUXOAUTCS BLIOUpPATH OOJBINON pajuyc L uHTepBasa
[IPOCENBaHUSsI, UTO BJIeUET yBeJUIEHUE OOIIEro BpeMeH! BbIYUCICHIA.

Ecmun ke pasmep dakTopHoit 06a3bl CIMIKOM BeJINK, TO TpedyeTcs
MOUCK OOJIBINIONO YNCIa IVIAJKAX JHCe, UYTO TaKyKe YBeJINIUBaeT o0Iee BpeMsd
BbruncaeHust. OTMeTuM, 9TO JJIs pas3jiokeHusd 129-3HAUHOTO dHCa co3jaTeiei
RSA norpeboBasiack pakTopHast baza, cogepzKaiiast 524338 IPOCTHIX UKCeI.

ObozHaunM pasmep (axkTopHOil 0asbl depe3 k. st pasyioKeHus IUCIa
n, HeobxommMo oTbicKaTh k' rmmagkunx map (A; B), K > k + 2. Ilocrie
5TOro POpMUpyeTCst CUCTeMa JMHEHHbIX ypaBHenuii pasmepuoctu k X k' ¢
koabdurnuentamu u3 nonst £ = {0,1} u HyjgeBbIM CTOJONOM CBOOOJIHBIX
gynenoB. Cucrema — He J0OMpeJie/ieHa U MOTOMY UMeeT HeTPUBUAILHOE pEIeHue,
IPEJICTABIISIONIEe MHOKECTBO M TEepBBIX apryMeHTOB Tiajkux map (x,q(z)).

Torna mapa (A, B), ynosiersopsiiommasi ypasaennio (4.90), HaxoauTes Kak

A= H(x+m) mod n, B = H q(z) mod n. (4.94)

zeM zeM
Teneps  gequrTesn p  MCXOAHONO N MOXKHO — HAfTH, BLIYHUCIAS
HO.d.(n, A £ B). B HekoTopblx ciaydagx o0a HallJIeHHBIX —JIeJIUTENsd
OKa3bIBAIOTCSA TPUBHAJILHBIMU (DABHBIMU 1 WK M), TOIJIA HY’KHO HCKATh JIPYroe
perienne cucreMbl n HOBYIO mapy (A, B). OunieMm mporeiypy MOCTPOEHNUs

dakTopHOit 6a3bl OoJiee 11OIPOOHO.
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4.3. IlocTtpoenue pakTopHOIT 6a3bI

Obiast  1moc/ie10BaTe/IbHOCTL — AefiCTBUil B HpOIEAype  IOJATOTOBKH

daxTopHOil 6a3bl TAKOBA:

1. Ihuvuasausauyus:

1. CocrapjisieM MHOMKECTBO U3 BCEX HPOCTLIX YHCEJ, MEHLIINX HEKOTOPOii
Bepxueil rpanurel B: FB = {2,3,5,..., pr}. Bepxusg rpannma mpu

n ~ 100 prioupaerca pasnoit 105 — 107

2. @uibTpyem dakTopHYIO 06a3y, ocTaBuB B F'B TOJBKO TaKue 3JIEMEHTHI P,
JIJIST KOTOPBIX 7 ABJISETCS KBaJIPATUIHBIM BbIUETOM I10 Moy p. MHade

rOBOpsi, YpaBHEHUE
n = k*mod p

JIOJIKHO UMeTh 1iejioe perienne k. Taxme mpocTble p oTOHMpAIOTCI C
IIOMOINLIO  BhIuncjenus cuMposa Jlexkanapa. CroKHOCTL BLIYACICHUA
byukun Jlexxanapa umeer onenky O (lognlogp) (em. [17], ¢. 29-31), Te.

IIOJIMHOMHIAaJIbHa 110 OTHOIICHNIO K AJIMHE YHCJIa 7.

3. Chenyromuii  mar 3sak/odaercs B (DOPMUPOBAHUU TI'e€HEPUPYIOLIEro

IIOJIMHOMa

q(z) = (x +m)* —n = 2° + 2mz — q, (4.95)

rie m=[/n] u a=n—m?.

4. Tlorom g kaxkjgoro p € FB, mam HyXHO HallTH KOPHU rﬁp ), rép )
BbIPaZKEHMSI
q(z) = 0(modp) (4.96)

st HeOONBIIMX P 9TO MOXKHO CJlejiaTh I[POCTON IMOACTAHOBKOM dmcest
0,1,..., (p—1)/2 B ypasuenue (4.96), noka perrexne He OyJIeT HAlIEHO.
s Gospmux  p  amropurm  [enkca—Tonemmn (D, Shanks, Tonelli),

onucaHHblit B pa3j. 1.14, mo3poJisgeT HaliTH KOPHU 3a BpeMs O(log2 p). Eciu
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OJINH KOPEHb HaliJlecH, TO BTOPOH JIErKO HAXOJIUTCA C IOMOIIBIO TEOPEMbI

Buera: rgp ) + rép ) = 2m(modp). [lpeanosoxkum Tenepb, 9TO Jjisi BCEX

p € F'B Tpoiikun < p, r%p ), rgp ) > yrKe HaliIeHbl.

[Tociienum  1mrarom B popMupoBanun  pakTOPHON 0a3bl  ABJISETCA

HAXO0K/JIEHIE pellleHus YpaBHeHuit
q(z) = 0(mod p*) (4.97)
s creneneit k > 1, p¥ < B. PaccMorpum 3Ty HPOLELypY OTAENBHO JiIsl
cliydaeB p =2 u p > 2:
p—=2. PaccmoTpum jBa MoACIydasi:

a) cBoboHbIil wien a ypasuenusi (4.95) meveren. Torma cpasuenne (4.97)

BO3MOXKHO TOJIBKO JIJIsi HEUETHBIX X, IpuieM ecjn xr = 2y + 1, Torja
2y + 1) +2m(2y+1) —a=0mod 4 <> 1+2m —a=0mod 4.  (4.98)

Eciu nocreqsee ypaBHeHHe He BBINOJHEHO, Torja ypasHenue (4.95) me
nmeer periennst npu k> 1. Ecim cpasaenue (4.98) BBINOJHEHO, TO HAJIO
nojcrasuth y = 2y + 1 B (4.97), moJe/uTh MOJIyUNBIIeeCs ypaBHEHHe Ha 4 u
MOBTOPUTBH Te YKe JIeCTBUS ¢ HOBBIM ypaBHeHneM. Hizke MBI paccMOTpUM TTpUMep

perienns ypasuenus (4.97).

b) cBobommbIit wien a ypasuenust (4.95) weren. Torma, cpasnenue (4.97)

BOSMO>KHO TOJIBKO JIJId 9€THBLIX T, IPUYEM €CJIN T — 2y, TOorJa

4y* +4my —a=0mod 4 + a = 0 mod 4. (4.99)

Paccmorpum coeyromiuit mpumep:
Bxoanbie mamubie: n = 3159302165809317095910228615234377.

Boibepem m =~ +/n = 56207669990930215, Torma a = n — m? =
603298676152881520
Cayqait p =2

st HATJISAIHOCTY TIPEJIITIOJIOXKIM, UTO OrpaHumvuBaiomas koncranta B = 1500,

TOTJIa MaKCHMaJIbHAs CTeIeHb JBOHKM, Menbinasg B, pasna 10: 219 = 1024 < B.
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Boraucum m mod 1024 = 897, u  a mod 1024 = 856. I[lepenuiiem ypaBHeHue
(4.99) B BHIC:

2® + 16142 — 856 = 0(mod 2).

B npumepe a = 0(mod 4), mosromy pelienne CymecTByerT TOJbKO Ipu & = 2y .

[ToncraBum x = 2y B mocje/iee ypaBHeHHe:
4y* + 4 - 807z — 856 = 0 (mod 2%).
[Tonesmmm mocieinee ypaBHenue Ha 4:
y? 4+ 807y — 214 = 0 (mod 2"72). (4.100)

PaccMoTpuM KazK1y1o HOCICLYIONYIO0 CTeleHb:
1. k=3. Bamennm kosdburmentsr B (4.100) Ha UX OCTATKE IO MOJYIIO 8.

[Toryunm ypasuenne
y? 4y = 0 (mod 2),

KOTOPOE BBIIOJIHSICTCS IS BCEX Y .
2. k=4. Bamenum koapdunuents! B (4.98) Ha Ux ocTaTKU 110 MO0 16.

[Tonyunm ypaBuenne
y? 4+ 3y — 2 = 0(mod 2),

KOTOpOe BbInoJHseTcs npu y = 2 (mod 4) wim y = 3 (mod 4).

3. st mociepyromux k > 4 kopuu ypasuenus (4.98) Gyjem HCKaTh 110
VIH LY KIH.

Jlio6oe pellenue J0ZKHO UMeTh B 2 = y + 2F - r, riae y — pemenne
ypasaenust (4.99) it npebLIyIell CTereHn, r - 1meJoe 9ucjio, KOTopoe Oyjiem

nckath. IlogcrasuM z = y + 2% - r B ypasmenme s(z) = 22 4 807z — 214 =
0 (mod 2F+1):

(y + 28 - 7)? +807(y 4+ 2F - ) — 214 = 0 (mod 2F1)

nJjim

s(y) + 807 - 2" . r — 214 = 0 (mod 2F*1).
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Vunresasg, aro s(y) = 0 (mod 2F), momemnu nociemnee ypapHenue Ha
ok
f+7r=0(mod 2), rae f = [s(y)/2"] (mod 2). (4.101)

VITax, noJIyauM HCKOMOe perienne B Bujie 2 = y+2F-f rie f soraucisercs
o dhopmysam (4.101).

BoImiosiniM cooTBeTCTBYIONINE PACIETHI [IJIsi HAIIEro [IPUMepa JIJIsi CTeleHN
k+1=5mpu y e {2, 3}:

f = ((y*+ 807y — 214) mod 8)/4 = ((y* + Ty — 6) mod 8)/4

l.y=2, f=(4+14—-6)mod 8)/4 = 1. Ilosyuum nepsolii KOpeHb
z21=24+4f =6 u ceputo pemenuit z =6+ 8t,t € Z.

L.y=3, f=(9421—-6)mod 8)/4 = 0. Iloayuum BrOpOii KOpEHDH
29 =34+ 4f =3 u ceputo pemennii z =3+ 8t, t € Z.

Cayyaii p> 2
Paccmorpum ypaBHuenue
q(z) = (x +m)*> —n = 2> + 2mz — a = 0 (mod p), (4.102)

npu p > 2.
OboszHaunM 4epe3 2z KBaJpaTHBbIl KOpeHb W3 n 110 Mouyiaio p. Toria,

ypasuenne (4.102) nmpu k = 1 umeer KopHH
x = (—m =+ 2z)(mod p).

[Ipenoioxkum Terepb, 9T0 HaiijeHbl KOpHU T ypashenus (4.102) st
npousBosibHOro k > 1. Haiijem KopHu Jjis cjejyroriero 3uadenus k + 1. Dtu

k+1

KOPHM UMEIOT BUJ Yy = x + p* " - r, rjge r — HeusBecTHoe 3HadeHue. CjenaeM

OJICTAHOBKY Y B ypashenue (4.102):
(z+p" )2+ 2m(x 4+ p" 1) — a = 0 (mod p* ).
[lepernuiiiem nocJe/iHee ypaBHeHue B BUJIE:

q(z) +2(x +m) - p*-r =0 (mod p*).
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Vuntbisas pasenctso ¢(z) = 0 (mod p*), nogemnm nocie/nee ypashenne
na p*. IMomydanm:

f+2(x+ m)r =0 (mod p),

rje f — ocratok ot jesennst q(x)/p* na p.
Ectu f = 0, torna »r = 0 u y = x. B npoTtuBHOM citydae, ¢ MOMOIIbBIO
pPaCIIIPEHHOr0 aJropuTMa EBKIUIA cjie/lyeT BBIYUCIUTD JIEMEHT U, OOPATHBI

K 9j1eMenTy 2(xz +m) B noje F,, Torga perienne y HaXOMUTCS 10 (HOPMYJIE:

y=x—ufp* (4.103)

II. IIpouedypa npoceusarus

B xome unuyuasudauuy 1poreypbl MPOCEUBaHUsl BLIOMPAETCS pPajuyc
npocenBanusg L. Jlanee dopmupyercs maccuB W o aeficTBUTENBHBIX —HHCeT
pasmeproctn 2L. Bwmecro smauenmii muorowrena ¢(z) B maccuB W Oyuem
nomenaTh Jorapudmer 3nadennit ¢(x): Wiz| = logq(x) ~ log(2m) + logx npu
x € [—L; L], B3arble ¢ HeOOIBINON TOUHOCTHIO. [103/1HEE MBI OIIEHUM JIOITYCTUMY 1O
HOIPENTHOCTH BhluncaeHus jgorapudma. g namero npumepa, Korjga n nMeer 34
JIeCITUYHBIX pa3psijia, B 3HAUEHUN Jorapudma J0CTaTOIHO OPaTh JIBa 3HAKA [10CJIe
JeCATUYHON TOYKMU.

Cama opranmsalist MpocerBaHmsl HE UMeeT KAKUX-TO OCOObIX TPY/IHOCTEI],
a TIpeJicTaB/sieT coOOi JTBOMHOI IIMKJT B X0/1e KOTOPOTro MepedbuparoTcst Bce IPOCThIe
qucsia u3 pakTopHOil 6a3bl, JIJId KazKJI0ro N3 KOTOPHIX ITOTOM BBITIOJIHAETCS UK
110 seMenTaMm Maccuba W . Hanpuwmep, eciin Tpoiika < 19, 3, 10 > npunaijieKuT
dbaxroproit 6aze FB, aro oznaqaer, uro va 19 gensarest ¢(3), ¢(10), a Takke Bce
q(y), y € [-L, L], y = 3mod 19 wm y = 10 mod 19. Moo opranusosarhb
BBIIC/ICHNE, Halild HanMeHbiee £ = 3 mod 19, 6osbiiee — L, Boraects 13 Wz
log19, 3arem, mpucBouB x HOBOe 3Havenne x -+ 19, omars Boraects u3 Wlz| logl19
1 T.JI. TI0K& He JIofijieM 10 paBoro KoHila narepsaia |—L, L].

[Tociie oOKOHUaHUSI HIPOCEMBAHMSA 110 IIEPBBIM CTEIEHsIM 3JIEMEHTOB
dakTopHOil 0as3bl, ciaejyer rnepeiTn K ux crenensiM. [lycThb, Hanpumep, KOpTexK
< 19,22,105,2 > upunajyiexxut Tadsuie creneneit pakroproit 6a3wr. Tora Bee

aucia ¢(x) rakue, uro r = 22 mod 361 wimm z = 105 mod 361 jgensrest Ha
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361 = 192. Ho mocKosbKy B XOjie IPOCEHBAHMsS 110 TIEPBBIM CTEIICHSM IIPOCTBIX
quces, 9T UHCIA em yyKe ObLIM TojereHbl Ha 19, To HAZ0 mpobexkarThb I0
nnrepsany |—L; L] ¢ marom 361 u mesnrs me na 361, a na 19.

Ecin q(z) sBisiercs riaiKuM THCIOM, TOTJIA [OCTIE BBIIOJIHEHNST OJIHOTO
POCENBaHNUsA, COOTBETCTBYIOMIee 3Hadenne W|xr| cramer wmcsiom, OJIM3KHM 110
Mojysio K 0 (IOrperHocTh BO3HUKAET U3-3a OMMOOK OKpyrieHns). Ouennm
cefivac  OOILYI0 IMOTPEITHOCTD, MPE/IIOJOKIM UTO 3HAUCHUS JIOrapndMOoB
BBIUNC/IAIOTCA ¢ TOYHOCTBIO 10 €, a (aKTopHas 6a3a OrpaHmueHa CBEPXY UHCIOM
B.

Ha unrepsane [—L; L] momunom ¢(z) = x? + 2mx — a upunnMaer
MaKCHMaIbHOE IO MOJIYJIIO 3HAUEHNE Ha KOHIAX mHTepBasa. Kosbddumnnenrs: m
n a nveior pasmeprocth 0(n'/?). Cumraercs, 4to L Ha HECKOJIBKO MODSIIKOB
MEHbIIe 1M, I03TOMY MakcuMasbHoe 3nauenue ¢(z) nmeer nopsuok 0(L - n'/?).
Ecim cunrars cpefpee 3HauenHme pasMepa  MIPOCTOTO HHCIA, BXOMSIIETO B
pasJioyKeHne IaJKkoro ynciaa ¢(x), paBHbIM B/c, rje ¢ HeKoTopasi KOHCTAHTA,
IpUHIMaloast HebosIbIne 3Hadenns, HaupuMep, ¢ = 10, Torga MOKHO
IOJICINTATD, CKOJBKO COMHOKHUTENeH BXOMUT B Pa3/IOKEHHE MAKCHMAJIbHOTO

rrajikoro dnciaa ¢(x) wa uarepsane |—L; L]:
b logy (L2 '),

B namem npumepe ¢ 34-3Ha9HBIM YHCJIOM N1 akTopHas Oa3a Oblia

orpaHmndena csepxy unciom B = 10*, ¢=10,a L =2-10%, Torxa,
k = logps(4 - 1012 - 10') ~ 10.
Takum obpa3om, B HallleM IIpUMepe TJIaJKhe YKcja IIPEJICTaBIsSIoT co0oi
IIPOU3BE/IeHNs, coCcTodIIue, B cpejineM, n3 10 comHoxkurTeseii.

IlocTpoerme MHO>KkecTBa BEKTOPOB MoKa3aTeJeil

B pesyabrare camoil TpymoeMKOil M 3aTpaTHOil MO0 BpeMeHU IIPOIEIypbl
[IpOCeUBaHUA B aJrOpUTMe KBaJPaTUYHOIO pellera Mbl I[IOJIYYUM MHOXKECTBO
aucesn Smooth = {x1, xo, ..., xR}, NpUHAIJIEIKAIUX UHTEPBAJY [IPOCEHMBAHUSA

[—L, L], jnisi KOTOPBIX 3HAYeHUe IIOJUHOMA IpocenBanust ¢(r) sBJISETCS
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raaJKuM.  MOIIHOCTL 3TOro MHOXKECTBA 3HAYUTEJLHO MeHbIIe pajnmyca L
MHTepBaJa IPOCCNBAHNS.

[TockosbKY MpH MEPBUYHOM [POCEHBAHUY JIEJIUTEIN 3JIeMeHTOB q(x;)
HEe HAKAIUIMBAIOTCSA, T.K. 3TO TpeOyeT OrpOMHOrO KOJMYECTBA HAMSTH, TO
HEOOXOIUMO BTOPUYHOE IIPOCEHBAHME [0 SJIEMEHTaM MHOXKecTBa  Smooth.
Bropuunoe npocensanue BLIIOJTHACTCA 110 TOMY K€ aJIlOPUTMY, YTO U OCHOBHOE,
HO BMECTO BCEro WHTepBasa mpocenBanust [—L, L] mpoberaorcs TOJIBKO
SJIEMEHTBI MHOXKecTBa,  Smooth. IlosToMy BpeMmst BBLIIOJIHEHUSI 3TOH  cTajun
HAMHOI'O MEHBIIIe BpEeMEHU [1ePBOro IIPOCeMBAHUSI.

st XpaHenusi BEKTOPOB CTeIeHel pasJIoyKeHUs 3JEMEHTOB Smooth
HeoOxoMnmMo  onpeenutb Maccus  Vec[l..k, 0..s.], rme kKoHcraHTa S, paBHA
pasmepy dakrtoproit 6a3sl + 1. Duement Vec[i, 0] MoryT mnpuHmMaTh 1Ba

SHa4YCHUd:

0 i) >0,
Vecli, 0] = » ecm g(x;)

1, unaue.

Hpyrue snauennst Vecli, j| paBHBI cTenenn, B KOTOPOii 3jieMeHT (haKTOPHOM Oa3bl
FB p, Bxoxut B pasioxenune 3nadenns ¢(x;). Makcumanbhble 3nadenust Vec[i, j|

JOCTUTAIOTCST HA HAYAJIbHBIX 3HadeHnsx j = 1, 2... u He npesbimaer logy q(L).

4.4. PemmeHne cucTeMbl JUHEIAHBIX ypaBHEHMIIA

B pesysibraTe mpeapLIyIero mara oblia cchopMupoBaHa HeI00pe IeIeHHast
cucTeMa JIMHEHHBIX ypaBHEHUII ¢ HYyJeBOil IpaBoil dacThio u Koddduimenramu
w3 nosst Fy = {0, 1}, uncio ypaBHeHWt m KOTOPOH CTPOrO MEHBINE YHCIA

HEN3BECTHBIX k.

A - X = 0. (4.104)

Marpuiia cucTeMsl oJIyYeHa COeIMHEeHIeM CTOJIONO0B, KayKIblil 3 KOTOPBI
IIpEeJICTaBJIsIeT BEKTOP Pa3JIoyKeHUs j-0 IJIAJKOro 4uc/a 1o ¢gpakTOpHOI 6ase 110
motystio 2. Cucrema obJiagaeT Kak MUHIMYM Kk —m HEeTPUBHAJIbHBIMEI BEKTOPAMI
pertennsi. OCOOEHHOCTBIO CUCTEMBI $IBJISIETCsl  CHJIbHAsl €€  Pa3pPeKeHHOCTD,
0COOEHHO B HUMKHEHl ee 4JaCcTU, COOTBETCTBYIOIIEH CTENeHsIM CTapPIINX IIPOCThIX

quces1 u3 (HaKTOpHOI 6a3bl (CM. mpuMep B ciejytoineM pasjese). Takast cucrema
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MOXKET OBbITH JIEMKO pelleHa € HCIOJIb30BaHueM OOBLIMHOINO MeToja laycca.
CJI0’)KHOCTB  3aKJIIOYAETCA B TOM, YTO Pa3MEPHOCTbL CHCTEMbl YpE3BBLIUAiiHO
pesmKa 1 jocturaer sesmamnbl 108 x 10° u Gosee. ITostomy i pemenns
cooTBeTCTBYIOMIE crucreMbl JIY mcrnosb3yercst crenyuaibHble METO/bl PEIleHUsI
paspexkeHHbIx cucrem JIY, wampmmep, Osounbiii Meton Jlantioma (Lanszos’
Block method). Ilutep Montromepn ([38]) mpumenus ero st pemennst CJIAY B
MeTOoJIe Pellera JnucjoBoro moJs. Omucanne 3Toro MeToa MOXKHO TakKryKe HaiTu
B 0030pe ([23]).

Hajum KpaTKoe olrcanne pelieHnst ciucreMbl MeToJoM [aycca. Asiropurm
[aycca cocrouT mu3 jaByx sranoB. Ha mepBoMm sTalle MaTpHUIila HNPUBOIUTCH K
JIEBOTPEYTOJILHOMY BUJY C HYJsIME HUKE IJIABHOIN JIMaroHajy, a Ha BTOPOM
sTane — J0OUBaeMCsl, YTOObI HyJIM CTOSUIN BBIIE IVIaBHOI uaronasm. [lepsbilii
STall MeTojia l'aycca BBIIOJIHSETCS B LUKJE 0 CTPOKAM 4§ MATPUIbLI CUCTEMbI
SystMatr[l..m, 1..k]. Ha i-m mare 1 srtamna cHavaja BbIOUPAETCsT BeJyIIIHil
sjeMenT, orimdnbii or 0. Ecmm snement SystMatr(i,i] = 1, on u Gyaer
BeymuM saeMenToM. Ecnn ke SystMatrli,i) = 0, To opranumsyeMm IUKJ 110
3JIEeMEHTaM i-i CTPOKH, HaXoJsuMcst pasee Syst Matr[i,i], npoBepsisi ycjioBue
SystMatr[i,j] = 1 ana i < j < k. Ecau snement SystMatr[i,j] =
1 cymecTByeT, TO TMepecTaBUM ¢ U J CTOJIOIBI MECTaMMU, Jiejias SJIEMEHT
SystMatr|i,i] HeHyIeBbIM.

BosmoxkHa curyalysi, KOrjia Takoro Heny/ieBoro sjiementa Syst Matr[i, j]
we cymecrsyer. [lo koncrpykmum Jsiesee SystMatr[i,i] HaxomsTcs Takxke
HYJIM, TI03TOMY 9TOT CJydail O3Ha4YaeT, 9TO CTPOKA ¢ IOJHOCTbIO HYyJIeBas.
Takyio cTpOYKy MOYKHO BBIOPDOCHTL M3 MATPHUIIbI Oe3 yIiepda i JaJbHeRIero

BbIYHMCJICHUA.

4.5. OneHKa CJIO>KHOCTU MeTo4a KBaJAPaTUIHOI'O peliera

Mpr  ucnosszyem  3yech  orenkn  [lomepanca [47]. Ilycrs wmeno e,
npunajiekaiiee narepsasty (0, 1) TakoBo, UTO pajiiryc HHTEPBAJIA TPOCCNBAHNS
L onenuBaercss Bequumnoit L + N¢. Hawubosiblllee 3HadyeHne [OJMHOMA

npocenBanus q(xr) uab/rojaercss Ha TpaHuliax uHTepBasa |[—L, L] u pasHO
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maz q(z) ~ 2nY?*°. Onennm BepOSTHOCTbL TOrO, UTO CJYYAiHO BHLIGPAHHOC
suavenue q(x), © € [—L, L], sBisiercst B—riajkum, rje B— BepxHsisi TpaHUIA
daxroproit 6a3bl. Obosnaunm wepes (X, B) uucio B-riajkux gucesa B

naTepBase [1, X].

Boruncom caadaia suadenne (X, B) npu B = z/2:
P X =X = Y X/, (4.105)
X1/2<p<X

riae p npoberaer Bce mpocThie dncia u3 uatepBasia [1, X|. JeiictBurenbHo, Bee
apcia, Menbime X Y2 mo omnpenesenmo X2 — magkne. Yucsio w3 BTOpoit
noJioBuHbI nHTepBasia [1, X| He Oyaer riajKkuM, ecjim OHO KPATHO KAKOMY-HUOY/ 1b
I X2 X. 4

POCTOMY YUCIY P, < p < X. Yucno Takux KpaTHBIX I KarKJIoro p
pasuo | X/p| (t.e. nesoit gactu ot gacrnoro X/p). Ilo reopeme Yebnimmena, anciio

poCThIX vrce1 B uarepsase [1, X]|, oboznauaemoe depes 7(x), NIPUMEPHO PABHO
X/In X . Orciona

PLX) =X 1 - ) 1/p| +0(X/InX). (4.106)
X12<p<X

ITIo Teopeme Meprenca,

» 1/p=Inlnt+C+0(1/Int), (4.107)

p<t
1151 HekoTopoil koncranTel C. Vemon3ys 9Ty Teopemy, IOy duM
Z l/p= Z 1/p — Z 1/p=Inln X —Inln(X?)4+0(1/In X% =
X12<p<X p<X p<X1/2
=In2+0(1/InX).

[Toscrasisist ocsenee pasenctso B (4.106), mosydnm

WX, X?) = (1-1n2)X +0(1/In X/?), (4.108)
OTKYZ2
X X1/2
Mwl—lrﬁ pu T — 00 (4.109)

X
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Orciona, okoso 30 % unces, menbiux X , apigercs v X —TJIa KUMU.

Jns mpomssBospHOH rpammimsl B = XY% ppiosmsiercs  dopuyiia

K. Jduxwmana (K. Dickman [1930]):

Y(X, XYY

= ~ p(u), (4.110)

rae p(u) misg u > 0 dyskuus Iukmana—ie Bpronna. Dta GyHKIUS sBIsSAETCSA

HelPepbIBHBIM periierneM g dbepeHinaibHOro ypaBHeHus!
up' (u)+p(u—1) = 0 npu u > 1 ¢ naganbubiM yeaosuem p(u) = 1 na unrepsasne [0, 1].

Fe snauenne npubiusurebao pasuo p(u) ~ u~". Jdagum 3jech tabsuiry

HaYAJBHBIX 3HAUEHUI 9TON PyHKINN

u 2 3 4 5 6 7 8
p(u) [0.25)3,7-107213,9-107%]3,2-107*]2,1-107°|1,2-107%|5,96- 108

Bamerun, uro Beinunna X /¢(X, X/") paBHa cpejHeMy GHCIIY HOIBITOK
JUIS HAXOXKICHUSI OJQHOIO IJIQJIKOro 4ncia. Kaxkjaas IOIbITKA MOXKET ObITh
orleHeHa B Inln B »sjementapubix onepanuii. Ham TpebOyercss HaiiTH CTOJIBKO
DIaJIKUX JHCeJT, CKOJBKO 3JIeMeHTOB B (akTopHoii 6aze, t.e. okoso 7(B) (B
JefcTBUTEIbHOCTH, (hakTopHast 6a3a COJAEPKUT IIPUMEDPHO IOJIOBUHY OT 3TOIO
Y1CJIa, T.K. TOJILKO IIOJIOBUHA, P ABJIACTCA KBAJIPATHUHLIME BLIUETAMU 110 MO/LYJIIO
n). OTciona MOXKHO TIOJCIUTATh, 4TO ObIee ducao onepanuit T'(u) mpumepHO

paBHO

T(u) = n(B)Inln BX/¢(X, XY ~ XY Xyl
(4.111)

MBI J0JI7KHBI MEHIMI3HPOBATH 9Ty BeJUIUHY. Beraucanm ee jorapud:
1
InT(u) =—-InX +ulnu.
u

TIpouspojuas sroit Gyukuu pasua 0, ecm u?(Inwu + 1) = In X, orkya

u~ (2InX/Inln X)Y? u B x eV 2 XnlnX) (4.112)
[Ipu BeIGOpe B paBubiM Bbipaxkenuto (4.112) mpu X = n, gucio

9JIEMEHTAPHBIX Ollepalliil MeTojla KBaJIpaTUIHOIO PelleTa pa3J/IoXKeHus ducjiaa n
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OlICHUBACTCA BEJIMYUHOI
T(n) = eV oy e € (1, 2). (4.113)
O6o3zuaqanm gepe3 L(k,n) dynkmnno
Ly(a;¢) = exp ((c+ o(1))(Inn)*(Inlnn)' ), (4.114)

TOT'Ta OIICHKa IIPON3BOJAUTC/ILHOCTHU METO/Ja KBaAPaTUIHOI'O PEIIETa ITIePEINIIeTC CA

B BHUJIE

T(n) = Ly(1/2;¢) = exp ((c—|— o(1))(Inn)?(InIn n)l/Q) , (4.115)

4.6. Ilpumep dakTopu3anuu MeTOAOM KBaJpPaTUIHOIO

pelieTa

Paccymorpum citenyromnuit mpumep akTopu3alinl HATYPAJIbHOIO JHCIA.
[Iycts n = 750513679, m ~ y/n = 27396, a = n — m? = —27137. [loaunom

nipocenBanus (4.95) mosydaer Bu:

q(z) = 2* + 547922 — 27137 (4.116)

Bamevanue. Jlns Takmx MageHbKHX dmcest n orenka (4.111) smisercs

3aBblllleHHOI. [leficTBuTe/ibHO, 3HAUeHe B paBHOE exrp (\/ 2lnnlinln n)) ~ 10*

CJIMIIIKOM BEJIMKO JIJIsI HAIllero Ipumepa. YcranoBum 3uadenne B pasubivm 100.
. Thuyuasusauyus

1. Onpegenum B = 100. Yucio mpocThIX 4nce), He IPEeBbINAIIINX B,
paBHO 25. /14 KasKJ0ro Takoro Takoro p Haiijem ocraTok n, = n mod p u
BbluncnM cumsod Jlexkannpa g = Leg(ny, p). Ecim g <> 1, Beibpocum p n3
dakTopHoit 6a3bl. Ilocse BuIoIHEHNST TaKoil PpUIbTpaIunl ocTaHeTcd 14 MpocThIxX

quceJl

FB=1{2,3,5,11, 17, 23, 29, 43, 47, 53, 59, 61, 67, 83}.

2. Jlng xaxjoro sjaemMeHTa p HaKTOPHOI 0as3bl HafljieM, MOJb3YsICh

anropurm Illenkca, kopens ypaphenus r? = ny,(modp), tie n, = n mod p,
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1 3aHeceM HaifijieHHble napbl (r,p) B MaccuB Roots:
Roots = {(1,2), (3,1), (5,2), (11,5), (17,5), (23,9), (29, 1), (43, 35), (47, 17),
(53,36), (59,7), (61, 22), (67,39), (83, 17)}.

3. BanosHuM MaccuB Roots2, pa3meriasi B HeM TPOMKU < T, p,T >, Tl &

~ xopenb ypasuenus ¢(z) = 0(mod p”) mia 2 <r <k, p* < B.

4. Bribepem pajinyc nnTepBasia npocenBanns L Tak, 9TO0BI YNCIO IIAIKNIX
qucesl Ha WHTepBasie [—L; L] HeMHOTo mpeBbImago pasmep (hakTOpHON Oa3bl.
[Tockonbky pasmep dpakTopHoii 6a3bl pasen 14, TO YNCI0 TIAJIKAX TUCET JTOJTAKHO

ObITb He MeHbIlle 16. B Hamiem mpumepe, SKcIepuMeHTaJIbHBIM IIyTeM BbIOpaHO

L = 300.

5. Onpenesnum maccuB W[—L .. L] u3 neficTBUTEIBHBIX THCET U 3aHECEM
B Hero Jiorapudmbl 3Havenns q(z), x € [—L, L]. OcnoBanue jorapnudma MOKHO
B34Th IPOM3BOJILHBIM, Hampumep, a = 2 wm e = 2,71828.... Tpebyemas
TOYHOCTDb BBLIUUCJIEHNS JorapudmMa 3aBUCUT OT JIIMHBI 1 U HE ABJISIETCS BBHICOKOI.
B OoJsibIHCTBE C/IydaeB JOCTATOYHO CTAHAAPTHON TOYHOCTH peau3arumi ¢ 56
3HAKAMMU ITOCJIe 3aIAToi. B HameM mpuMepe J0CTATOYHO XPAHUTDH 2 3HAKA MTOCTIE

3aII9TON.

6. [MomroroBum peiicrBurenbubiit Maccus LogF B[1..14], cocrosmmii u3

s0rapudMOB COOTBETCTBYOIINX 3JIeMeHTOB (bakTopHOit 6a3bl: LogF Bli] = log p; .
II. IIpoceusarue

1. BoimosinuMm niepBoe 1pocenBanue, B pe3ysabTaTe KOTOPOro Oy/1yT HaiiieHbl
raJiKne dncia u3 narepsasa [—L .. L]. g 9Toro BbIIoHSIETCS ABONHOI MUK, B
KOTOPOM BHEIIHUI IUKJI OepeTcs 110 djieMeHTaM paKTOPHOIT 0a3bl, a BHYTPEHHUI
— no unciaam r € [—L.. L], yuosiaerBopstioiuM ypaBHeHuto r = r(modp),
riae r—kopenb ypasaenusi ¢(x) = 0 (modp). HamomuuMm, 9T0 Bee Takue KOpHU

3amecenbl B MaccuB Roots|1..14].

2. HI/IK.H IIpoceruBaHuA IJjisl IIPOU3BOJILHOI'O P MOXKET OBITH BBLIIIOJIHEH

caemyromum obpasom. Wrmem kopun {ry, o} ypasuenuss ¢(z) = 0 (modp).
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s kaxxjoro r; Haiijiem Hammenbinee x € [—L, L], yuosierBopstoiee r =
r(mod p), 1 BBIIOJHUM CJIYFOIIUIT UK

while (x < L) {
Wlz| = Wlz| — log p;
r=x+p;}

3aKOHYHUB IIPOCEUBAHEE 110 deMeHTaM p € F' B, BBIIOJIHIM TPOCENBAHNIO
10 CTEHeHsAM 3JeMeHTOB (hbakTOpHOi 6a3bl. IIpr 9TOM HATO TOMHUTH, UTO €C/IH
nazke r—KopeHb kparnoctn k > 1, serauranne Wx| = Wiz]—log p Boimosmserca
ITO-TIPEXKHEMY KaK JIJTsA [IPOCTOTO KODPHs, T.K. K MOMEHTY PACCMOTDEHHs KOPHSI &

KpaTHOCTH Kk oneparus Bblautanust jjist Wx] yuxke Boinosssiiack k — 1 pas.

3. Ilocse 3aBeplieHNsT TPOCENBAHUS 110 CTENEHAM P IOJYIUM B MacCHUBE
W[—L, L] HecKOJIBKO 3JIeMEHTOB, MPUMEPHO paBHBIX 0 (C TOYHOCTHIO, HATIPUMED,
70 1 nmdper mocsie 3ansroit). Sanecem Bee x co 3HadenneM Wz] ~ 0 B HOBbI
MaccuB Smooth, KoTopbIil Ha30BEM MACCUBOM IVIAJKNX dnces. B Hallem npumepe

MHOXKECTBO Smooth Oyner coctoaTs u3 16 dumcer:

{—224, —166, —155, —99, —77, —40, —23, —21, —13, —12, 11, 22, 32, 41, 46, 268}.

4. TlocKoIbKY IpH [EPBOM HPOCEMBAHUKM Mbl HE COXPAHSLIM JIAHHDIE
00 3JIeMEHTaX P, BXOJAININX B pasjioxkeHus ¢(r), TO HEOOXOIMMO ITOBTOPHOE
IpoCenBaHme y»Ke He 1Mo BceMy uHTepBaty |—L, L], a TOJBKO MO 3JIeMEeHTaM
MHOXKecTBa Smooth. DTo npocenBanue BLIIOJHIETCS HaMHOro ObicTpee. B
pesybrare Oymer cdopmupoBan Mmaccus Vec[l..16, 0..14], coorBercTByOINIIi
marpurie cucreMbl. [lepBast koopgmnarta maccuBa Vecli, j| paBHa HOMepY
IJIAJKON0 YHCIa U3 MHOMKECTBA Smooth, a BTropasg KOOpJAMHATA UCIOJIL3YETCsI
JJIs1 XpAHEHNUs! CTEIleHN, B KOTOPOil p; BXOAUT B paz/oxeHue 1ucita x;. Vecli, 0]
obosHauaer 3HaK q(z;), pasubiii 0, eciim q(z;) > 0, u paBHBI 1, B IPOTHBHOM

caydae. B nameM rmpuMepe BTOpoe TpocemBaHne JIacT CJIeIyIoNue pe3yIbTaThl:
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X q(x) BekTop pasioxkennsi
-224 | -12196095 —3 x5 x23% x29 x 53
166 | -9040779 | —32 x 11 x 29 x 47 x 67
-155 | -5769579 —3 X 17 x 29 x 47 x 83
-99 | -5387470 | —2 x5 x 11 x 17 x 43 X 67
=77 | -4185918 —2x 3% x 11 x 29
40 | -2162943 —37 x 23 x 43
-23 | -1232550 —2x 3 x5%x 11 x83
-21 | -1123054 —2 x 17% x 29 x 67
-13 | -684990 —2x 3% x5 x 43 x 59
-12 | -630223 —11 x 23 x 47 x 53

11 629970 2x3x5Hx11x23x83

22 | 1233045 32 x5 x 11 x47 x 53

32 | 1781505 32 x5 x 11 x 59 x 61

41 | 2275290 2 x 31 x 5 x 532

46 | 2549685 3 x5 x43 x 59 x 67
268 | 14783217 3 x 17 x 59

133

5. na xaxmgoro p € FB moacunTaeM KoJMYIeCTBO TVIAQJIKUX YHUCET, B

pa3JIozKEHNE KOTOPBLIX 9TOT P BXOJIUT B HEYETHOI CTEeIICHU:

p 2351117123129 |43 475359 |61 ]|67|83
H#p 1619|8724 (4|44 |3[4|1]4]3
M3 Tabymipl 1 BUgHO, YTO MHOXKHUTEIb p = 61 BOILIO TOJBKO B OJHO

rrajgkoe dnciao ¢(32). Yaamum 61 u3 dakroproit 6aser, a wmesao ¢(32) u3

MHO2KecTBa Smooth. OcTajibHble Ync/ia mpejicTaBUM B BIJIE BEKTOPOB, COCTOSIIIIIX

13 okazaresieit crerneneil (rmepBasi KOOPIMHATA TPEJICTABIISCT 3HAK THUC/IA PABHDII

1, ecsin gucsio - orputiaresibHoe, u ), e/ 9uc/Io - HOJIOKUTETHHOE).

6. Chopmupyem marpuily cucreMbl A pasmeproctu 14 X 15, mojarast

A(z’+1,j):{

0, B IPOTUBHOM CJIy4ae.

1, ecs p; BXOAUT B pa3jioxKeHneq(x;) B HEUETHON CTelleHH,

[lepBas cTpoKa MaTPHIIBI OIIPEIEIISeT 3HAKH COOTBETCTBYIOMNX ¢(Z;).
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[II. Pewerue cucmemvi

Cucrema ypaBHEHHil ¢ OCHOBHOIT Matpuieii A ¥ HyJIEBBIM CTOJIOIIOM
CBODOJTHBIX YJIEHOB COJIEPXKUT 15 HEM3BECTHBIX W 14 ypaBHEHWIl, T.e. SBJIAETCHA
HeJloolpeiesieHHo. 3aMeHnM Bce Ko uimenThl Marpunbl A #ux ocrarkamu
o Mmoxay/ao 2. Torma, Bce KO3(UIMEHTH CUCTEMbl IPUMYT 3HAUYEHHUSA JIIOO
0, mmbo 1. MoxkHO paccMarpuBaTh CTOJOIBI CHCTEMbI, KaK BEKTOPbI JIJINHbI
14. MmuoxkecTBO C€TOJOIOB COCTOUT U3 15 BEKTOPOM, KOTOpbIE, OYEBUJIHO,
OyJIyT JIMHEIHO 3aBUCHUMBI, TO9TOMY, MOYKHO BBLIOpATH HEIYCTOE IOJIMHOYXKECTBO
CTOJIOIOB, HEeTpUBMAJbHASA JIMHEHHAd KOMOWHAIMA KOTOPBIX paBHa HYJIEBOMY
BekTOpY. [locKko/IbKY, KOs duimeHTh TuHETHOM KoMOMHaIINK paBHbI J1100 0, 1100
1, To JmHeliHAST KOMOMHAIUS sIBJISIETCS IIPOCTO CYMMOIT BEKTOPOB (110 MOJIYJIIO 2).

KosddunmenTs! 31oit JUHEHHON KOMOMHAIIMN MOTYT ObITH HailJIeHbI JTIOO
metosoM [aycca, nmbo meromom Jlantmoma (cm. [38]). B cienyromenm pasmere

paccMOTPHUM IIpUMEpP pellenns cucTeMbl MeTojoM [aycca.

4.7. 1lpumep perienusi cucteMbl MeTogoM ['aycca

PaccMoTpuM npuMep HaxXOXKJIEHUsS PEIIeHns] CUCTeMbl MeTojioM aycca i n =
2041. KoncranTy m noso:kuM pasHoii 45, Torga n = m?* + 16 u nosmnom ¢(x)
pasen (z +m)? —n = 22+ 90z — 16. Oupegenum L = 5 1 BBLIYUCIUM 3HaUCHUA

q(z) wa unrepsaie [-5; 5|:

X -9 -4 -3 -2 -1 0| 1] 2 3 4 5
q(x) | -441 | -360 | -277 | -192 | -105 | -16 | 75 | 168 | 263 | 360 | 459

Bribepem dakropuyio 6azy F'B = {2, 3, 5, 7} u BBIIOJIHIM IPOCEUBAHIE
q(x) wa wmaTepBasa [-5; 5| mo sroit dakroproit 6aze. Ilosyunm ciemyroree

npeacTaBJI€HUE:

X ) -4 -2 -1 0 1 2 4

q(x) | —-3%-7| -23.32.5|-26.3| -3.5.7|-24|3.5%|23.3.7|23.32.5

Tabauma 1. I'magkue qucia.

[lepemnuiiem 5Tu pasjoyKeHUs B BUJE MATPUILI, B KOTOpOil crosber; =
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obozradaer 3uak dncyia ¢(x) u pasen 1, ecin ¢(x) < 0, u 0, B IPOTHBHOM CJIydae.

SameHnm KOS(beI/HH/IeHTbI MaTpulbl X OCTaTKaMHM 110 MOAYJITO 2. HOJIqu/IMI

(! .

X +
—441
—360
—192
—105
—16

75

168
360

_ = O O O O = =

o O R O = = O O
_ O O O = O = O

S = O O = O

1
1
1
0
0
0

W W O k= O O W |
N O = O = =N O W
_ O N DO = O = OOt
O R O O = O O N

O OO R e =

\ /

[Ipunuiiem K MOJIyYeHHOW MaTpUIE €JIMHUIHYI0 MATPUIYY Pa3MEPHOCTU

8 X 8 m OyneM BBINOJHATH SKBUBAJEHTHBIE Ipeodpa30BaHld €O CTPOKaMU
PACIIUPEHHOft MaTpuIlbl (mpubaBjieHre Beiylneil CTPOKHM K HUZKeJerKall[iM

CTPOKaM, U [IEPECTAHOBKY CTPOK) C TIEJIbI0 IPUBEIEHNSI MATPHUIIBI K TPEYTOJIBHOMY

BU/JLY:

S O O B K O O|Ww
= o O O = O = Ok
O = O O = O O O|w
1
O O O O = O O Ofr
O O O = O O O O|o
O B O O O O O Of|N
= O O O O O O Ofw
2
O O O O O O O |-
1
= = O B O O O Ok
— = B O O+ O O|C

O O O O = O O Ofn
O O O = = O O O|w
1
= e =
!
S = O = B O O Ofr
O B O O O O O O|N
= O O O O O O Ok

O O O H FH FH = H|-
= o= O O O O = =N
]
O O O O O O O =|lwm
|
O O O O O O ~ O
U
O O O O O = O O|N
O O B O O O O O+
O O O O O O ~ ~|N
O O O O O = = O|Ww
]
O O O = O O = =|ut
SO O B O O O O O+

[Tociegaue Tpu CTPOYKU COAEPXKAT pas3/MyHbIe pelleHne cucteMbl. Jst
HAXOKJIEHNS KAaKOT0-HUOY/Ib PENIeHs BO3bMEM OJIHY U3 9TUX CTPOUEK, HallpuMep,

CTPOUKY 6, 1 BbIJIEJINM CTOJIOIBI, B KOTOPBIX B 9TOI CTPOKE COJAEPKATCsI €INHUIIBL:

X ={-2,0, 1}. Boraucimm

A =[] (z+m) = (45—2)-45-(45+1) = 89010, ~ B> =[] q(x) = 480°
zeX zeX
Beraucsisisi remepb ¢ nomoripto agroputma Eskimuga H.OJA. (n, A —
B)=H.O./1. (2401, 88530) = 13, HaiijileM UCKOMBIil JiejuTesb ducia n. Bropoii
nemuteb ¢ = 157 moxkno Berancantsb Kak H.O. . (n, A+ B), 60 npocto messt

n Ha 13. To ke perienne MOXKHO IOJIYYUTh, UCIIOJIB3YsI CTPOKY 7, & CTPOKa 8 J1aeT
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TOJIbKO TpHUBHUaJIbHbIE PDCIIECHM !

HOH. (n, A+ B)=n, HOJ. (n, A— B) =1

IIporpamma penienusi cuctreMbl MeTo/ioM ['aycca

[IpuBejiem TekcT mporpaMMbl Ha g3biKe Pascal jijist oncaHHOTO BhIIIEe aJrOPUTMA
(mcxomuble mapaMeTpbl mt, nt — YHCIO CTPOK U CTOJIOIOB COOTBETCTBEHHO).
Marpuna A — marpuia cucreMbl pasMepaocT mt Xnt, a B — ennamanas marpuiia
pasmepuoctt mt X nt. Maccus OrdRow|[l..mt] HymepyeT CTPOKH CHCTEMBL.
Ucxomuble 3Hauenns ero sjaeMenToB pasabl OrdRow(i] = i mia 1 < i < mt.
[Ipn HEOOXOMMOCTH TEPECTAHOBKU CTPOK C IEIbI0 BbIBOJa Ha nosunuio Alk, k]

HEHYJIEBOT'O 9/IEMEHTa, MbI IIPOCTO MEHsIEM CCBLJIKI Ha CTPoKK B Maccuse OrdRow:

Procedure Gauss(mt,nt:int64;var A ,E:SysMatr);
var
i,j,k,c:integer;
Begin
k:=1; { k enumerates rows of matrix }
While k<=mt do
begin
j=k;
{Search for a non-zero element in the column k:}
while (A[OrdRowlj], k] = 0) And (j <= mt) do inc(j);
if 7 > mt then { Case when all elements below A[k,k] are 0 }

begin

inc(k); continue;
end;
If 7 > k then { Case Ak,j|>0.FEzchange k and j rows }
begin

¢ := OrdRowlj|; OrdRow][j]:=OrdRow|k|;OrdRow][k|:=c;
end;

i:=k;
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{Making column k equal to 0 below AlkKk]|}
while ¢+ < mt do
begin
inc(i);
If A[OrdRowli], k] = 1 Then
begin
For j := 1 To nt do
A[OrdRowli], j] :== (A[OrdRowli], j] + A[OrdRowlk], j])mod2;
For j := 1 To mt do
E[OrdRowli], j| := (E[OrdRowli|, j] + E[OrdRow[k], j])mod2;
end;
end;
inc(k);
End; { of cycle by k}
End;

4.8. Bapmaiiuga MHOXKHUTeJII B MeToJe KBaJIpPaTUIHOTO

pelieTa

OHuM 13 BaXKHBIX YIYUIICHUI B METO/Ie KBQJIPATUYUHOTO pPeIieTa siBIAeTCs
Hjest apuaus 60avul020 muootcumens — Large Prime Variations (LPV). Kpatko
9Ta MJies] COCTOUT B CJIETYIOIIEM.

B mporecce mpocenBaHus HaKalJIUBaeTCAd MHOIO 3HAYEHUIl [TOJTMHOMOB
q(x), * € [—L; L], woropeie mupeiacraBumbl B Buige ¢(z) = P, - Cy,
rie MHoxutesab C) dBIseTcs IJIaJKuM ducioMm, a P, upejcrapiser coboii
MHOYKNTE/ b, MPEBLIMIAIONINI I'PaHUIly IVIaJkKocTn B, mo Menbmmii B? Takoii,
yTo P, He comep:KuT jenurteseil u3 ¢pakropHoit 6azel. Muoxurens P, aBiseTcs
IPOCTBIM YHCJIOM, T.K. MHA4Ye €ro MOYKHO OBbLJIO ObI Pa3joyKUTh B IPOU3BEJICHIE
JIBYX COMHOKHUTE Ieil, MeHbInX . HazoBem Bce Takne 3HAUEHUS NOAY2AA0KUMU.

[TpearmonokmM, 9TO MBI HAXOUMCs Ha dTale, KOTja IepBoe MPOCenBatue,
ornpejiesidioniee  HOMepa T IVIQJIKUX YHCeI, 3aBepIIeHO. DBBIMOJTHIM UK
COPTUPOBKH TI0 BceM & € [—L; L], /st KOTOPBIX 3HAYEHNE OCTATOK 3HAYCHUS
y = q(x) mocme Bcex meneHnit Ha umnciaa u3 (GaKTOPHON Oa3bl CTaj MEHbIIe
B?, yuopsjiounB Bce MOJNYIVIaJKHe UHCjIa 0 BO3PACTAHMIO MHOXKHTeNs P,

[IpenmonoKum, 4TO HalieTcsd HECKOJbKO 3HAaYeHuil i, Yo, ..., Y, 0iae k > 2,
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i = g(x;), =L < x; < L, ¢ oguHakoBbIM 3HadeHneM muoxkurenst P,. Tora,

MOZKHO ,D;O6aBI/ITI) k — 1 HOBBIX 4uce BUla

g1 =Y1-"Y2, G2 =Y1 Y3, .-y 9k—1 = Y1 " Yk,

K MHOKECTBY DIQJIKHX UHCEN, MOCKOJIbKY Kaxjuoe g; = P2 - Cy - Cjq, n,
3HAYUT, MOXKET UCII0JIBb30BATbCsS Ha CJIEIYIOIIEM Talle JIJId [TIOCTPOEHUs] CUCTEMbI
JIMHEIHBIX YPaBHEHUI.

OrmeTrM, 9TO JOIOJHHUTEIbHOE BpeMs, HeOOXOIMMOe JIIsi COPTHPOBKU
HOJIYTJIQIKUX 9JIEMEHTOB, SIBJISETCsl HIITOXKHO MaJibiM Ha (DOHE II0JIHOI'O BpeMeHU
IIPOCEMBAHUSI, & BBIUTPHIII SBJISIETCS 3HAYUTEIbHBIM, ITOCKOJBbKY HE MEHdsd
pasmMepHOCTH (PAKTOPHOII 0a3bl Mbl MOXKEM II0JIydaTh OOJIbIIEE UHCJIO IJIAJIKUX
qncesi. TakuMm o0pas3oM, HCIOJIB3Yd BapUaIuio OOJbIINX MHOXKHUTEJIEH, MOXKHO
YBEJIMIUTH BBIXOJI TVIAJIKUX JHCE Ha €JUHUILY IIPOCTOr0 4dnciia (haKTOpHON 6a3kbI,
YTO TI03BOJISIET YMEHBIIUTH TPAHUIY IJIaJKOCTH B i ¢aKTopHOil 6a3bl 1
YMEHBIINTb BCE OCHOBHBIE 3aTPATHI 110 IOMCKY PeIeHNs.

['pannma B2, npemiozkeHHas i MOMCKA, TIOIYTIAIKAX THCET, SIBJISCTCA
CJIUIIIKOM OOJIBINOM, 1 BEPOSITHOCTH TOI0, YTO HAMIyTCs JBa MOJIYTJIAIKIX TNCIa C
OJINHAKOBBIM MHOXKHUTEJIEM P, 3HAUNTEILHO YMEHBINACTCA ¢ POCTOM P, | 1109TOMY
MHOI'I€ IIPaKTHYeCKUe Pean3allii KBaPaTUIHOIO pelleTa OrpaHnIruBa/Il IOMCK
HOJIYTJIQIKUX YHce/l Ha 3HAYUTEJHHO MEHBIIEeM WHTepBaJe, HalpuMmep, Ha
wnTepBasie |B; kB], rue muoxkuTesns k naxopntest B npegestax ot 10 g0 100.

IIpu paznokenunm TecToBoro 129-paspsaHoro umcia, IPeIIOKEHHOIO
cosparesnsimu RSA, X. Jlencrpa um M. Manacce B 1994 r. wmcnosib3oBajin
najbHeiinee paszsutue ujgen LPV ¢ aBymst O0JIbIIMMU MHOXKUTEJISIMU BMECTO
ojiHoro. XOTsI Takasl peajnzalus TpedyeT HAMHOrO OOJIbIe JIOTOJHUTEIbHOM
paboThl, HO obecreunBaeT OOJIbIIE BO3MOYKHOCTEN JIJIsT BBIOOpA, IOJIYTJIAIKIX
ypucesi. B 9TOM BapumanTe TpaHHUIA IOJYIVIAIKOCTH MOXKET OBbITh JOBeJIeHa,
(xorst GBI TeopeTmuecku) o B3, W paccMaTpUBAlOTCS UMC/IA, MMEIOLUe JI60
pocToif  MHOXKMTeNL B uHTeppase |[B; B%, imbo cocTaBHON MHOMKHTENL B
untepsase [B?; B3]. [ljis 1poBepKu TOro, 4TO YMC/IO ¢ MHOXKUTEJIEM B MHTepBaJle
[B?; B3| sBnsieTcst cocTaBHBIM, HCIOJIL3YeTCs caMasl 1IpocTasl IIPOBepKa BHUJIA

20=1 £ 4 wmeroma ®@epma. Ecam 4meio y He IIPOXOAUT 3TY HPOBEPKY, TO
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OHO, BEPOSITHO, TMPOCTOE, W OTOPAChIBAETCsT (XOTsSI, HPU ITOM OHOBPEMEHHO
0TOPACHIBAIOTCS I MHOTHE COCTABHDIE UNCJIA). Fem 2Ke auesio mpoxXouT MPOBEPKY,
TO OHO SBJIETCS JICTEPMUHUPOBAHHO COCTABHBIM YHCJIOM ¥ IOJIBEPracTcs
PA3JIOKEHNIO Ha MHOMKITEIH, MEHbIIe B2 KaKnM-HIOY/ b HECIO0KHBIM METOIOM
dakropuzaruu turma p-mMmeroja Ilomrapya.

HanbHeiiiee pasBuTue ujaen OOJIBIIMX MHOXKHTEEH 10 Tpex Win
Oosiee  MHOXKHUTEJIEHl BBI3BIBACT JIOTIOJHUTE/IBHBIE CJIOXKHOCTH U CUNTACTCHA

HeIPEKTUBHBIM.

4.9. BapuaHTbl MeTOJila  KBaJApaTUYHOI'O  peliera C

BO3MO2KHOCTbBIO pacCliapaJljieJINBaHNA

OanuM  u3  OJIArONPHUATCTBYIOMNUX — (DAKTOPOB,  BBIJIEIUBIINX — METO/I
KBaIPATHIHOIO pelieTa Cpean JIPyruxX METOJIOB, sIBUJIaCh BO3MOXKHOCTD
pacrapaJsiie/IMBaHus  [IPOIecca BBIYMUC/IEHUsI Ha  HECKOJBKO KOMIIBIOTEPOB
(mporteccopon). st sroro IT.MonTromepn ObLia pejjioyKeHa UJesi METOoja,
KBaJI[PATHIHOIO DeIlleTa € HCHOJb30BAHUEM MHOHCECTNEA NOAUHOMOS (multiple
polynomial quadratic sieve MPQS).

PaccmoTrpum 1mosmmHoOM:
Zap(x) = (ax + ) —n = a*x* + 2abr +b* —n, raea,b € Z. (4.117)

Kak wu pambiine, mnpoceuBamue OyJIeT BBIIOJIHATHCA IPU  PABIUIHBIX
sHadeHnsix x B nnrtepsBase [—L, L]. Hanbosbiee 3nadenne mosmHoMa Zg ()
I [—L, L 2K? —

pu r € , L| mpmmvepHO paBHO @ N, HAUMeHbIIlee IPUMEPHO DPABHO
—n. Ecim B3a1h 0 &= \/2n/M | T0 HaAHOOIbIIEE U HANMEHbBIICE 3HAUCHUE CTAHYT
IIPUMEPHO PaBHBI IO aOCOIOTHOMY 3HadeHno. ducio b Hy»KHO BbIOpATh TaKUM
00 ob1 b? — b’ —n = Z
pa30M, YTOObI N JIeJINJIOCh HA G, TO €CTh BBITTOJIHSJIOCH n=ac, cEZ.

Torna mosmuom (4.117) mMokHO 3ammcaTh B BUjIe
zap(z) = alaz® 4 2bx + ¢).

910 rapaiTHpPyeT, 4TO KaxKJ0€ IIpoceuBaceMO€ 3Ha4dYeHUE 6YILGT JEJINTHCA

na a. [Iycts a = t2, t € Z. Ecin HeKoTOpoe MPOU3Be IcHIe 3HAUCHNUIT TTOTITHOMA,
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q(x) = ax?® + 2bx + ¢ ABJIAETCS MOJHLIM KBaJPATOM

H (az® 4 2bx + ¢) = A%,
xeM

TOr'/Ta IIOJIHBIM KBaJpaTOM 6y,ZLeT " IIpOn3BECJICHNEC

[T zaslz) = ] *(aa”® + 202 + ¢) = (tA)”

zeM zeM

[TpocenBanue OyjeT HpoBOUTHCA cpean 2L + 1 3HadYeHMit MOJMHOMA
q(r) = z4p(x)/a = ax® 4+ 2bxr + ¢, KaKJABI U3 KOTOPBIX OFPAHUYEH CBEDPXY
suavenueM L+/n/2. Jennmocts b — n na a osHadaer, uro b*> = n(mod t?).
Ecnu BeIOpaTh 4ncao ¢ MpocThIM, TaK YTOOBI 1 OBLIO KBaPATHIHBIM BHIUETOM
110 MOJLYJIIO t, TO b MOXKHO JIEFKO BBIYUCIUTD 110 ajroputmy [lenkca.

Cutetytonuii BOpoc COCTOUT B TOM, HACKOJBKO OOJIBIINM HYXKHO OpaTb
L. Ilpu Oosibiiom 3HaUeHn L Ha KarkJIO0M IIOJMHOME OyJIeT POCenBaThCs MHOI'O
qucest OOJIBIIONO pasMepa, Cpeu KOTOPBIX IVIQJKUX 4duces OyJIeT CpaBHUTEIHHO
MaJIo, 9TO HexKesaTejbHO. Ecin B3sTh L MaJibiM, TO 4YUCIa JIJIs [TPOCCHBAHMA
TakxKe Oy/yT HeOOJBINNMEI, HO HYXKHO TEHEpUPOBATL OOJIbIIOE KOJMIECTBO
IIOJINHOMOB, 1oj0upas kKo3ddunnenaTsr a,b. Ho st Kaxk10ro HOBOro moJnHoMa,
HY?KHO 3aHOBO (pOpMHUPOBATH (DAKTOPHYIO Oa3y, T.. 3aHOBO BBIIOJHATH ITall
MHUIUIAJIM3AIIN, 9YTO TaKKe SBJISIeTCs 3aTpaTHoi mporeaypoit. Takum obpazom,
ecim L cMIIKOM MaJio, TO OoJibIlas 9acTh BPEMEHH OyIeT TPATUTbCS He Ha
mpocenBaHue, a Ha WHUIUAJINZAIIIO TOJTMTHOMOB. K y1acTes COKpaTuTh BpeMs

NMHUIaJIN3alIu1, TO MO2KHO 6y,ZL€T HCIIOJIL30BAThL MEHbIINe 3HadeHuns L .

CaMOI/IHI/IHI/IaHI/I3I/Ipy10H_[eeC$[ KBaJApaTUIHOE penieTo

AJtropuT™ CaMOMHUIIHAIN3UPYOIIErocs: KBajipaTudHoro pertera (self ini-
tializing quadratic sieve) 1m0O3BOJISIET MEHSITH MOJUHOMBI 3a MaJioe BpeMsl, 94TO
JlaeT BO3MOYKHOCTD MCIOJIBL30BaTh MeHbINe 3Hadennsd [, HeXKeau B aJropuTMme
KBaJIPATUIHOIO pelleTa ¢ MHOXKECTBOM IOJUHOMOB. OCHOBHas HIEsT METOA
COCTOUT B TOM, YTOOBI MCIIOJIL30BATH HECKOJILKO ITOJIMHOMOB C OJHUM M TEM K

SHaUeHNe mapamerpa @ u pasandabiMu b, 0 < b < a/2.
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Ecin 3navyenust a, b, ¢ BbIOpaHbI, TO STAl MHUIMAJIU3AINN 3aK/I09aeTCsT

B pelleHrn yPaBHEHUs
az® + 2bx + ¢ = 0 ( modp) (4.118)

JUIsT KazKJI0r0 Tipoctoro p < B, rpe B-rpamnuiia (haxTopHoi 6a3bl, 118 KOTOPOTO
ypaBHEHIe
t* = n( modp) (4.119)

nmeer penterne. Ecin ypasuenne (4.119) pasperimo, To 0603Ha4nM depes t, ero
KOpeHb (J11000it n3 BYX BO3MOXKHBIX). Toraa pemtenust ypasaenus (4.118) moxkuO

3alliCaTb B B1/C
ri = (=b+t,)a”! (modp), ro = (=b—1t,)a" (mod p). (4.120)

Taxkum obpaszoMm, ocHOBHasi paboTa Ha JTalle HHUIUAIU3AIUNA COCTOUT B
pbruncienun a” - ( mod p) i KazkJioro npocroro uuciaa p € FB.

Bajaaum nonoM 2 () = a(ar? + 2bx + ¢), B KOTOPOM a SBJIAETCS
IPOM3BE/ICHIEM HECKOJBKIX IPOCTHIX qncen u3 akroproii 6a3bl. [losmHom
Zap(T) OyJleT MIQJIKUM TOIVIA U TOJBKO TOIJa, KOIja IVIaJKUM OyjeT 3HadeHue
Bopazkennsg ax’ + 2bx + c. Kpome Toro o Kazkjoro 3HadeHHs a MOXKHO
HalTH HECKOJIBKO COOTBETCTBYIONINX eMy 3HadeHuit Koadduruenta b. [Iycth a =
Q- Q2 --.Qs, ¢ € F'B. ]I TOro 4Todbl CreHepupoBaTh IMOJUHOM HYXKHO HailTh
b, ¥ = n(moda). Cymecrsyer 2° suauenuii b(moda), yIOBIETBOPSIONIIX
3TOMY yCa10B1I0. HO TOJILKO TOJIOBHHA 13 HIX MOZKET OBITH MCIOIb30BaHa, TaK KaK
2a4(T) JTaeT Te JKe 3HAUEHHUs BBIYETOB, UTO U Z, —p(x). Taknm obpazom MOKHO
nafiti 2°71 MOJIMHOMOB IIPH HEM3MEHHOM 3HadeHun KodbpuImenTa a.

Hy»kno waiitu nesbie yucia By, 1 < i < s, yI0BIETBOPSIIONIHIE YCJIOBUSIM:
B?=n (mod ¢), B;=0 (moda/q) (4.121)

TOTJIa 110 KUTaiicKoil TeopeMe 06 ocraTkax Jjiroboe 3HadeHue b MOYKHO 3allicaTh B

BUJIE

b=4+B; + By...+ Bs(moda), (4.122)
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YTO IO3BOJISIET OBICTPO BBIMUCIUTL Bee Tpebyemble 3HaUeHusT b 10 HaileHHBIM
3HaueHusIM B; .

Ngess caMOMHUIIMAIIM3UPYIONIETOCS METO/a peleTa ObLaa IIPejIoXKeHa
[Tomepatcom, Cvurom un Tynepom B 1988 ([48]). Busbsam Xapr (William Hart)
paspaboras maket mporpamMm SIMPQS st peanmusarn 5Toro Metoja (JocTyneH
Koj Ha caiite http://www.friedspace.com/QS), wucnob3ytomuii 6ubMOTEKY

paborsl ¢ auHHEbIME dnciamu GMP).

4.10. Meton 3anra (Zhang’ Special QS)

Meton 3anra (Zhang’ Special Quadratic Sieve) 6bu1 paspaboran B 1998
r. ([55]). Ugess sroro meroja cocTosiia B UCIOJIB30BAHUN MHOTOYJIEHOB 0O0Jiee
BBLICOKOII CTEIIeHH, YeM KBaIPATHDIC, TAKKE ABJIAIONINXCS OJIHLIMU KBAPATHLIMI
110 Mouy/uio n. [lyers n—daxkropusyemoe 4uciio, a m-—HaTypajbHOE YUCI0, DABHOE

npumMepno n'/3 . Pasioum 4ncio n B m-ii cucTeMe KOOPIMHAT;
n =m?>+ aym® + a1 + ag. (4.123)

Pazjioxkenune caurtaercss 0ojiee  XOpOIINM, ecji KoM MUIUMEHTb  a;
IPUHIMAIOT MEeHbIINe 3HaUeHUsI 110 aDCOJII0THO BestmunHe. BeiOop m 1103BoJIsIET
N3MEHsTh 3HaYeHus: KoddduimeHToB. IIycTh by, by, by— m3MeHsieMble mapamMeTphbl

110 MHOYKECTBY Zi, 1 pacCMOTPUM
T — b2m2 + blm + bo. (4124)

NmeeM crieyiomme COOTHOIIEHHS:
3 — _ 2 _ _ d
m® = —asm*® — a;m — ag ( mod n)

m4

(a3 — a1)m?® + (aras — ag)m + agaz ( mod n),
(4.125)

OTKY/Ia TIOJIYYNM,

2% = com? + cym + ¢y, (modn), (4.126)
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rjie

Co = (CL% — al)b% — 2@2()1[)2 + b% + Qbobg
c1 = (CL1€L2 — ao)b% — 2a1b1b9 + b% + 2byby

= aoagb% — 2a0b1bs + b%

[Tonbepem mapamerpsr by, by, by Tak, 9T00BI KOI(MMUINEHT €y OBLT paBeH HYJIIO.

J171s1 9TOTO MOJIOXKIM
b2 = 2, b1 = 2t, bo = a1 — CL% + 2a2t — t2, (4127)

rie ¢ IpuHUMAeT MPOM3BOJIbHOE Tesible 3HadeHus . [logcrapiss snauenns (4.127)

B hopmyitbl (4.125), mOIydnM 9KBHBAJCHTHOCTD
z(t)*> = y(t) (modn)

rjie
z(t) = 2m* + 2mt + a; — a3 + 2ast — t*
y(t) = (4a1ay — 4ag — (4a1 + 4a3) t + 8agt? — 4t3) m+
+dagas — 8agt + (a1 — a3 + 2ast — t2)?).

B sToM ciydae MOXKHO, MeHAd 3HadeHus t Ha HEKOTOPOM WHTEpBaJie
MIPOCENBAHNUs, WCKATH Mapbl dnces (x,y) Tak ke, KaK B OOBIYHOM MeTOIe
KBa/IPATHIHOrO pereTa.

Metoj; 3aHra CyIeCTBEHHO 3aBHCHT OT 3HaYeHUN KO3(D@MUIMEHTOB B
dbopmyse (4.123), mosTOMY HMEET OIpaHHYEHHYIO 00JaCTh HMpuUMeHeHwHs. Ero
MOZKHO HCIIOJIB30BATH JIJIA PA3JIOKEHUS THCe/T CIelnaaIbHOTO BU/IA.

Pacemorpiy, mampumep, wmciao n = 200 — 1. Vcnonesys wmeton
PA3JIOYKEHUS, 3aBUCAIINI OT MJIQJIIEr0 COMHOXKUTENIA, HAIPUMED, METOI

JUINITUICCKUX KPUBBIX, HAlJIeM /1Ba MJIAIINX JEJTUTEId 1
n = 3607 - 64 863 527 - ny,
rie ng—cocrapHoe 170-pa3psgHoe jiecsaTuIHOoe Yuc/io. PaccMoTpuM 4nciio

4n:2603_4: (2201)3_4:m3_47

_ 9201

rjie m . Torma dopmysbt st z(t), y(t) npuobperaroT BUI:

z(t) = 2m? + 2mt — 12, y(t) = (16 — 4t%)m + 32t + t*).
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Poct 3nauennit nomnoma y(t) 3aBucut or 3HadeHuit ¢ B 4-it cTeneHu, mosromy t
He MOKeT ObIThb CJIUIIKOM OoJiblInM. Tak ke, KaK U B METOJe KBaJpaTUIHOI'O
peltera, B MeTOJe 3aHra MOXKHO HCHOJIB30BATh PAa3/INYHBIC [OJMHOMBI, HYTO
HECKOJIBKO yJIydIllaeT OOIIyIo ¢XOAUMOCTh MeToja. OJIHAKO, B 11€JI0M, 3TOT MeTO[|
MeTOJ, paboTaeT He JIydlle, 4YeM MeTOJl KBaJIPATUYHOI'O pelleTa ¢ MHOI'MMU
[IOJIMHOMAaMU, a ecjii 3HaueHus Kod(P@UIUEHTOB @; BEJIMKU, TO YCTYHIAeT eMy.
B ciydae umcesn crenmaJbHOrO BHJA MeETOJ, 3aHra yCTylaeT MeTOLy peleTa
YHCI0BOTO 1101, O KOTOPOM MbI OyJieM IOBOPUTH B ciefylomeil riase. [losromy
MeToJ| 3aHra He IOJIy4YW HIHPOKOIO PaclpPOCTPAHEHUs U He UCIOJIb30BajICsd B

N3BECTHBIX MTPOEKTAX Pa3JIoyKeHUil OOJbINX TnCe.
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5. Metoa pelnera 41CJIOBOIO IOJIA

B sroit riaBe MblI JIaJUM OIMCAHUE CaMOTO OBICTPOTO HAa CErOHSIIHUI JeHb
ajaropuT™a (hakTopu3aluy HATypaJbHBIX UHCET — MeTO/a perreTa 9YnCI0BOrO
nosist. Uaes storo meroma npunaiexkut xxony Ilosmapay, xkoropoiit B 1988
I. PACIPOCTPAHUI CPeJn KoJuier muchbMo (cM. [44]), B KOTOPOM IPEIOKILII
BBINIOJTHATH [POCEMBAHNME He B KOJbIE MeJbIX 4YucesJl /4, KakKk B MeToje
KBaJIPATUIHOIO periera, a B ajredpanmdeckoMm ducjioBoM mosie. [lepBoradasbho
9TOT METOJ MOYKHO OBLJIO HCIOJIB30BATh TOJBKO JIIsI  PA3/I0KEHUST JHCeT
crenajbHoOro Buja 2" 4+ ¢, mMo3TOMy MeTOJI MMOJYyIUT Ha3BaHUE <«CIEIUaJbLHOIO
perera qncsoBoro mossi» (the Special Number Field Sieve SENS).

[IpakTuueckast  peanusaiust wujgen llomapjga  Oblia  BBINOJIHEHA
A. Jlencrpoit, X. Jlencrpoit, M. Manacce u [I. Ilommapmom (cm.[32]) B
1990 1., Koryma C IMOMOIIBIO 3TOr0 MeToja ObLIO (aKTOPU30BaHO 9—e |ucIIo
Depma 92 Takxke ObuLIn daxTopm30OBaHEl HEKOTOPBIE YHCIa Buja b + 1 us
npoekta Kannnarama (cwm.[11]).

Bcekope ObL10 3ameueno, ujero [losnapia MOXKHO MCHOJNIL30BaTL U JIJIsT
Pas3/I0zKEHUsT TPOU3BOJIbHBIX YNCEI. DTOT METO/I MOJIyUNJI Ha3BaHe 0000IIECHHOIO
pemera anciaoBoro mosd (the General Number Field Sieve GFNS). Bouia
Hall/ieHa 9BPHUCTHYIECKAsT OIEHKA HOBOIO MeTOJa, KoTopas paBHsiiach L, (1/3,¢)
B TepmuHax Gysxiwn L, (o, c) (4.114), T.e. MHO)KHUTETH ¢ ObLI YMEHBIIEH CO
sHaveHust o = 1/2 B MeToje KBaJPATUIHOrO periera jio « = 1/3 B perrere
YUCJIOBOTO TOJIsl. DTO 00ECIeInI0 HOBOMY METOJY 3HAUYUTE/IbHBIH BBIUTPHIII 110
OTHOIIIEHUIO KO BCEM JIPYTUM paHee M3BECTHBIM METO/IaM.

Coopuuk crareit mox pepaxiueii A, Jlenmcrpor u X. Jlenerpsr [33],
OINyOJIMKOBAHHBIN WU3aTe/IbCTBOM Springer B 1993 1., 1mojBesi UTOTM paHHEro
pa3BuTHs STOr0 MeToja. llepedmcyinM OCHOBHBIE WMCTOYHWKN JINTEPATYPHI, B
KOTOPBIX MOXKHO HafiTH OICaHKe MeTo[a peliera ducjaoBoro mojs: [12], [13],
121], [23], [32], [46], [47], |64].

Onumem B ciepyiomeMm pasjiene ocHoHbie nuen GNFS. Mbr Oyaem

IPUJIEPKIBATELCS, B OCHOBHOM, KHIUTH Bpurca [12].
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5.1. ba30Bblii aJIrTOPUTM penieTa YMCJI0BOTO I10Jis

ITycTs n—HeweTHOE COCTABHOE THCJIO, KOTOPOE HEOOXOANMO (haKTOPHU30BATh.
[1aBHBIM HEJOCTATKOM METO/a KBaJAPATHIHOIO Pelrera 3aK/IH09aeTcs B TOM, UTO
3HaueHus! MoJuHoMa Ipocensanns ¢(z) = (m+x)? —n pacTyT oueHb GLICTPO IPH
VBeJINYEeHNN apryMeHTa T Ha WHTepBaJe npocenBanuns |—L; L]. Hanpumep, npu
L =010 u n = 0(10') snauenune q(x) nocruraer suadenuii O(10%). fAcwuo,
qro pakTopHast 6a3a JJid TaKUX UKICes] JOJKHA Oblila ObITh TaKzKe OI'POMHOII.

Pepostoninonnast ujest xxona Ilosutapga  cocrosiia B IPeJIOXKEHUN
saMennTh mojuuoM 2-i crenenn ¢(z) = (xr + m)? — n, ucnoab3yemblilt B
KBaIPATHIHOM peIeTe, IMPON3BOIbHBIM ITIOJTMHOMOM C IeJIbIMEI KoM UIHeHTaMI
Piy(x) cremenn d > 3, yugoBjaerBopstiomuM yeiaosuio Py(m) = n aa
HEKOTOPOI'0 IEJ0r0 M, a IHIPOCEUBAHUE 110 MHOXKECTBY NeJbIX qncen 2 —
IpOCEeNBAaHUEM B KOJIbIle Z[f], moydeHHOM TIPUCOeIMHEeHNEeM K KOJIbIly Z 1%eA020
anzebpauneckozo qucaa 6, sBisornerocss KopHem mosmHOoMa  Py(x). Bwmecto
IIPOCTBIX HATYPaJIbHBIX UMCEJI COOTBETCTBYIONIAs (paKTOpHas Oa3a OyIeT COCTOATD
Terepb U3 HEPA3JIOXKUMBIX MPOCTBIX 3JEMEHTOB KOJIbIA IEIbIX aJredpandecKinx
qnces, a IPOBepKa JIeJIUMOCTH OVIeT BBIIOJHSITLCS C HCIIOJIb30BAHIEM HOPMBI
anrebpamdeckoro gmcia. Maremarmdeckasi TeOpHsl METOJ/a Pelrera IHCJI0BOI0O
110JIs1 CTPOUTCS HA OCHOBE TEOPHH JICJINMOCTH B aJIre0paniecKinX YnC/I0BbIX MTOJISIX,
OCHOBHBIE TTOJIOXKEHUST KOTOPOH MBI JIaJINM B IIPIJIOKEHI A.

BBINIPBIIT B UCIOMB30BAHIE TAKOH MJEH COCTOHUT, B IIEPBYIO OYepeib, B
TOM, 4TO yeiaoBue Py(m) = n jyisg HEKOTOPOro IMEeJIoro M, HAKJIAbIBACMOE Ha
nosimHoM Py(x) MOKeT OBITH BBIOJHEHO PU 3HAYUTE/IHHO MEHDBINX 3HATCHUSIX
ko3 dunuentos nosmuoMa Py(x), 110 cpaBHeHUIO ¢ Ko3hUImeHTaMu moJnHoMa
q(x), UCIoIB3yeMOoro B MeTOJIe KBQIPATUIHOTO PereTa. JTO BIeYeT YMEHbIIeHIe
a0COJIIOTHBIX 3HAYEHMI MOJTMHOMAa B 00JIaCTU ITPOCENBaHUsA W O0Iee yBeJIUYeHIe

9P HEKTUBHOCTI METO/IA.

Ornucanue 3TaroB AJIropuTMa

Huzke Mbl JdaJuM OIIMCaHE€ OCHOBHBIX 3TallOB aJI'OPUTMa pelieTa 91 CJI0BOI'O

YMCJIOBOI'O IIOJIA, OIIYyCKad [Ae€TaJil, KOTOpPbIE 6y,HyT OIIMCaHbl B IIOCJICAYIOINX
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paszjenax:

1. Boibepem cremenb HENpUBOAMMOro MHOTOWIEHA d > 3 (MOXKHO B3sITh
d = 2, HO B 9TOM cJiy4dae HUKAKOI'O BBIUT'PBIIIA 110 OTHOIIEHUIO K METO/LY

KBaIPATHIHOTO perera He OyJer).

2. Buibepem nenoe uncio m, [n'/ | < m < [0 u pazsmoxum n o

OCHOBAHUIO M
n=m*+as;_m* + ... + ag. (5.128)

OrmernM, 9TO B 0a30BOIl Bepcum aJIrOPUTMa cTapiiuil KodduimenTt
mHOrOUeHa fi(x) Beerya paBeH 1, ofHako, Ha c. 169 MbI o6cyanM, Kak

HCIIOJIb30BaTh MHOI'OYJIEHLI C IIPOU3BOJIbHBIM CTapIINM KOS(b(l)I/ILLI/IeHTOM.

3. C pasnoxkennem (5.128) cBsizkeM HelmpuBOAuUMBIil B Kojiblle Z[x] (KOJIBIIO

MOJITHOMOB OT TI€PEMEHHON X ¢ e bIMI KO3hUIHEHTAMN) TOJTTHOM

filz) = 2%+ ag 12T + .+ ag. (5.129)

4. Omnpemesnnm mosmHOM mipocenBatust Fi(a,b) Kak OJHOPOJHBIN TTOJHHOM OT

ABYX IIEPEMEHHBIX a U b:

Fi(a,b) = b fi(a/b) = a®+ag_1a” b+ ag_0a 0P+ .. 4agh?.  (5.130)

Baberast BIepe1, ckaykem, 9Tto 3uadenue Fi(a,b) paBHO HOpME IMOJHHOMA
a — bx B anrebpamaeckoM uncyooM nojie Q[f], moydennom pobaBiieHme
K TOJII0 pallnoHabHBIX 4dnces Q B obIeM ciiydae KOMILIEKCHOTO KOPHsI
0 wmuorowrena fi(x) (em.ctp. 184). CBoiicTBO KOMMYTATHBHOCTH HODPMbI
Nr(hi(x)-ha(x)) = (Nr(hi(x)) - Nr(he(z)) m03B0JISIET BMECTO PA3JIOKEHNUS

MHOTOJICHOB U3 KOJIbIa Z[f] BBIIOJHATH Pa3IoKeHne nxX HOPM.

5. Takzke orpejiesm BTopoit MHOTOWIEH fo(2) = & — m ¥ COOTBETCTBYIOINIHI
OJTHOPOJIHBIN MHOTOWIEH Fh(a,b) = a —bm. ['1aBHOe TpeboBaHme K BHIOODY

napbl (f1, f2) COCTOMT B TOM, 94TO JIOJIZKHO BBINOJIHSITHCS YCJIOBHE:

film) = fa(m) (modn), (5.131)
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10.

KOTOPOE, O9€BUAHO BBIIIOJIHAECTCA B HallleM CJiy4dae, T.K. HepBblﬁ MHOI'O4YJIEH

B T. M paBeH N, & BTOPOil — HYJIIO.

BreibepeM Ba MOJOXKUTEIbHBIX 4uciaa Lq u Lo, KOTOpbIE OIPEIEJIsiOT
HEKOTOPYIO MPsiMOyTosibHY10 061acTh SR = {1 < b < Ly, —Ls < a < Ly},

Ha3bIBAEMYIO 00JIACTBIO ITpocenBanns (sieve region).

[Iycte 6-—xopenb muorowiena fi(z). PaccMoTpum KOJIBIO MHOIOWIEHOB
Z[0] (mpakrtudeckn KopeHb 6 He BBIYHCISICTCS, a HCHOJIb3YETCsT TOJBKO
1ist popMasIbHOrO ommcanus ajroputma). OupeseinM  a.a2ebpauieckyo
daxmopryro 6asy FB1, cocrosinyio U3 MHOIOWIEHOB [EPBOIO MOPSIKA
Buga a — bf ¢ wopmoit (5.130), sBigmomnieiicss TpocTbIM TrcIOM. Takune
MHOI'OYJIEHBI SIBJISIOTCS IIPOCTHIMU HEPA3JI0KUMbBIMU 3JIEMEHTAMU B KOJIbIIE
asrebpandecknx nesibix moast K = Q[f]. AbcosorHble BeJMYUHBI HOPM
MHOIOUJIEHOB 13 (pakTopHOil 6as3bl By orpaHuvmM CBEpXy HEKOTOPOi

KOHCTaHTOl Bj.

OJIHOBPEMEHHO — ONPEJIC/IUM  PatuoHasbHyto  daxmopryro 6a3y F Bo,
COCTOSIIYIO M3 BCeX IMPOCTBIX YHCEe/I, ONPpAaHUYEHHBIX CBEPXY BTOPOIit

KOHCTaHTOl By.

HamomumM, 4YTO HIPOM3BOJIbHBIN 3J€MEHT @ KoJjbla [ Ha3bIBACTCS
KBaJIPATUYHBIM BBIUETOM, €CJIM Hafijercd sjeMeHT x € [ Takoil, 4To
22 = a. YTobbl MMeTh BO3MOXKHOCTBH IIPOBEPATH Ha 3aKJIOUUTELHOI
CTaJUU  aJrOpUTMa, SIBJISIeTCsl JIM HaJAEHHbII B XOJe I[POCEUBAHUSI
MHOI'OYJIEH IIOJIHBIM KBaJIpaTOM, OIPEICIUM CPaBHUTEIbHO HEDOJIbIIOEe
MHOXKECTBO MHOI'OWIEHOB 1 mopsjgka ¢ — df, HOpMa KOTOPBLIX TaKxKe
SIBJISIETC  TPOCTBIM uncyioM. O0o3HAYMM 3TO MHOXKECTBO Kak [F'Bs.
OHO JIOJIZKHO YJIOBJIETBOPATEL yciosuio F'By N FBy = () u nasbiBaerca

daxmopnoti 6azot xeadpamuunuxr rapaxmepos (the Quadratic Character
Base).

Jlajiee  BBINOJHSIETCS  OJHOBPEMEHHOE — [IPOCEMBAHUE  MHOTOYJIEHOB
{a — b0 | (a,b) € SR} no daxropuoit 6aze FB; u 1ejbIX 4Yuce

{a — bm | (a,b) € SR} no dakropHoii 6aze F'By ¢ 1eJIbl0 MOJIyYeH s
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11.

12.

13.

14.

mHO)KecTBa M, cocrostiiiero  u3  eaadkuxr nap (a, b). Ilapa (a, b)
masbiBaercst riagkoit, ecim H.O.Ml.(a,b) = 1, u nmosmuoMm a — bl u
queJa0 a — bm  PacKIJIbIBAIOTCS  IIOJHOCTBIO 110  COOTBETCTBYIOIIMM
dakTopubiM Oazam F'B; u FBy. Yucio riaikux mnap B MHOXKECTBE
M 10JI2KHO HpeBbIIIATL CYMMApHYIO MOIIHOCTL TpeX (aKTOPHBLIX 0as,

[o-Kpaitneil Mmepe, Ha JIBe eINHUIIbI.

Ha caemytomem mare wumiercs mnojamHoxkectBo S C M Takoe, 4TO
IIPOU3BE/IEHNE BCEX Iap
H Nr(a—b0) = H*, nna H € Z, n H (a —bm) = B?, B¢cZ.
(a,b)esS (a,b)esS
st HaxoXKJeHWsT MHOXKeCTBa S  COCTaB/IAeTCsl, KaK U B  MeTOJe
KBa/[PATHIHOIO pelieTa, CHCTeMa JIMHEHHbIX ajaredpanieckux ypaBHEHUIl ¢
kosbduruentamu u3 Muoxkecrsa Iy = {0, 1}, permennem kotopoit u OymyT

HOMEpa MHOXKeCTBa, .S

Hanee dbopMupyemM MHOTIOUIEH
9(0) = (F0))*- ]] (a—00), (5.132)
(a,)esS

rie fi(x)-mpousBognaast Muorowiena fi(x).

Ecmu Bes mporeaypa 6blia BBITOJHEHA KOPPEKTHO, TO MHOrowieH ¢(6)
SIBJISIETCST TIOJTHBIM KBAJPATOM B KOJiblle momHoMOB  Z[A]. U3Biekaem
KBaJIpaTHble KOPHU W3 MHOrodjgeHa ¢(f) u mesoro dmcia B? | naxong

HEKOTOPLIH MHOTOUIeH af) 1 1amcio B.

Bamensiem muOrowIeH «f) uuciaom a(m). Orobpaxkenune ¢ : 0 — m
SIBJISIETCST  KOJIBIIEBBIM TOMOMOPU3MOM  KOJIbIA AJIIeOpanIecKuX IeJIbiX

yncen Zg B KOJAbIO Zi, OTKYJA MOJTYIUM COOTHOIIEHUE:

A =g(m)’ = (d(g(@)) =6 [ (f10)* ] (a—00) | =

(a,b)eS

= (fi(m))* [] (a—bm) = (fi(m))*-C* ( mod n) (5.133)

(a,b)€S
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Ompenenius B = f/(m) - C, wnaiigem mapy uenbix umcen (A, B),

VJIOBJIETBOPSIIONIIX YCTIOBHIO
A? = B* (mod n).

Tenepb MOXKHO HaWTH JIeJUTEJb YHCJIa N TaK Ke, KaK B MeTOoJe
KBaJipaTudHOro pereta, Beraucysia H.O. /1. (n, A+ B).

B cuenytomeii yactu Mbl J1aJiuM Oojiee HOAPOOHOE OIMCAHNE OCHOBHBIX
IIar0B MeTOJIa peleTa JYUCA0BOIO I10JsI, BBIIOJHUB BCEe HEOOXOUMbIE PaCUeTh

st aucsia n = 45113, Tlpumep B3ar u3 kauru M.Bpurrca [12].

IIpumep

Haiitn pasioxenust unciaa n = 45113, Boruncmy n'/? = 35,4..., u

onpejieinm m = 35. PacknajpiBasg n B m—ii cucteMe NCUYUCEHN, IOy IIM
3 2
n=m"-+m"+ 28m + 33.

[Toyausmniics KybudecKnit MHOTOU/IEH nMeeT OoJbIne KO3(DPUITHEHTHI,
OJin3KMe K MaKCHUMaJIbHOMY 3HadeHnio m — 1 = 34. Berarem m u3 noceiHero
koddduirenTa, oJHOBpeMeHHO J100aBisss 1 K Koadpdunuenty npu m B 1-i

crenenu. [Togyamm:
_ .3 2
n=m"+m"+29m — 2.

Berarem m u3 upejanociiegiero koadgduimenTa, oJJHOBPEMEHHO J100aBJIsist

1 k kKoapdurmenty npu m B KBajipare. [logryunm:
n=m>+2m? — 6m — 2.

Takoii MHOrO4JIeH BBIIJISIAUT HAMHOIO JIyYIle ¢ TOYKU 3PEHUs] MEHLIIEro
pocra 3nadenuii Fi(a,b) B 0b1acTu MpOCENBAHNUs, ITO TO3BOJUT HANTH OOJIBIIE
IJIQJIKUX YHCeJ IPU HeH3MEHHOM pasMepe o0J1acTu IpocenBanns. MeHsa Takske
ocrosanme m ot suadennii mY ) 10 m/? MoxkHO TaKKe MEHATH 3HAUEHIS
K03 DUINEHTOB.

Onepains  yMeHbllieHnsa KodppuimenTta a; Ha BeJIUUUHYy M C

nocsieyromum  jtobasienneM 1 K a;y1, SKBUBaJeHTHa obaBienust K fi(x)
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muorouiena x'(x — m). O6o6Ias 3Ty Ujel0, MOXKHO 3aMEHUTH, UTO CJIOJKEHHe
fi(z) ¢ nmomunomom Buga g(x) - fo(x), rue g(r)—TPOM3BOJIBHBIN MHOIOYIEH C
nestbiMu Ko uiimenTamu, coxpansier csoiictso (5.131).

TakumM 00pa3oM, U3MEHEHNEe OCHOBaHUsT M U JobaBjieHne (BbIYUTaHKie) 13
fi(z) mommuomoB Buma ¢g(x) - fo(x) mMO3BOJET MOPOKIATH MHOTOYHCICHHDLIC
JOTyCTHMBIE  TIoJInHOMUA bHBIe napbl  (f1(x), fo(r)), cpeium KOTOPBIX MOXKHO
BBIOpPATh Iapy € HaUMEHBIINM pa3mMaxoM KoddduimeHTos. [Ipodiema BbiOOpa
HAWTY9IIero MoJMHOMA TOpobHO nccsenyercs B aucceprannn b.Mepdu (|41]).
Mpur obpaTumest K 9Toii ipobJieMe B pasjiesie 5.7. B Halem mpumMepe ocTaHOBUM

cBOil BbIOOp HA M = 31 U noJmHOME PA3/IOXKEHU
n=m’+ 15m* + 29m + 8.

OObsiCHUM Ha 9TOM IPHUMEpPe BCe IMOCSAYIONNe aJlOPUTMbl METOA

YUCJIOBOI'O penieTa.

5.2. Boibop dakTopHbIx 6a3

PaccMmorpum cnadajia mporeypy MOCTPOEHUST paruoHaIbHONl (haKTOPHOI
6a3bl F'Bs. DTa 0aza OyJIeT UCIOIb30BAThCA JIJIsd PA3JIOXKEeHNs Ynces Bujia a —bm
B MHOXKecTBe Zi, TTO9TOMY MHOXKeCTBO F'Bs ompejensercsd paBHBIM MHOMKECTBY
BCEX IPOCTBIX YHUCEJ, OIPAHMYEHHBIX CBepxy KoHcTaHToit Bj. I'panuna B
JUIS. PEKOPJHBIX PA3JIOXKeHUil JIOXOAUT 0 IMraHTcKux sHadenmit 106 — 107.
B wnamem mupumepe mig n = 45113 ompemenium By = 30 mw FBy =
{2, 3,5,7, 11, 13, 17, 19, 23, 29}, cocrostium u3 10 TpocThIX duCelI.

ITocTpoenne anrebpanydeckoii (pakKTopHOii 6a3bI

Asrebpandeckast paxkTopHas 0a3a COCTOUT U3 JIMHEHHBIX MHOIOUJIEHOB
¢ — df, TOPOXKJIAIONINX MTPOCTHIC UJICAJBbI B KOJIBIE HEbIX aJredpandecKnx quce
Z . Tloctpoenne Takoit hakTopHOl Oa3bl SABJSIETCSI OYEHb CJIOXKHOI 3ajadeii,
ojiHaKo, cieyiomast Teopema (M. Bpurc[12], Teop.3.1.7) mosBosisier nepeiitu ot
HEIIPUBOIUMBIX MHOI'OWIEHOB U ITOPOXKJIAEMBIX UMHU IIPOCTBIX HIea/0OB K IIapaM

HATYPAJIBHBIX dicesn (p, T):
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Teopema 5.1. Mnooicecmseo npocmuix udeanosé xkoavua Ly HATOOUMCA 60
63GUMHO—00HOZHAYHOM COOMBEMCMBUL ¢ MHOHCECTNEOM NAP NOAOHCUMENLHDLT
ueavir wucen (p, r) maxuzx, wmo p-npocmoe wucao, 0 < r < p, u fi(r) =

0 (modp).

biarogapss 9ToMy pe3ysbTaTy, MOXKHO He BBIIHUCHIBATH $SIBHO MPOCTbHIE
HJ1eaJibl KoJiblia Z  , & MPOCTO YCTAHOBUTH IpaHuily By u uckath Bee mapel (p, 1),
rie p < By-mpocroe uucio, a r € [0, p— 1], u fi(r) mod p = 1.

B namem npumepe ycranoBuMm rpanuity By = 103. Duiementsl F' By MOXKHO

HAUTH TPOCTBIM TepebopoM (Tabir.1).

Tabma 1

Asrebpandeckast pakTopHast 6aza

(p.r) | (or) | () | (p7)

(2,0) |(41,19) | (67,44) | (89,62)

(7,6) | (43,13) | (73,50) | (89,73)

(17,13) | (53,1) | (79,23) | (97,28)

(23,11) | (61,46) | (79,47) | (101,87)

(29,26) | (67,2) | (79,73) | (103,47)

(31,18) | (67,6) |(89,28)

IIpocToit 1mepebop Bcex JOIMYCTUMBIX map paboraer HeI(MDMEKTUBHO st
Oosbinx 4nces p. OuuineM 37ech OAUH aJrOPUTM, TO3BOJIAIOIMINN Y/IydIINTH
MONCK KOpHelt muorowiena fi(z) mod p. DTOT ajropuTM OCHOBBIBAETCS HA

CJIEJIYIOIIEel TeopemMe:

Teopema 5.2. B xoneurnom nose GFy = GFy mnozounen 19 — x noanocmuio

pacvmadbceaemm HaA AUHETHBLE MHOACUMENU

q—1

xq—x:H(:p—z’).

1=0

(5.134)

AsropuT™M BBIYHCIEHHS KOPHEH 10 MOJIYJIIO IIPOCTOrO YHcjaa p padoraer

CJICJTYIOIIUM 00pa30oM:
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1. Nmem g(x) =H.O.(fi(z),a2? — x). Leabio sroro mara sBiseTcs
oTcedeHue JacTu mosjmaoMa fi(x), mMmeromeit KopHu 1Mo Momaysio p. Hampmwmep,

JIN OKaXKeTcd, 9T x) =1, Tor x) He IMeeT KOpPHeH o MOy .
eCJIN OKAYKeTCA, 9TO 1, Torma fi e mMeeT KOpPHEIl 110 MOJLYJIIO

2. ITo Teopeme 5.2 g(x —b)|2P —x u

a? — = x(xP V2 4 1)(aPY/2 — 1) nna moboro b, 0 < b < p (5.135)

3. Ucnonpays cpoiictBo 5.135 otnesnm kopan g(x) mod p.

PaccMoTpuM TOT a/lrOpuTM Ha npuMepe MHorouwnena fi(z) = o3+ 1522 +
29 +8, p=067:

1. Boruucanm g(z) =H.O . (f1(z),2? — ) =H.O. . (,2%7 — 2) = 23 +
1522 + 29z + 8. Monyunmu g(x) = fi(x), snaunr, fi(z) comep:kur Bee Tpu
BO3MOXKHBIX KOPHS f1(x) 1o momysto 67.

2. [Ipu b = 0 pasencrso (5.135) moyanT Buj
g(7) = 2 +152°+292+8 | x(z®+1)(z* —1)

Tak kak g(0) =8 # 0, o = 0 ne gaBagercs kopaeM ¢(x).

3. Berancimm H.O 1. (g(z), 233 +x) = 2+ 212 +21, u HO.JL. (g(z), 2% —
r) = x + 61, orkyma Haifigem kopeb £ = —61 = 6 ( mod 67). [IBa ocraBmunxcs
KODHS1 SIBJISIIOTCS KOpHAMHU MHorowiena g¢i(z) = z? + 21z + 21 = 2% +
21z — 46 (mod 67 ). Mx MOXKHO, HAIIPUMED, BBIYUCISIA C MOMOIIBIO AJTOPUTMA

[[Tenkca—Tonemm KBajpaTHBII KOpeHb W3 JUCKPUMUHAHTA STOrO ypaBHEHU:A

D = (=21)%+4- 46 = 2998 = 50 ( mod 67 ).

[Toropum 510 BBIUMCIEHHE ¢ apyrumu 3Hadenusivu b. Ilogcrasisia B
pasencteo (5.135) b = 1, noayunm H.OJI. (g(z — 1),23% + 2) = gz — 1) n
H.O. . (g(x — 1), 2% — x) = 1. 3uauur, pacuienienus gi(xr1) He IPOMCXOJUT U
b =1 He periaeT HaIIel 3a1a91.

[ogcrasum b = 2. Tonyunm H.OJ (g(x — 2),2%3 + 2) = 2+ 21 n
H.O. /. (g(x—2), 23 —x) = 24+63, orxysa x = —21 = 46 ( mod 67), 2 = —63 =
6 (mod67). Yncna o = 44 nu = 2 apustores Kopusmn fi(x) (mod 67 ). Bee

TPU KOPHS Hall[eHbI.
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IlocTpoenme asredpanydeckoii 6a3bl XapaKTepPOB

IToctpoenne Tperbeit daxkTOpHOl 0a3bl, coOCTOsell U3  KBaJIPATUIHBIX
XapaKTepOB, BBINOJHSICTCS TakyKe, KakK U ajredpandeckoil. BriOupaercs
HOBBIIT orpanmuuTenb Bs > By u paccMaTpuBalOTCsl BCE IPOCTHIE UHCIA
or By no Bs. [i1s pekopJHbIX pazjoxkeHuii B3 BbIOupaercss Tak, 4TOObI B
untepsan [By, B3] momnano 10* — 10° mpoctbix umcesn. BoiGop pasmeprocTn
B3 ompejensier creneHb yBEPEHHOCTH B TOM, 9TO HaifjleHHOE B pe3yJibTrare

IIPOCEUBAHNST TTOJIMHOM sIBJISIETCST TTOJTHBIM KBasipaToM (cM. Buchler et alt. [13]).

B mamem npumepe BosbMeM Bs = 109, m mocrpouM KBaJIpaTHIHYIO

daxTophyto 6a3y crocoboM, OMUCAHHBIM paHee (CM.TabJ1.2).

Tabmauma 2
dakTopHas 6a3a KBaJIPATUIHBIX XapaKTepOB
() | () | (p7)
(107,4) | (107,80) | (109,99)
(107,8) | (109,52)
Pacyer HeobxoiuMoro KoimdecTBa IVIaAKUX Iap
Boeramcaum Tenepb cymMMmapHbiii 00beM Tpex ¢akKTopHbIX 0a3z s = 10 +
23 + 5 = 38. 3uauut, 00J1aCTh IPOCEHBAHUs JIOJI?KHA COJIEpyKATh HE MeHee

40 sjemenToB (j106aBJISIETCST OJMH CTOJIOEI JIISi XPAHEHUs 3HaKa 4ducia a —
bm IUIOC JIONOJIHUTEIbHAS eJIMHUIA JIJIg TOrO, 9TOObI MaTpPUIlA CUCTEMbI ObLIA
HeJI0O0MpeiesieHa U uMejia HeHyjaeBoe perienne (cMm.pasn. 4.4). TlomyuenHoe
3HAYEHNe BJIMgeT Ha pa3Mep 00JIacTH TPOCENBaHNA, B KOTOPON HIYTCd TJIaKUe
Hapbl, 1 OMpeessdeT pasMep CUCTEMbI JTUHEHHBIX YpaBHeHnl, (hopMupyemoit i

HaXOXKAEeHNA pelIeHmd.

5.3. IIpoceuBanue B peliere 4YMUCJI0OBOTO IOJIsSI

Hpouegypa IIpocerBaHuA B METOE€ pelI€Ta YUCJIOBOIO I10JIA, B IIEJIOM, MaJIO

yeM OTJINYaeTCsd OT aHaJOTMYHOI npoueaypbl B METOJEC KBaAPaTUYIHOI'O peENieTa.
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O6JtacTb 1pocenBaHust IpejcTaBIsieT coDOM IPSMOYTOJbHIK BHIA
SP={(a,b) | 1<b< Ly; —Ly <a< I} (5.136)

JInHeliHoe IpocenBaHue BBITIOJIHSICTCS B BUJIE JBOWHOIO KA, B KOTOPOM
BHEIIHEH IIepeMeHHOM sIBJISIeTCs TepeMeHHast b, TPUHIMAIOIIAsI II0C/Ie0BATEIHLHO
sHavdeHust 1, 2, ..., Lo, 1 ¢ KayKIbIM 3Ha4YeHHeM b BBINOJIHSIETCS BHYTDPEHHMI
IIKJI 110 @, u3MendiomeMmcs oT —Ly 10 L.

Jxon Tlomtapn B pabore [45], omybnukosanuoit B 1993 1., mpeioKumi
BMECTO  JIMHEHHOINO  MCIOJIb30BATH  PEWEmOwHoe  IMPOCENBaHmIe, KOTOPOEe
3aK/II0YACTCsI B TOM, 9TO BBIOMPAETCST HECKOJIBKO Oosbiux p u3 map (p,r),
cojlepzKalluxcss B ajiredpamdeckoil dakTopHoil Oaze. Takme p Ha3bIBAIOTCS
crenaJbHbIMKI duciaMu. [IpocenBanue BBINOJHSIETCS TEePh HE BJOJIb HPSMBIX

b=1, |a| < L1, a B0 IPAMBIX
L,,={(a,b) e SR|a—br =0 (mod p)}.

CMBICJI TAKOIO IPOCEUBAHUS B TOM, UTO Ha YKA3aHHOI NPSMOIl 3HAYCHUSI
Fi(a,b) = O0(mod p), me. jgendarcs HAIEJO HA P, U MOYKHO BBIIOJHATD
npocenBanne 1o 3HadeHusaM Fj(a,b)/p, KOTOpbIe TPUHUMAIOT —3aBEJIOMO
MEHBIIIe [0 MOJY/II0 3HadeHus, deM wucxojubie Fi(a,b). Pemeroanoe
IIpOCEeNBAaHUE II03BOJISIET B  HECKOJbKO pa3  yBEJIUIUTh SPEPEKTUBHOCTD
LPOLEAYPLl IPOCEMBAHKA, OJHAKO O0JACTL IIPOCEHBAHUS JIOJKHA OBITL HE
IPAMOYTOJILHIKOM, a UMeThb 0oJ1ee CJI0KHYIO POPMY, U4TO YCAOKHACT HPOLEAYPY.

CiesyeT 3aMETUTbL, 4YTO B  PEKOPIHBLIX IIPOCKTAX  PA3JIOKEHUAX
IPUCYTCTBYIOT 00€ STH CTpaTeruy, MHOCKOJILKY JIMHEAHOE IIpOCerBaHUe
TaKzKe JaeT MHOIO IJIAJAKHUX IIap Ha HEKOTOPBLIX CIIEHMUAIbHO BLIOPAHHBLIX
IPAMBIX.

B pabore (|67]) aBrop »sTOit MOHOrpaduE €O CBOMMU COABTOPAMU
npejjiaraeT  Apyrylo  OpraHu3alyio  [IPOCEUBAHUA, pacCMaTpuBas —00J1aCcTh
IPUJIETaIONIyI0 K IpsAMOil @ = x¢b, rie xy—IelicTBUTE/IbHBII KOPEHb IOJINHOMA,
fi(z). Unes Takoro mpocemBaHUsi COCTOMT B TOM, UTO BJIOJb JeHCTBUTEILHOTO
KODHsI 3HadeHust mojuHoMa Fi(a,b) pacTyT Ha MOPSJIOK MeJJIEHHEee, YeM B

[IPOU3BOJIBHOM JIPYTOM HallpaBJICHUN.
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IlepBuunoe nmpocenBanue ajada n = 45113

st Hamero npumepa n = 45113 BwiOepeM JimHeiiHOe IpOCermBaHUE CO

snadennem Lq = 1000 u b, npuHumatomuM 3HadeHust 1, 2, ..., 1oKa He Oyjer

Haiiiero ooJiee 40 riajakux ynces. Ilomectum HaliieHHBIE TVIaK1E YUCIa B Ta0JI1.3.

Tabuma 3
[nankue 4nciia, HalijeHHbBIE Ha dTalle IPeIIPOCenBAHNISI

(a,b) | (a,0) | (a,b) | (a,b) | (a;b) | (a,b) (a, b)

(73,1) | (2,1) | (1,1) (2,1) (-3,1) (-4,1) (-8,1)

(-13,1) | (-14,1) | (-15,1) | (-32,1) | (-56,1) (-61,1) (-104,1)
(-116,1) | (5,2) | (-3,2) | (-25,2) | (-33,2) (8,3) (-2,3)

(-17,3) | (-19,4) | (-48,5) | (-54,5) | (-313.,5) (43,6) (8,7)

(-11,7) | (-38,7) | (-44,9) | (-4,11) | (-119,11) | (-856,11) | (-536, 15)
(-5,17) | (-5,31) | (-9,32) | (202,43) | (-24,55)

DTOT STAIl HA3BIBAETCS TIPEIBAPUTEIBHBIM TPOCEHBAHNEM, MOCKOJIBKY OH
I03BOJISIET TOJIbKO HAMITH HOMEPa TIIAJKIX Tap, a He CaMU Pa3JIoXKeHusl (XpaHUTh
BEKTOPa PA3JIOXKEHUs Jijisl BCEX YUCeI U3 UHTEpBaja [POCEHBAHUSI SIBJISETCS
HeapdextuBabiM). [l HAXOXKJIEHNST CaMUX BEKTOPOB DPa3JIOyKeHUil HyKHO
BBITIOJIHUTH [TOBTOPHOE [IPOCEMBAHISI TOJILKO Y2Ke HE 0 00JIACTH MPOCEHBAHUSA, &
110 MHOYKECTBY HallJIEHHBIX HOMEPOB IVIQJIKUX dncesl. B pesyibrare 6yiyT HaiileHbl
IpeJicTaB/eHus: Kaxkjioro u3 aucen Fi(a,b) u Fy(a,b) yxke B BUjie POU3BEICHNUS

9JIEMEHTOB COOTBETCTBYIOIMNX (PAKTOPHBIX 0as.

Bropuunoe npocenBanue jisa n = 45113

BrinolHMB BTOpUYHOE IIpOCeMBaHWEe HafieM MHOXKeCTBO TyajakmxX map M.

PaccmoTrpum nipumep sj1eMeHTa TaKOro MHOYKECTBA.
F5(8,3) =8-3m = —85 = —2.3%.51.70.11%.13°.17".19°.23%.29°,
9TO COOTBETCTBYET BEKTOPY pa3JIOXKEeHUA

v(8,3)=(1,0,0,1,0,0,0,1,0,0, 0)
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IIepBast KoopanHaTa OTparkaeT 3HaK Ync/a 1 paBHO () JJI MOJIOXKATEIbHBIX

a—bm,u 1, 15 oTpUIaTEIbHBIX.

AHnajiornaso Jijisi ajredpandeckoit (haxTopHOil Oa3bl
Nr(a,b) = Fi(8,3) = 5696 = 20 - 89'.

[Tomnast JynHa BEKTOpa pas3J/ioxKeHus paBHa 24.

dopMuUpoBaHNE CUCTEMbI JIMHENHBIX yYPaBHEHUIA

B npeapiiyimem paszese Oblaa  ONUCaHa HPOLEAYPA I[POCCUBAHUS, B
pesyJibrare KOTOPOi OBLIO MOJyd4eHo MHOKecTBO S miajgkux nap (a,b), a
TaKyKe pasiokenns snadennii Fi(a,b) m Fy(a,b) B Hpom3BeeHHS S7IE€MEHTOB
daxTopHbIx 6a3 F'B; u FBs.

st opMmupoBanust CUCTEMbl JIMHEHHBIX — ypaBHEHWIT HAM  TaKKe
HOHAI00MTCS BLIUUCJIUTD 3HAYEHHE KBAJPATUIHONO XapakTepa It Kayk ol
mapel (a,b) € S u Kaxkoit mapel (p,r) W3 KBaIpaTUIHON (haKTOPHON Oas3bl.
1o ozHavaer, 9To jjst Beex (a, b) € S, (p,r) € FBs, Mbl JJOJZKHBI BBITHCIATD

cuMBoa Jlexkanipa

a— br
p

(5.137)

Tentepb MozkHO cchopMEpPOBaTHL MATPUILY crcTeMbl. OHa OyJIeT cojlepKaTh
|S| crpok 1o dmey HafiIeHHBIX DVIAIKNX map. Kaxkias cTpoka copepKut k =
S1 + S2 + S3 4+ 2 KOMIOHEHTBI, puHaIexKanine Maoxkecrsy Fo = {0,1}. 3mech
S; —IOJIOYKUTEJILHOE YIC/I0, 0003HAYAIOIIee YMCJIO0 9JIEMEHTOB B (baKTOpHOH Oase
FB;.

Bekrop, coorBercrBytomuit mape (a,b), cocrouT U3 CJEMYIOMIIX
KOMIIOHEeHT. IlepBasi KoMIlOHEHTa COOTBETCTBYeT 3HAKYy 4Jucjaa a — bm-—
HOJIOXKUTE/IbHOMY 4nciy orBedaer 0, a orpumarenbiomy —1. Hamee wuujer
OJIOK U3 S 3JIEMEHTOB, COOTBETCTBYIOMINII pasjoxkeHuio a — bm 1no FBs. Bee
9JIEMEHTBI 9TOI0 BEKTOPA 3aMEHATCS UX OCTaTKaMu 110 MOy/o 2. Jlajbiie uayr
KOMIIOHEHTBI BEKTOpa pasyioxkenust uucia Fi(a,b) no dakropuoit 6aze F By,

B34ThIe 110 MojtyJIto 2. Hakonerr, mocieanmii 610K U3 S3 9J€MEHTOB COOTBETCTBYET
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3HAYEHUsAM cuMBOJa Jlexkanipa, BeraucaeHHbM 110 dopmysie (5.137). Ormernm,
9TO KOMIIOHEHTa Jiis 3Haka Fj(a,b) oOTCyTCTBYeT, MOCKOJIbKY MOJIyYeHHOe

npousBejieHne OyIeT MOJTHBIM KBaJIPATOM.

Pentenune cucrembl JUHENHBIX ypaBHEHU

Camo pemienne CHCTEMBl HE OTINYAET OT DpeIlleHns B cjydae MeTo/a
KBaJparndHoro periera  (cM.pa3id.4). Ongarb MOXKHO — BBIIOJHUTL  JTHOO
FCIIOJIB30BAHNE CTAHJIAPTHON IPOIEYPhl HCKJIIOUCHHST TEPEMEHHBIX METOI0M
laycca, 6o nenosnb3oBaTh ropasno bosee crokubiit Mero JlanTmorma (cm.[38]).
Msbl He GyeM 3/7eCh OCTAHABIMBATBHCA HA OCOOCHHOCTSIX PEIICHHS CHCTEMBI, a
cJleTaeM TIPEJIOJIOZKEeHNe O TOM, UTO pellleHne yrKe HaififeHo. Beimmimem Taxkoe

pemenne s Hatrero npumepa n = 45113, B3groro u3 auccepranuu M.bpurrca
[12].

Tabmia 4

DyieMeHThl MHOYKecTBa, M , Jafolye pelieHne CUCTeMbl

(a,b) | (a,b) | (a,b) | (a,b) (a, b)
1) | (-104,1)] (8,3) | (43,6) | (-856,11)

(-3,1) | (-3,2) | (-485)| (8,7)

(-13,1) | (-25,2) | (-54,5) | (-11,7)

O6osnaunm  depe3  y(xr) MHOIOWIEH, pABHBI IPOM3BEJCHUIO BCEX
MHOIOYJIEHOB a — bx, rie mnapa (a,b) npuHaJIesKUT HailJIeHHOMY MHOXKECTBY

perenuii S':

y(x) = [J(a—bx) = 20515431297644852%+153883 773557994402+

€S

+24765692886531904 (5.138)

Crestaem Terepb HECKOJLKO 3aMedanuit o mafiennom permennn. [loka aTo
MBI MOYKEM TOJIbKO YTBEDXKJaTh, 4T0 HOpMa MHOrowieHa Nr(y(z)) sBisercs

nostbIM - KBagipatom. Ouemjno, eciu muorowien y(x) = a*(z) asnsercsa
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OJIHBIM KBajipaToM, 170 ero N7 (g(x)) Oyaer NoHbIM KBAPATOM B KOJIBIE TEJIBIX
quces Z. OpHako obpaTHOe COOTHOLIEHUE BEPHO HE BCErIA.

IIpumep. Paccvmorpum umciosoe mose (Q[v/3], momydaemoe 1mpu
PACCMOTPEHHH HEIPHBOANMOro monoMa f(r) = x2 — 3. Daement v = 2 + /3
npunatexur Q[v/3] n umeer koopaunarn (2, 1) B 6asuce B = (1;4/3). Ero
HOpMa, onpejiesemas 1o popmyie (A.169), pasua Nr(v) = v? —3v5 = 1. Takum
06paszoM, HOpMa 3JIEMEHTa SIBJIAETCs HMOJHBIM KBaJIPATOM B 7, a CaM IIOJUHOM
v He aBisercsa Kpajgpatom B Q[V3], Tk v = w? ang w = (V6 + V2)/2, u
w & Q[v/3]. PaccMOTPUM IPHYMHLL, 10 KOTOPBIM TO MOYKET IIPOU3OMTH:

1. Ilepsas mnpuumna COCTOUT B TOM, YTO TeopeMma 00 OJHO3HATHOM
passioykernu (Teop. A.7) BBINOJHSIETCS B KOJIBIE IEIbIX ajrefpamiecKux qucest
Zyi monsg Q[f], a mMbl paboTaeT B MEHBIIEM KOJbIE I[TOJHHOMOB C IIEJIBIMH
koabdunmentamu  Z[f] or nepemenHoii 0, siBistioremMcs B OOIIEM  CIydae
cOOCTBEHHBIM ITOJMHOXKECTBOM KOJIbIIa Zi f .

ITpumep. B nore K = Q[v/5] snement g = (—1 4 /5)/2 asaserca
1Ee/IbIM, T.K. OH sIBJIAeTCa KOPHEM MUHIMAJIbHOTO MHOrowlena f(x) = 22 +x —1,
OJIHAKO HE HPUHAJICKUT KObiyy Z[v/5].

K cuacrbio, 3Ty OPUYMHY MOMKHO YCTPAHHUTb, BOCIIOJIb30BABIIUCD
CJIEYIOIIeT TeOPEeMOIl:

Teopema 5.3. Ilyemv K = Q] — anzebpauueckoe wuciosoe noae, nosyieHHoe
npucoedunenuem x QQ xopra nenpusodumozo 6 Q) mmozousena f(x). Toeda das

1106020 nosunoma o(x), npunadaescawezo Koavyy L, mmozousen h(x) =

a(z) - f'(x) npunadaesicum xoavuy Zlal, 2de f'(x) —npoussoduas mmozourena
f@).
BuaquT, 9T00BI yeTpaHuTh HernogHoTy Kosblia Z (0] B GNFS, nocrarouno

JOMHOZKUTB MHOTOWIeH Y(x) = [[,cg(a — ba) Ha xBajparT npoussojuoii fi(x):
g(x) = (fi(2))* - (@). (5.139)

Beraucsnm 3uadenue MHorodieHa ¢(x) Jyist Haiero 6a30BOTO mpumepa

n = 45113:

g9(x) = (fi(2))*y(x) = (32+302+29)* ] [ (a—bx) =

reSs
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= 22455983949710645412x*4+-5410010578551256242724-22939402657683071224

(mod (2* + 152% + 29z + 8))
(5.140)

2. BTOpaH IpunrnHa TOro, 9TO MHOI'OYJIEH ’}/(ZE) MOKET He OBbIThL IIOJIHBIM
KBaIpaToM, 3aKJ/JII0O9aeTCd B CYIIEeCTBOBaHNN HETPHUBHUAJIBbHBIX 3JIEMCHTOB KOJIbIa

Z(0), mverornux HOpMYy, paBHyio 1 mm -1,

DytemenT v Kosbla Z[f] uncaosoro noss Q[f] nassiBaercs edunuyed, ecam
ero nopma N7(v) pasna . Hanpumep, ssiement v = 24++/3 B nose Q[v/3] nmeer
HopMy 1 1 aBjsterca equnuiei. MHOXKECTBO eMHUI] aJIredPandecKoro Incja0BOro
oJist obpasyer rpymity o ymuoxkenuto (cm.[62], r1.2, §4). Crpoenue 91oit rpyiibt
ormcbiBaercst Teopemoii lupuxite ([62], ¢.133), koTopast yTBep:KIaeT, ITo JIOoi

€ec dJIEMCHT & ABJIdeTCd IIPOU3BEJeHUe BUIa

e=C( et g, (5.141)

riae ( — HEKOTOPBIl KOpeHb u3 1, a HAabOp MOPOKIAININX £, ..., "

COJIEPZKUT
k= s+t—1 s1eMenToB, s u t — 4UCJIO AEHCTBUTEBLHBIX U AP MHUMbIX KOPHE(i
mHoroueHa f(x).

Takum obpasoM, ecjium HOpMa MHOTO4YIeHa ¢(x) SIBJISIETCS TOJIHBIM
KBajgpaToM B Z, To ¢(x) sBIsercs IpousBejeHneM Kbaipara «’(x) Ha
muorouieH h(x) ¢ wopmoii, pasuoii 1. [TocrponTsh 6asmc MHOXKECTBA €JIMHUIL
B IIPOM3BOJILHOM YHCJIOBOM II0JI€ SIBJISETCS 3ajadeil HeTPUBUAJILHON, II03TOMY
B ctarbe ([13]|) OblLia mpejioyKena ujest BBEICHUSA K6aAOPAMUYHHLL TAPAKMEPOS.
Paccmorpum a1y nuero 6osiee moapoOHO.

HanomuuMm, uro cumsos Jlexkamjpa II03BOJISIET OLPEJIEIUTh, SIBJIAETCS
JIM [POU3BOJILHBIA 9JIEMEHT KOHEYHOI'O I0JIisI KBaJPATUYHLIM BBIUETOM, T.€.
KBaJIpATOM JIPYyrOro 3jeMeHTa. B HalieMm ciydae eciu MHOrowieH vy(zr) =
[T,es(a — bx) = «(x)? sBisercss HONHBIM KBAJPATOM, TO BBIIOJIHIETCS

cieyromad TeopeMa.:

Teopema 5.4. Ecau udeans nepsozo nopadka c—dx , onpedessemoili napoti 4esvir

wucea (q,s), He deaum wukaxol udean a — br, srodawuil 6 npoudsedeHue
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anemenmos M, u f'(s) #Z 0(mod q), mozda

a — bs
11 = 1. (5.142)
zeS q
Ecim npoussenenne [[,.q(a — br) He sBjIsIeTCsl HOMHBIM KBaJPaTOM, TO
HaiiieTcst mapa auces (g, S), YIOBJIETBOPSIONIAs YCJIOBUIO TEOPEMbI, JJisi KOTOPOi
cumBoat Jlexkannpa (a — bs/q) okaxkercst pasabiM 0. KBagparnanas dakropHas
baza, cocTosmas u3 Mojgo0HbIX map (g, S), KaK pa3 U npeJHasHadeHa jjisi TOro,
YTOOBI IIPEJIOTBPATUTH TAKYI0 BO3MOKHOCTD. [T0CKOJIbKY MBI HE MOYKEM IIPOBEPUTH
yesoBue (5.142) Ha 6ECKOHEYHOM MHOXKECTBE Iap, TO CYIIECTBYeT BEPOSTHOCTb,
YTO HaliJIEHHOE B XO/Ie IPOCENBaHIA MHOYKECTBO S, HE JlaeT MOJTHBIN KBaJIpaT, HO C
POCTOM pasmepa KBaIpaTuIHON (haKTOPHOI Da3bl, TaKas BEPOSITHOCTb CTPEMUTCS
K HYJIIO.
Takum 00pa3oM, IPHU JOCTATOUYHOM OOJIBIIIOM pasMepe (haKTOPHO 0a3bl
KBaJIPATHIHBIX XapaKTePOB, ennHuIbl mojst K[f] OymayT BXoAUTH B MHOIOWICH

g(T) TOJIBKO B YETHON CTEIeHN.

3. Tperweii mpuunuoii, 1m0 KOTOpOH ¢(x) MOKeT He ObITH MOJHBIM
KBAJPAaTOM, 3aK/II0UAETCd B TOM, 4TO TeOpeMa 00 OJHO3HAYHOM PA3JIOXKEHUN
HEJIBIX aareOpandecKux 4Yicesl BBLIIOJIHACTCA B KOJIBIE MJIEA]0B KOoJblia Lk |
a ujeanbl Zp He BCErJa ABJSIOTCA I[VIABHLIMU, T.€. HE MOLYT IOPOXKIATHCS

9J1eMeHTOM Buga a — b, a,b € Z.

5.4. BplunciieHne KBaJApPaTHOTO KOPHS

Kak Toipko muoxkecrso M mnap menbix gucesn (a,b), obpasyomux perieHne,

HallIeHO, HeOOXOIMMO BBIYUC/IUTH MHOTOWIEH (), KBaJpaT KOTOPOro paBeH

. / 2
g(x) = (f'(@))* - ] ] (a — bw) (5.143)
zes
3amMeruM, 9TO I110JI00HOI 3aja4uid He ObLIO HU B OJHOM U3 IIPEIbIIYIINX
MEeTOJIOB  (paKTOpHU3aIuM, BKJ/IOYas METOJ KBaJpaTHUIHOIO pelieTa, U OHa
HOSBJISIETCS TOJILKO B MeToJe peliera d4ucjoBoro mojst. IIpu  #HeOosbImmx

3HAUYEeHNIT KOI(PMUIIMEHTOB BBIYNC/IECHHE KBAJPATHOTO KOPHS B  KOJIBIIC
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IIOJIMHOMOB HE IIPEJICTABJISIET 0CO00I TPY/JHOCTH, U BBINOJHSETCS HPUMEPHO
TaKUMU YK€ MeToJ/laMi, KaK BbIYUCICeHNE KBaJIPATHOIO KOPHYI B KOJIBIEC IIEJIbIX
qucesl WM KOHEUHBIX IOJIAX, HAIIPUMED, ¢ UCIoJb3oBanue ajaropurMma [llenkca—
Tonuesumn (cm.pazm.1.14).

B ciaydae pekop/HBIX 3HadeHUil (HaKTOPU3YEeMbIX YHUCE, 3HAYCHUs
KO3(PUINEHTOB IOJUHOMOB JIOCTHIal0OT HECKOJBbKUX MIJIJINOHOB IUdP, H
3aJlada M3BJICYCHUsT KOPHA CTAHOBUTCS YPE3BBIYAHO CJIOZKHOW M TPYIOEMKOIl
3ajadeil, CpaBHUMOII IO 3aTpaTaM PecypcoB ¢ 3ajadeil mpocemBannd. Heanm
JK€ CTeleHb ITOJIMHOMA IIPOCEMBAHUS CTAHOBUTCS OOJIbIE 7, TO BpeMs,
3aTpadynBaeMoe Ha BbIYUCICHUE KOPHdA, IIPEeBbIMIaeT BpeMd [IpOCeuBaHUdd.
[Tosromy nHaxoxkeHne 3(PMOEKTUBHOIO aJIOPUTMa BBIYUCAEHUsS] KBaJIPaTHOI'O
KOPHS HUrpaeT YPe3BBbIYAHO BayKHYIO pPOJIb B PeIieTe YUCJIOBOTO IM0Jd. MBI

PACCMOTPHUM 3J€Ch J[Ba, OCHOBHBIX METOJ/a, UCIOIb3yeMbiX B npakTuke GNFES.

Broruuciaenne KOpHd nIyTeM peAdyKInn K IIOAIIOJIAM

Oto wmeron Obul mpeoxkern B pabore 1993 1 2Kamom Koseitnom (Jean
M. Couveignes) [20] (cm.taxzxke IT.Momromepn [39]). Cyrs meroma coctont B
TOM, YTO BBIYHCJIEHNE KBaJPATHOTO KOPHSI BBIHOJIHSIETCS] B KOHEYHBIX IOJISIX
10 HECKOJIbKHUM pa3JMIHBIM IIPOCTBIM MOJYJIsAM p. Kcinm paccmarpuBaemoe p
SIBJISIETCSI HHEPTHBIM, T.e. MHOrOWIeH ¢(x) mod p (T.e. MHOTOUJIEH, Oy YeHHbIi
3 g(x) myTeMm 3aMeHbl BCeX ero KOI(MMUIMEeHTOB NX OCTATKAMHI 110 MOJLYJIIO D)
HEIIPUBOAUM B Tojie F),, ag(ac) = ¢g(x) mod p, Torma Ko3MOUITUEHTHI HCKOMOTO
KopHs n3 nosmHoma g(z) coBmaayT ¢ KosddunnentaMn a,(x) 1Mo MOIYIO p.
Bbrunc/inB HeCKOTBKO TaKNX 9aCTHIHBIX KOPHEH 0 Pa3THIHBIM MOJLYJISIM, MOYKHO
IOTOM BOCCTAHOBUTH TIOJIHBIH MOJHHOM «(Z) € MOMOIIBI0 KUTANCKON TEOpEeMbl
00 ocraTkax. YUCJI0 pas3uvHbIX P JIOJZKHO OBITh TaKMM, YTOOBI IPOU3BEJICHIE
BCEX 9TUX P MPEBBIIIAIO MAKCHMAJIbHBII 110 aOCOIIOTHOI BesinunHe KoM HUIMEeHT
nosimaoMa, «v(x). Huzke MBI JaiuM puMep BBIUUC/IEHHsT KOPHST U3 TIOJIHHOMA, 110
Metony Kogefina amsg n = 45113.

Metoy Kopeitna paboTaeT TOJIBKO Jijisi HEUETHBIX cTeleHeil d IoJmHoMa,
fi(z). Kpome toro, B pejkux ciaydasx BO3MOXKHA CHTYaIlds, KODJa JIJIst

MHOTOUJIEHA, HET MOJXOJSIIIX IPOCTBIX YHCeT p, it KoTopbii ¢(z) mod p
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HenpuBojiuM. [l Takoro ciaydasi metos; Koseiina Tak:ke He Oyjer paborarh. B
crarbe Byxiepa, Jlencrpor u [Tomepatca [13] npuseienbl BOSMOXKHBIE BAPUAHTHI

BBIYMCJICHHA KOPHA B 9TOM CJIydac.

Bpruncienne kopHsi MeToJioM noabeMa I'enzens

Nnest mogbema Tensens (Hensel's Lifting) yxke ucnosb3oBaiach B Harmeli KHETe
Ipu  1ocTpoennn (HaKTOpHOH Oa3bl B MeTOJe KBaJIPaTHIHOIO peliera, Jijis
BLIYICIIEHNs KOPHedt 1ojinHoMa, pocensanus ¢(x) 1o crenenn p*l, ecian xopmu
q(r) = 0(mod p*) ussecrnbr.

[TepBoHavaIbHO BRIOMpPAETCsT IPOCTOI MOJLYIIb P, /ISt KOTOPOI'O MHOIOYJIEH
g(x) mod p sBisiercss HenpuBojuMbIM. Tak ke, kKak u B Meroje Koseiina,
cHavYasIa BbIUKCIACTCs Kopeb aq(x) u3 ¢(z) (modp ). Ilpemmonoxkum, uro
naitien koperb ay(z) u3 ¢(z) (modp® ) u Tpebyercs maiitn Kopenb agyi(x) 1O
momymio pF . Kosddummentnt oy 1(z) cpasnumel ¢ koaddummentamu oy, (x) 110
mogystio p* . Orciona, Kazk bl Kosdbduruent a;, k + 1 umeer Bun a;, k + 1+t;-p,
riae t;—tesnoe unciao u3 unrepBana [0; p — 1]. Tomcrabissi BbIpazkeHust JiJist
Beex a;,k+1 B ypasuenue o, (z) = g(x) mod pF 1 nosyunMm ypaBHeHus,
IO3BOJISIIONINE HAlTH Bce 3HAaYeHus t;, a 3Has UX, BHIYUCIUTL KOI(DQOUIUEHTHI
MHOTOYJIeHA (v y1(2). DTOT METOJ| IPUMEHUM JJIst JI000i CTeleHn MHOIOW/IeHA
fi(z), ommako mpu ysejnuudenun crenenn k kodpduimenTol o (r) JpocTHra0T
OrPOMHBIX 3HAUEHNIT, 94TO JIeJIAeT BBIYUCICHUS HOBBIX TTOJHHOMOB (v 41(Z) OYCHBb

TPYLOEMKUM.

5.5. IIpumep BbIuMcIIeHns KBaJIPATHOTO KOPHS 1 OIIEHKA €To0
CJIO2KHOCTH
B sToMm paszziesne paccMOTpUM IPUMEP BBIYUC/IEHUS KOPHS U3 MHOT'OYJICHA

5.140, omnpesenennoro panee g n = 45113, MeTo/IoOM peyKIIMN K KOHEIHDLIM

ITOJIIOJIAM. 9ToT AJITOPUTM COCTOUT M3 TPEX OCHOBHLIX IIaI'OB.
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1. BrIOop mOAXOAANINX MPOCTBIX P

IlepBasi 4YacTh ajropuT™Ma COCTOUT B BbIOOpPE IOJAXOASIIUX P, JJId
KOTOpbIX MHOrOweH ¢p(x) = fi(z) mod p = z3 + 152 4+ 292 + 8 mod p
ABJIACTCA HelPUBOAUMBIM B 1oJie [,. Buibepem 3nauenue p pasubiM 9929. Jlna
IIPOBEPKH HEIIPUBOANMOCTH HOJHHOMA (p(2) BOCIOIB3YEMCS CJIETYIOIIIMI JIBYMSsI
TeopeMaMi (HAIIOMHIM, 9TO YHUTAPHBIM HA3BIBAETCSI MHOTOWIEH CO CTAPIINM

K03 DuImeHTOM paBHbIM 1):

Teopema 5.5. Ilycmv ¢ = p? -noaooscumenvias cmenens npocmozo “ucAq.
Mmnozounren
d
— P
wy(z) =2 —x (5.144)

ABNAACTNCA TlpOUS6€0€HU€J\/L 6CEX YHUMAPHDLT Henpueoﬁumux MHO204NEH08 HAO

Z/pZ , cmenenv komopux deaum d.

Teopema 5.6. Ilycmv p-npocmoe wucno. Mnozouaen f(x) cmenenu d nad
Z[pZ assaemca menpusoouMvmM mozda U Mmoavko mozda, Ko20a 6umnosHeHvl

caedyrowgue 06a YCA08UA:

1. 27" — x deaumes na f(z),

2. H. O.ﬂ.(ajpd/pi —x, f(x)) =1 daa ecex npocmux p;, deaswuz d.

1. ITepBbiM 1marom anaropuT™a siBisiercst Berauciaenne hy(x) = fi(z) mod

p. B namewm npumepe, h,(x) cosuanaer ¢ fi(x).

3
1'9929

2. Ilposepum yciosue hy(x) | — . DTO yCJIOBHUE IIPOBEPSCTCSI

3
HENoCpeICTBeHHbIM jlesienneM 1992 — o wa hy,(z). Yenosue BbinosHeno.

3. IIpoBepum ycoBue 2 TeopeMbl 5.6 1J1s1 € IMHCTBEHHOIO HETPUBUAJILHOTO
npocroro genurens p; = 3. Hago nposeputn, uro H.O. L. (2% h,(z)) = 1.

J171s1 9TOTO BBIYHUCINUM
(2% — 1) mod h,(r) = 74492* + 4697z + 5984

u iposepuM, uro H.O.JI. (744922 + 4697z + 5984, 23+ 152% + 292 + 8) pasen 1.
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Taxkum obpazom, uucio p = 9929 nojaxoauT il BBIUKUC/IEHUS] KOPHSI.
TaxuMm ke crrocoboM IIPOBEPHUM €ellle JBa IPOCThIX uncaa p = 9851 u p = 9907.

[Tpumepom Toro, 9To He KarkJi0oe MPOCTOE P YAOBJIETBOPSET Teopeme 5.0,

sisercs dncio p = 9923. HO . (2? —x, hy(z)) =2 — 847 # 1.

2. BrorumcieHme KBaJapaTHOro KopHss mo aJjroputMmy Illenkca-

TouHe 1IN

Bo BTOpOIii YacTn aaropuTMa Mbl JOJZKHBI BLIYACIUTL KBAJIPATHBIC KOPHH
3 ¢gp(x) = g(x) mod p jyig KaykJOro HPOCTOrO P, OTOOPAHHOIO B IEPBOil
qactu paborbl anroputma (g(x) onpemenen dopmyioit 5.140). Tlpusemem 310

BhIUHCIeHNT A1d p = 9929:
1. a(z) = g(z) mod 9929 = 202722 + 3891z + 6659.

2. Boruncinm ¢ = p? = 978850872 089. Paznoxkum ¢ — 1 B npoussejieHue
YeTHOrO U HedeTHOro unces: ¢ — 1 = 23-122356359011, otxyna r = 3, s =

122356 359011 . Ncnonbzyem Takue ke obozHauenust, kak B (1.14).

3. Haiiiem KBajipaTudHblil HEBBIYET B KOJIbIE MHOIOWIEHOB 110 MOJYJIO ¢p(Z)
¢ koaddunuenravu uz Z/pZ . Takum HeBbrueroM sipjsiercs z(x) = x + 1.

Jst nposepkn surancanm z(z)4~Y/2 (mod hy(z)) = 9928 = —1 (mod p).
4. Borancnnm y(x) = (x 4+ 1)*(mod hy(z)) = 1273.
5. Beraucium A\o(z) = (a(z))®(mod hy(x)) =

= (202722 + 3891z + 6659)1223%6359011 (116 43 4 1522 + 297 4 &) =
— 9928 = —1 (mod 9929).

6. Boruncianm wy = (a(z))EH)/2 =

= (202722 + 38912 + 6659)01 178179506 (mod (23 + 1522 + 292 + 8)) =
= 21242” + 5715z + 4075.

7. Tockosbky A2 = 1(mod 9929), To nopsjiok Ag pasen 2, oTKya m = 1.

Crenenp k = 29" = 4.
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8. Boramesaum A\ 1wy :

A1 = Ao - y¥(mod hy(z)) =1

wy = wy - y*H(mod hy(x)) = 65272 + 8769x + 6852.

[TockombKy w; = 1, TO BBIUKC/IeHne 3aKoH4IeHO. VICKOMBII KOpenb n3 gp(x) =
202722 + 3891z + 6659 pasen 652722 + 87692 + 6852.
Hakouery nocjie{HuM 11aroM sBJIAeTCA BbIYUC/IeHne KOPHA T) = gp(x) mod

p = (2027 - 312 + 3891 - 31 + 6659) mod 9929 = 5694.

3. HaxoxkgeHne moJIHOro KOPHS C MOMOIIbI0O KUTANCKOIl TeopeMbl

00 oCcTaTKOB

B npejpityteit cekiun ObLT BEIYUCIEH YaCTUYHBIN KBa/IPATHBI KOPEHDb U3
IPOU3BEACHUS JTMHEHHBIX MHOTOWIEHOB a — bx 1 x € M 1o momysto p = 9929
1 HAlJIeHO ero 3HadeHue npu r = m.

BeimomHuM Takyio Ke oleparuio 0 OCTaBIIUMCS MoJyiasaM p = 9851
n p = 9907. [lockoJIbKy 9TO BBIYUCEHUE TTOJHOCTHIO MOBTOPSET BLIUNCJ/IEHNE

Hpe,ubmymeﬁ CEKIIMH, MBI €I'0 IIPOIIYCTHUM. Bromniiem okonuare/bHbIE 3HATCHUSL:

p gp(x) gp(m)
9851 | 746222 + 5679z + 4037 | 5694

9907 | 512622 + 5072z + 3125 | 4152
0929 | 340222 + 1160z + 3125 | 3077

Tenepb HaJI0 BLIYUCIUTD TTOJIHOE 3HaUeHHe KOpHst ¢(m) mod n, uCrosib3ys
sHadeHns ¢(m) 1o gactuaubiM Moayssivm 9851, 9907 u 9929 . Uuate rosopsi, Hai0

pelInTh CUCTEMY CPABHEHMUIL:

xr = 5694 ( mod 9851 ),
r = 4152 ( mod 9907 ),
x = 3077 ( mod 9929 ).

s pertenusi 9Toi 3aJlaul BOCIOJIb3yeMCs KUTaNCKON TeopeMoil 00 ocTarkax
(pazm. 1.15).
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[Ipumensist 5Ty Teopemy, HaiijieMm 3HadeHue KopHs z* = g(m) mod n =

694683807559 mod 45113 = 43992.

HGILOCT&TKOM 9TOI'O METO/Ja BbIMMCJIEHN A KBaJAPaTHOI'O KOPH U3 ITIOJIMHOMA
SBJISIETCA €10 OIPAHUYEHNUS, 3aKTI0UAIONIMEC B TOM, YTO OH IIPUMEHUM TOJBKO B
ciydae nojmHoMa fi(x) HEYETHONH cTerneHn u BbIGOP COOTBETCTBYIOIIEH CHCTEMbI
IIPOCTBIX YUCE], IO KOTOPbIM f1(2) mod p sABJISIeTCS HENPUBOIMMBIM, HE BCETJIA
BOBMOKEH.

B pabore Byxsepa, Jlencrper u Ilomepanca (|13]) maercss onenka
CJIOZKHOCTU  JITOPUTMa BBIYUCJIEHHUsI KBajpaTHOro KopHs. OHa 3aBUCHT OT
BBIODAHHOTO ~ &JICOPUTMa M TEXHUKHU pPeaJM3alii  olepanuii ¢ JUIMHHBIME
ancjamu. Ecii onepaiun yMHOYKEHUS TOJMHOMOB U BBIYUC/IEHUsT OCTATKOB 110
MOy 10 f () BBILOJIHEHDI ¢ TIOMOIIBIO JIMCKPETHOrO Tipeobpasosanns Dypbe, TO
BpEeMsl BBIYUC/IEHHsT KBAPATHOIO KOPHSI ONPEJIESIeTCs ¢ MOMOIIBIO CJIe/ Ty oIel

OIIEHKIU:
T(n) = yl—i-o() (5.145)

rJie Yy —BEPXHAA I'PAHUIA JIJIsT IapaMeTpoB a, b 00JIacTu MpOceuBaHUs, 3aBUCSIIA

oT unciaa n u crenenu d muorowiena fi(z). Ee ontumasnbnoe 3nadenne paBHo

logy = (% + 0(1)) (dlog s+ \/(dlog d)? + 4log(n'/?) log log(nl/d).>
(5.146)
B ykazamnoii pabore JlaerTcsi OIMCAHHE €Ie  OJHOrO  aJIlOPUTMAa
BBIUUCJICHUs] KBAJIPATHOTO KODPHS, KOTODBIl IMO3BOJISIET BBIUKCJATH KOPEHb
IyTeM TMOCJIe[OBATEIbHONO BBIUMCIEHNST CUCTEMbI BCIIOMOTATEIbHbBIX TTOJTMHOMOB
(pi(s),vi(s)). Hyers S = {(a;,b;)}f_ | —pemenue cucrembl, Torja onpeje nm

CUCTEMY MHOTOWICHOB (fij, V;) CJEIIYIOMNM 0OPA30OM:

po(s), vols) = (1, 1)).

_ pi—1/(a —b0), ecrm (a — bf) | i1, (5.147)
ti—1 - (a — b)), wnade, '
vi—1 - (a—b0), ecmm (a — bl) | i1, (5.148)
Vi1, UHAUE. '



I'raBa 5. Meton periera aucjioBoro moJist 168

Teneps Boipazkenuit st muaorowiena ¢(x) (5.143) mosydanT Buj

g(a) = (f'(@)*] [(a=ba) = (f'(@))*p,v;
xes

(5.149)

I Terlepb BMECTO U3BJICUeHNE KBAIPATHOTO KOPHs U3 ¢(X) JOCTATOUHO BBIUUCIUTD
KOPEHb U3 [iy U IIEPeMHOKUTEL TPH nonHoMa, f'(x), /fts 1 Vs.

ABTODBI 3TOr0 METOJIa 3aMETHIIN, YTO IPAKTUIeCKasl 110JIb3a OT 3TOI uiaen

BLIYKC/ICHNs KOPHSI IIOJIHOCTBIO HE SICHA, 1 OKOHYATEILHBIN BEPIUKT JT0JIKeH ObITh

BbIHECEH IIOCJIE €€ peaJu3alllin.

4. SaBeleIeHI/Ie BbIdMCJICHM I

Tenepb MbI MOKEM 3aBEPIINTH TOJHYIO 334249y (PAKTOPU3AINHI YHUCIa 1 =
45113.

Brraucium cHagagia I[Ipou3BeaeHue

y* = fi(m)*] [(a—bm) = (3-31°+30-31+29)* (—1+31)(3+31)(13+31)(104+31)-

zes
(342-31)(—8+3-31)(4845-31) (54--5-31)(—43+6-31)(—8+6-31) (—8-+7-31)(114+7-31).
(856+11-31) = 38422.317465033886002 mod n,
oTkyna y = 3824 - 31746503388600 mod 45113 = 15160. [lapa uaucen (z,y) =

2 =9 mod n, orkyma > —y? =
(2 +y)(z — y) = (43992 + 15160)(43992 — 15160) = 59152 - 28832.

Borauciisiss Terepb ¢ HOMOIIBIO ajiropuTMa EBKinma HanOosbimmit oo1mit

(43992, 15160) ymoB/eTBOpsieT YpaBHEHUIO X

nemresib H.OJ. (n, x + y), naiigem penurenn n = 45113:
H.O.(n,xz +y) = H.O.J.(45113,59152) = 229,
H.O . (n,x —y) =H.0.J1.(45113,28832) = 197.

5.6. OmeHKa CJI0XKHOCTU penieTa YMCJI0BOTO IIOJId

Obimee Bpemsi pabOTBI aJrOpPUTMa, PelleTa YUCI0BOIO II0JIsT 3aBUCUT OT
BpeMeHHn pabOThbl COCTABJISIONINX €ro dJacreil, U3 KOTOPBIX HaMOOJIBIIHUI Bec

UMEIOT BpeEMsl IEPBUYHOIO MPOCEUBaHUsA, B XOJ€ KOTOPOI'O WIIYTCSI HOMEpa
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DIaJKUX T1ap JUIS  COCTABJICHHs CHCTeMbl JIMHEeHHBIX ypaBHEHUil M Bpems
BBIYNCJICHIST KBAJPATHOIO KOPHS U3 mosmHoma B mpocrpanctse Z[x]/(fi(z)).
Bce ocTasbhble COCTAB/IAIONINE AJTOPUTMA BJIUAIOT 3HAYUTEILHO MEHBIIE Ha
npousBoauTebHOCTE GNFE'S.

[IpuBesiem OmEeHKY MeTojia pelieTa YucjI0BOro moJist, B3aTyio u3 (|13]) Ha
octose dyukiwn Ly, (q;c), onpenenernoil Ha ¢.130. Dra olleHKa BBIOJIHEHA [TPU
VCJIOBUH, YTO CTelleHb d U TpaHuIa O0JIACTU IIPOCeHBaHUsl i BbIOpaHbI, Kak

YKa3aHO HHZKE!:

d= (31/3 + 0(1)) (logn/loglogn)'/? n > & > 1,

w=y =Ly (1/3, (8/9)'/3 + 0(1)) |
(5.150)
[Ipu Beimosinenun yesaosuii (5.150) u Bpemenn Borancienus: Kopas (5.146)

BpeMd pa6OTbI aJITOPUTMa pemeTa 9YMCJI0BOI'O II0JI51 OIIEHUBACTCA BEJINYUHON
T(n) = L, (1/3, (64/9)Y3 + 0(1).> (5.151)

OTMeTHM, 4TO HpHbJIEKenHoe s3Hadenme KomcTanthl (64/9)/2 papmo
1,92. Takum 00pa3oM, yMeHbIIEHNE 3HATEHNS [IOKA3aTessl CTelleHl B HanboJee
BazKHOM comHOXKHuTese logn dyuxmun L,(a;c) or suadenus 1/2 B merose
KBaJI[pATHIHOIO perieta 0 1/3 B MeToje pelera YHCJI0BOIO MOJs JIAeT TOT
IIPOTPecc, KOTOPBIN  00eCIednBaeT MPUOPUTET ITOTO METOAA HAJ METOJO0M
KBaJIPATHYHOTO peIieTa W BCEMH OCTAJIbHBIMEI MeTojaMu  (haKTOpPH3aIlni,

N3BECTHBIMHI Ha CGFO,HHHHIHI/Iﬁ JEHDb.

5.7. YaydnieHnme aJIrOPUTMa BbIOOpa IMOJMHOMUAJILHOI
mapbl

OcnoBuyio 4actb pacdera B Merojge GNFS sanumaer uporemaypa
npocenBanusi. DPOEKTUBHOCTL 3TOIl  HPOIEAYyPhl 3aBUCUT OT BEJIUYNHbI
kosbdurmentos MuOorowienos fi(x) m  fo(x), a Takke HagWMUNMS y HOX
KOpHeil 110 MOJIYJII0 HEeOOJBINMNX MPOCTHIX dYrcea. MHOMXKECTBO IMOIXOISIIIX

I[Tap OolIpeldelideTcd IIYTEM BapHallul 3Ha4dY€HUA IlapaMeTpa 1M U ,HO6ELBJI€HI/IH K
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nosimaoMy  f1(x) mpousBosibHOIT KoMOuHAIN Buga ¢(x) - fo(x), e crenenb
glx) <d—1.

Beibop mogxomgamux m u g(x) B 6azoBom amropurme GNFS moxHO
BBINOJIHUTEL 38 CPaBHUTEILHO HEDOJIBINOE BpeMsi B HTEPAIMOHHON IPOIeIype
(em.Murphy [41]). Drtor BbIOOp orpanmden wmuorowieHamu fi(x) u  fo(z),
IMEOIUMU cTapiinii koadduineHt, papublil 1 (Takie MHONOWIEHBI HA3BIBAIOTCS
YHUMAPHBLMU).

SHaYUTEJIbHO  OOJIbINMIT  HabOpP  BO3MOYKHOCTEH  IOSIBJIAETCHA,  €CJIN
paccMaTpuBaTh MPOM3BOJIbHBIE HE yHUTapHbIe MHOrouienol fi(x) u  fo(x).
Briepsble BO3MOXKHOCTH MCIOJIB30BAHUsI HE YHUTAPHBIX IIOJMHOMOB OIMCAHA B
crarbe 1993 r. Byxusepa, Jlencrper u Ilomepanca [13], rie ObLIn MpeiozKeHbl
TPU BO3MOYKHBIX BapHUaHTa pPACHIMPEHUs] MHOXKECTBA IIPUMEHSIEMbIX MTOJIMHOMOB.

OHI/IHIGM 9T BapUaHTDI:

1. Crapumii koadduruent c; nosmHoMa fi(r)-IMPOU3BOJILHOE

IeJI0€e YMCJIO

Ecam B34Th paBHBIM, HapuMep, [POM3BEICHUIO HEOOJIBIINX IPOCTBIX
COMHOXKUTE e, TO OMHOPOMHBIH MHOrOuaeH Fj(a,b) OyjaeM jenTbes Ha
P I KaxKJIoro Jenutesst p  kKoddduimenta cg u b, KpaTHOro p. ITO
CIIOCOOCTBYET YBEJIMYCHUIO KOJMYECTBA IVIAJKUX Iap B 00JIACTH IIPOCEUBAHUS.

[Ipoanasmsupyem, 4To morpedyercst Ternepb U3MEHUTh B HaIUX (DOpMYyJiax.

[Iycte ¢y # 1, u 6 € C—kopenb fi(x). Torma = ¢, - @ —anrebpamndeckoe

nesioe. JleficTBuresbno, —KOopeHb MHOIOYJICHa C IeJdbIMu KoadduimentaMn
d—1 d d—1 d—2 d—1
H(z) =c;  fi(x) =2 4+ cgo12" " + cqacaoz™ “+ ... co.

Otrcrota, ecymn S-muozxkectso nap (a,b) rakoe, uro [], ;g (a — bf)—kpajpar B

Q) u S comepKuT wemHoe IUCIO map, Toraa

(H'(ca0))” ] (aca—beab)

(a,b)eS

siBJisiercst KBajapaToM B Z[cyd], nanpumep, v2. TIpeobpasyem muoxutesns H'(cqx)
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B BbIpazkenuu i y2(x):

1
H'(cgzr) =t fl(x) = ¢ F(2,1) = —- F{(2, cq) Zz ¢’ i
cd

OTKYla BbIPpazKCHHE JIJIFd MHOT'OYJIEHaA 72(0) [MOJIYy4uT OKOHYaTeJIbHbI B/

1
72(‘9):(; (F(@,ca))’ ] (aca—beab). (5.152)
d (a,b)eS
Haiinem nenbie kospdummenter Muorounena y(z) = 3.9 cormacuo

ONMCAHHOMY DAHbBIIE AJTOPUTMY BBIUHCICHUIIO KBaJPATHOTO KOPHS, HPHYEM
6azucom OysieT CayKuTh Ternepb MHomectBo {1, g0, ... (cg0)T'}. Bamena 0
Ha Cgm B MHOrOWIeHe ¢(T) TO3BOJISACT HANWTH JEJUTEIb YUCIA N TaKzKe, Kak
1 B ciydae yHHTapHoro Muorowiena fi(z). Hmke mbl onmimem weoOXommbie

n3Menenus B 6azoBoM asiroputMme GNFS g manbosee obiero Bapuanta 3.

2. Bamena ycaoBus fi(m) =n ycaoBuem Fi(mi,mo) =n

[Tockosbky f1(my) = Fi(my, 1), To ipu mg = 1 9TOT BApUaHT COBIIAIAET
CO CTaHJAPTHLIM. DTOT BapUAHT JACT BO3MOMKHOCTL YBEJIUYUTL KOJUUYECTBO
JIOITYCTUMBIX ITOJTMHOMUAJIBHBIX AP, CPEIN KOTOPLIX MOYKHO BLIOPATH [MOJIMHOMBI
C MEHBIIUMH TI0 MOJIYJIEO 3HavdeHusiMu KodddurmenTos. B crarbe |13] nmperoxken

CJIEJIVIONINIT BapuaHT BbIOOpA My, Mo:

[Tomaraem ¢; = 1. Hamee Beibepem my =~ nY@*D tax, aro6mr

pPa3HOCTbL T — m‘f uMeJsia JeJImTelIb 1Mo ~ nl/(dH)

wn  (paKTOpU3AIUI0 N — mil C TIOMONIHIO SJUTMITUYECKNX KpUBLIX. Jlasee

, BBITIOJTHSIS TIPOOHOE JieJIeHue

packaaapBaeM (n —md)/ms 10 crenensaM my, mo:

d
n—m
m—l =cgmi 4+ L emimd 2 4 comy (5.153)
2

3. Anropurm Kasiinbronra

B ynomstayToit crarbe |13] ObLia yroMsiHyTa BO3MOYKHOCTD UCTIO/IB30BAHMST
o0Iero BapuaHTa, IIpU KOTOpPOM 0ba TapaMerpa Ccg He MMy PpaBHBI 1, HO

OBLIIO I[IpeaJIozKEHO HUKaKOI'O aJI'OpUTMa AJId IIOJIYyHYEeHHNsA TaKOr'o IIpeJCcTaBJ/ICHUA,
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OJIHAKO, OYEBH/IHO, OJHOBPEMEHHAsI BapUallld JIBYX HapaMeTpPOB JaeT OOJIBIIYIO
BO3MOXKHOCTL B BBIOOpPE XOpoIleil I[MOJUHOMUAJILHON Mapbl. DTOT BapuUaHT
IIOCTPOEHMSI IIOJIMHOMMAJIBbHONI Iapbl IOJIYYWI pasBuTHe B 00jiee IO3IHUX
paborax. Mpbl omnmuinem BapuaHT aJICOPUTMa ITOCTPOEHUS IOJMHOMOB fi u fo,

npeiokentbiit B 2006 r. T. Knsitabionrom [29):

1. Beibupaenm mapaverp mg, 1 < my < nt/?.
B nasnbreiinem st coBMellleHns 0003HaUeHusl co craTbeil Kisiiinbionra Oyaem
NCIIOJIB30BATh BMECTO Mo OOO3HAUeHHe p. 3HadYeHHe P BBIOMPAETCS PaBHBIM
MIPOM3BEJICHNIO HECKOJBKUX HEOOJIBITIX MPOCTHIX YNUCET P;, YIOBJIETBOPSAIOIIIX

yesioBuio p; = 1 (mod d). Bmecro my Oynem mucarb mpocTo m.

2. Bribupaenm crapumii kosddunuent ag 1 m ~ (n/ag)’/? rax, urobnr

BBIIIOJIHAJIaCh KOHI'PYSHTHOCTD
ag - m?=n (mod p) (5.154)

KuistitHbIoHT TIpejijiaraeT BbIOUpaTh Cg B3aMMHO-IIPOCTBIM C P, TOIJa YpaBHEHUE

cgz? =n (mod p) mmbo He MMeeT HU OTHOrO pereHns, 60 uMeeT d pereHmuil.

3. ObosnaunMm rqy = n. [lamee OylieM BBIYUCIATH HapaMeTPhl 7, ¢; JId
d > 1 > 0 10 peKKypeHTHBIM (POpMYyJIaM:
i+1
_ Tip1 — CG1 M

r, = . ¢ = — +0;, (5155)
p m'!

rie 0 < §; < p BBIOUpAETCS Tak, YTOOBI BBIMOJHUTD yCaoBHe T; = ¢; m'(mod p).

Torga, Jyist BceX ¢ BBIIOJHUTCA YCJIOBUE
i
o
ri = E c;m! p', (5.156)
=0

a npu i = d BemosnuTes rg = n = pt - fi(m/p) = Fy(m,p).

[Tosmurom  fi(x) oOKasblBaeTCst ONPEJETECHHBIM B 9TOil  KOHCTPYKIIUH,
a 3HaYeHHe BTOPOTO MOJUHOMA fo(x) ompejessieM pPaBHbBIM —pr — M.
[TosmuoMuaibHas Hapa oupejeaeHa. TUM 3aKAHINBACTCS ONUCAHIE aJrOPHTMA

Kagitnbrounra.
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IIpakTuyeckas peanusanus ajropurMma KiisitHblOHTa

B npakTnueckoit peajnsanmm aaropuTMa BhIONpAeTCs cHadasa mapaMerp p Kak
IIPOU3BE/IeHIE HECKOJIBKIX CPEIHIX IIPOCTHIX THCE/I P; , CPABHIMBIX C 1 110 MOLYJIIO
d. Tlorom creayer BoiOparb mapy (cg, M) B XOje UTEPAIMOHHON IPOIE/LyPbl
N3MEHEeHHS [apaMeTpa ¢y ¢ HEKOTOPBIM IIATOM.

B pekopprom pasioxkenun 512-6utosoro umesa RSA  [15] cremnenb
IIOJINHOMa, ObL1a BbIOpaHa paBHOil d = 5, mapaMeTp p paBHBIM IIPOU3BEICHUIO 7
IIPOCTBIX YNCEJT U BCIIOMOTATEILHOTO MHOXKUTESI Py, & Iar mepedbopa ¢g paBHBIM
60.

s KaxKJoro 3HaueHnst c¢q permaerca cpashenne (5.154). Ecam oo
pas3pernMo, To HaxXOAUTCsI d PeIleHnii & 1 paccMaTpuBaeTcss d COOTBETCTBYIOIIIX
3HAYEHU{l IJIsl M TAKUX, 4TO PA3HOCTb N — (g m® NMeeT HaUMEHBIIINe 3HAYCHNS
110 abCoMOTHOMN Bemunne. Borancusercs koabdumment cq_; = (n — agm?)/p,
1 OCTABJISIIOTCS TOJIBKO T€ DEIIeHUs, I KOTOPbIX 3HAYCHUE |C4_1| MEHbIIe
HEKOTOPOIl Hallepe]i BLIOPAHHONH IPaHUIIbI.

BroibpaB ¢g_1, MOYKHO BBIUYHCIUTL Cg_o C IOMOIIBIO PEKKYPEHTHBIX
dopmyn (5.155). 3ech Takke ecTh HeGOJBINON BHIOOP Tpu BBIGOPE 0;. Fcm
crapiine Ko3hpuIreHThl 0Ka3a11lCh OOJIBITNME 110 aDCOJIFOTHON BeJININHE, TO HET
CMBICJIa UX PACCMaTPUBATh, [IOITOMY TaKKe MOJMHOMBI cpa3y OTOPaChIBAIOTCS, 1
BBIIIOJIHSICTCS TIpUPAIIEHIEe ouepeHoi KoadduimenrTa ¢ .

JIydmumm cauraercst OJINHOM, Y KOTOPOro Bce KO MUINEHTHI ITPUHIMAIOT
HeOOJIBIIIE 110 MOJLYJIIO 3HAYEHN, I KPOME TOT'0, IMOJMHOM HMeeT MHOI'O0 KOpPHEi
10 MOJIYJII0 HeOOJIBIIX MPOCThIX dnces. [locaennnit pakTop y4ecTb J0CTATOUHO
CJIO’KHO, TOCKOJIBKY OH JIOCTaTOYHO ciaydaeH. B crarbe Kugitabionra [29)
[IPUBOINTCS HHTErPAJIbHAS Mepa, s INC/Ia TVIAIKIX [Iap, MOIaJaiomnX B 00/IacTh

npocenBanust A:

6 log Fi(z,y) + a1 log Fy(z,y) + a
w2 [y log By log Bs

dxdy (5.157)

31ech p obosnauaer pyuknnio ukmana-ie Bpronna (em.ctp.129), kosdbdurment
6/m% onenusaer jomo map (a,b) €O B3aMMHO-IPOCTBLIMU apryMeHTaMH, a

napaMeTpbl «; BBEJEHBI JJI ydeTa KOpHeil mojuHoMoB £y, Fy 1o HEOOJIBbINM
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IMTPOCTBIM MOAYJIAM:

p \ logp .
o= ¥ (1-rEn) 2 ) B e 1) (5.158)

small p

Bropoit comuokutess B marerpase (5.157) Maso 3aBucuT ot BbIOOpa TapaMeTpoB
HOJIMHOMA, f1, IOSTOMY UM MOXKHO IpeHeOpedb. JlasbHeiiiee yipolinenne cocTonT

B PACCMOTPEHUN BbIPAZKEHUA

1
aq + 3 log (/ F(x, y)d:pdy) : (5.159)
A

KOTOPOe HAJI0 MUHUMU3UPOBATH B OTJIMIKE OT MPEIBIIYIIINX Mep.

Takum 06pazom, B asroputMe KiisgitabioHra nepeduparoTcst BCeBO3MOKHbIE
nosmHoME! fi(2), yaosiersopsionme yeiaosuio n = p? - fi(m/p) n umyrcesa Tor,
KOTOPBIT jlocTasiisier MuHnMyM Bbipazkenuto (5.159). Ilpuseem Bbipazkenue jijist

HAMJTYUIIero nmojanHoMa st dncia RSA-512, nalijieHHoe 1o 9ToMy aJroOpuTMYy:

fi(z) = 4985202° + 15578368316860x* — 513748876280490487x3 —
—10211574130795357032973442? — 39893111467231678678251299002+
+14658919460374074323550710377995600,

fo(x) = 8794555574829559x — 293947565389650342960556270613.

B kadecTBe KPUTHKH 3TOr0O IOJAXOJA OTMETHM, 9YTO yKasaHHas Mepa
3aBUCUT OT 00JIaCTH NIPOCEMBaHUA, BUJ, KOTOPOI CYIIECTBEHHO BJIUSET Ha
KOJIMYIECTBO IEHEPUPYEMbIX [IQJKUX Tap. Hampumep, BioJb npsiMoit g = b/a,
rjae To— JeHCTBUTENLHDBIT KOPEeHb MOJMHOMA YUCJIO TIAJKHUX Map 3HAYNTEILHO
Bospactaer. B crarwe 1. T.Nmmvyxamerosa, [1.B.3usariunosa u P.I.Py6mosoii [68]

npejiiaraeTcs JIPyroit 1moJixo/l K olleHKe MMOJIUHOMOB.

N3menenust B 6a3oBoMm asropurtme GNFS

O6cynM u3MeHeHusI, KOTOphle cJejayeT BHecTn B 0azobiil ajnroputm GNES,
OIUCAHHBIA Ha cTP.146, IpKu M3MEHEHNN [IapaMeTpoOB Cq U My = P:

1. DTu wu3MeHeHHUs] KacaloTCsl, B IIEPBYI0 OYEPEelb, OJHOPOIAHDBIX
muorouieHoB Fi(a,b) u Fy(a,b), KOTOpble B HOBOM BapHaHTEe MOJIYJalOT

BUJ :

Fi(a,b) = cga®+cg_1a o4 ...+ b Fy(a,b) = amg—bm,. (5.160)
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2. Crajuu npocenpannst, (GOPMUPOBAHUS CUCTEMbI JUHEHHBIX ypaBHEHUIT
1 TIOCTPOEHUsT MHOYKECTBa S TyIaJIKuX map (a,b) He U3MEeHsITCSI.
3. Uamenutes dopmyiia (5.132) s onpenesenust g(x), Kaxk IOJMHOMA C

1e/ibiMu Ko dunnentamu creneHn d — 1:

70) = (fi®)/ca)’- 1] (caa—06) (5.161)
(a,b)esS
4. VsByiedenne KBaJIpaTHOrO KOpHs ¢(x) MO MOmy/0 MHOrouwteHa fi(x)

OCTaeTCsd MpeKHNM. Boraucisem koadbdurmentsr ¢(x) n qucio v:
d-1 d-1
9(x) = Hbixl, v = H bymima ™" mod n. (5.162)
i=0 i=0

5. Boruncisiem uncsio D? u C:

D? = H (amy — bmef), C =D mod n. (5.163)
(ab)es

S/2 d—2+#5/2
6. Beruncisiem uncia A = mf 2.0 mod nu B = cy T#52.C mod n.

7. Haxomum menmrenu n, Beraucssasg H.O . (n, A+ B).

5.8. 3akJjiroueHue

MbI 3aBepIimin OIUCAHIE OCHOBHBIX AJIOPUTMOB BBIYNCAUTEILHON Teopun
qucesi, CBsa3aHHBIX ¢ daxkTopusanueil. Heiab3st caurarh 3Ty TeMy 3aKpbITOI,
IIOCKOJIbKY MHOTHE KPYIIHbIe OTKPBITUSI U HOBBIE JOCTUKEHHUsI B 9TOI obJiacTu
MOSIBJISTIOTCSI CHOBA 1 CHOBA. DTU JOCTUYKEHUST 0OYCJIOBIEHBI HE TOJIBKO Pa3BUTHEM
BBIUNC/IATE/ILHOM MOIIHOCTH KOMIIBIOTEPOB U CeTeil, HO U Pa3BUTHEM TeX
obJ1acTeil TeopeTndIecKoil MaTeMaTuK, KOTOPhIe 10 HeJlaBHEr0 BPeMeHH CJIyKUJIN
00J1aCThI0 MHTEPECOB JINIIb TPOGECCUOHAIBHBIX MATEMATUKOB— CIIEIUAJINCTOB B
abCTPaKTHOI ajredbpe 1 TeOpuu Yucel.

3ajaun  9JeMEHTapHOil  Teopurm  UucesI, BbIYUCJIUTENbHBIE — 3aa4l
Kpunrorpaduu IMOJACTernBaeT MHTEPEeC OOJILIION0 Kpyra JIMI, K MaTeMaTHKe
1 TEOpUM YHUCeJsI, IIpeBpalias UX 13 JujieTaHToB B npodeccuonalsbl. ¢ HaJjieroch,

9TO 9Ta KHUTA ITOC/IY?KUT PEIICHUIO 9TOI BarKHOU 3a/1a49u.
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A. Ilpuniaoxenne. AjaredbpamviecKne Y1CJIOBbIE OJIs

B 9T0it yacTi Mbl JIaJMM BBEJICHUE B TEOPUIO AJredpanvdecKnX IHCIOBBIX
noJieit, HeoOXOoJMMOe JIId TOHWMAaHUs MeTOJla pelieTa  YHUCI0BOTO IOJA, a
TaKyKe OIpeJie/ieHns aJredpandecKnX MOHATHII, MCHOJIH30BABIINXCI B JIPYTHUX
anropurmax. C obrmieit Teopueil ajredpanvdecKnxX YUCJIOBBIX IOJIEHl  MOXKHO
no3HakomMuTest 10 yueOHnkam Bawm gep Bapuena «Asrebpas [63], «Teopus
ances» [62] 3.U. Bopesuua u W.P. Iladapesnua, a rtakxke <«Jlexrmsam 06
anreOpandecknx [nciaax» F0.B. Hecrepenko [75], Bbutoxkenubim B uTeprere.
3 KHuUr, N3/JaHHBIX 38 PyOEZKOM, MOYKHO PEKOMEH/I0BATH 3-€ U3/aHNe N3BECTHOI'O
yaeOHnKka <«AjrebpamdecKkrue YUCIOBBIE IOJI W TOCIeHsAss Teopema PDepmas
1. Crioapra un /1. Tosra, 2002 r., B KOTOPOM JIaeT SICHOE U HAIJISTHOE OIUCAHNE
BCEX TPYJHBIX aJredpamdecKux IOHSITHI C  COIPOBOXKJICHUEM U3JI0YKEHIH

MHOI'OYMCJICHHBIMU IIpUMEpaMi U 00 bSIICHEHUSIM.

OcHoBHBIE oIIpejie/IeHns

Omnpenenenue A.1. Koavbuyom na3ueaemcs HENYCMOe MHOACECMBO INEMEHMOB
C', na anemenmaxr Komopozo onpedeschv. aN2e0PAUYECKUE ONEPAUUL CAONHCEHU
+, omnocumervro xomopoti C' asasemcesa abeaesoti 2pynnoti ¢ HetmpasoHbiM
anemermom 0, u ymmoocenus *, ommuocumesvro romopotl C  asasemcs
MOHOUDOM, T.€. BONOAHAEMCA C60UCME0 accoyuamusHocmu ax(bxc) = (axb)xc.
Onepavut CAOHCEHUA U YMHONCEHUA CEA3AHDL 3AKOHAMU OUCMPUOYMUBHOCTNU

ax(b+c)=axb+axc, (b+c)xa=bxa+cx*a

Kobio HasbiBaeTcsd  KOMMYMAMUBHDIM, €CJI  Oleparusd YMHOYKEHU
SIBJIAETCd KOMMYTATUBHON. Bce paccmaTpuBaeMble 37€Ch KOJBIA SABIAIOTCS
KOMMYTaTUBHBIMHU.

[Ipumepamu KoJiel, MOTYT CJIY»KUTh KOJBIIO IEJbIX 4uces 7, a TaKxKe
KOJIBIIO MOJIMHOMOB Z[x] OT OJHOl TepemeHHON = ¢ Koadduinentamu u3 Z .
DT KOJbIA COJep:KAT eJIUHUYHBIN d71eMeHT 1, KOTOpBIil 00J1a/1aeT CBOICTBOM
HEHTPATBLHOCTH 1O YMHOYKEHWIO: JIJIsI JIIOOOTO 3JIeMEeHTa @ KOJIbIla BBIMOTHIETCS
a*x1 =1%a = a. Takue KoJiblla HA3BIBAIOTCsS KOJbIAMEU C edunuued. pyrue

KOJIbIIA, HAIIPUMeEP, KOJbIO aZi, coCToslilee U3 BCeX KPaTHbIX a x k, k €7,
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IIPOU3BOJIBHOIO a # 1, HE COJAEPKUT EIMHUIBI M HA3bIBACTCSA KOJIBIIOM 063

G&UHUMT)L. Hamomuum Taxzke onpenesieHue 10Jid.

OHpe,I[eJIeHI/Ie A.2. [loarem mnaswveaemcs HENYCMOE MHONHCECTNBO INEMEHTINOB
K, HA dAEMEHMAT KOTMOPO2O onpe&e,/LeHbL CL/L2€6pCLU%€C%’U€ onepavul CA0HCEHUA
+ u YMHONCERHUA * ,0MMHOCUIMENDHO KOMMOPHLL K saseasemcs KOMMYTNAMUSHHIMU

epynnamu, C8A3AHHBIE 3AKOHAMU 8ucmpu6ymueHocmu.

B npousBosibHOM I10Ji€ JH000I HEHYJIeBOil 9JIeMeHT @ umMeeT OOpaTHbIe

II0 CJIO2KEHUIO —a U YMHOXKEHUIO a!

, TI09TOMY, B IIOJISIX BO3MOXKHBI Bce 4
apudMeTHIecKe Oolepanul — CAOYKEHNs, BLIYNTAHUS, YMHOMKEHUS U JIeJICHUSI.
[IpumepamMu 9HCIOBBIX TOJIEH  SIBJISIIOTCS  IIOJIE  pPalMOHAJbHBIX uncena @,
neiicrBuTebHbIX  uncen R, xomiuiekcHbix dmces C. DTu mojst  comeprkar
OECKOHETHOEe YHCI0 9J1eMeHTOB (1mosie Q—CUeTHO, BCe OCTAJIbHBIE MOJI MMEIOT
MOIITHOCTH KOHTHHYYMA).

CymecTByeT TakyKe KOHe4YHble 1I0jid, Hampumep, nore GF, =
{0, 1,2, ..., p— 1} KIaccoB BBIYETOB KOJIbIa Z IO HPOCTOMY MOJIYJIIO D, a
Takxke nojs GFy, cocrosimue u3 p¥ seMeHTOB, TiE p-UpocToe Ymcio, a
k—1107107KUTEJIbHOE TIeJI0e YUCIO.

JIroboe KoMMyTaTuBHOE KOJIbIO ¢ epquauieil C' MoxKeT ObITh IOIPYKEHO B
HEKOTOpOe MuHUMaJIbHOe Tosie K D C') cocrosiiiiee U3 9JeMeHTOB Biuja a/b, rje
a,b € C'. Takoe 1noJie Ha3bIBaETCs 10JIeM YacTHBIX KoJibila C'. [Ipumepom MoxkeT
CJIYKUTD 110J1€ PAIIMOHAIBHBIX TUCesT (), SIBJISTFOIIEECsT OJIeM YaCTHBIX /IS KOJThIIA
IeJIBIX 9ucea Z .

MuozkectBo muOTOWIeHOB K [2] ¢ KO3bDuimenramu u3 oyt K obpasyer

KOJIBIIO C OOBLIYHBIMUI OolepaludMm CJIOKEHUA 1M YMHOXKEHUA MHOT'OYJIEHOB. Pous

IIPOCTLIX YHCEJI B 9TOM KOJIbIIE UI'PalOT HECIIPpUBOJMNMbIE MHOI'OYJIEHDI.

Onpenenenne A.3. Mnozousren f € Klx| mazwseaemes HEIPUBOIUMBIM Had
K, ecau on me wmootcem 6vimb passoosicen 6 npouseederue 06Yr MHO20UAEHOS

h e Klz] u g € K[x], omauunvx om KOHCManmmuir MHO204AENA.
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Moaynu HaJ KOJIBIIOM

Omnpenenenue A.4. Modysem M nad xorvuyom R nasweaemces abeaesa epynna
c onepavuets YmHoHcenus na aremenmo, koavua R: R X M — M, xwomopas

YA0BAEMBOPACTN, CACOYIOULUM YCAOCUAM:
1. Ym € M, Vry,re € R, (r1r2)m = 11(12),
2.dleM,VmeM1-m=m-1=m,
3. ¥Ymy,my € M, Vr € R, r(mq + mgy) = rmy + rmo,

4. Ym € M, Vri,r9 € R, (r1 +19)m = rym + rom.

JIrob6oe KOJIbII0O MOYKHO paccMarpuBaTh KaK MOJIYJIb HaJ CaMHM COOOIL.
JIpyruM BazKHBIM MPUMEPOM MOJIYJIsI SIBJISIETCS MOJYJIb Z[x] MHOTOUJIEHOB HAaJ
KOJIBIIOM / .

Monyns M wnajg xoabpnoM R Ha3bIBaeTCsd KOHEUHOIMOPOXKICHHDBIM, €CJIN
HalleTcss KOHeYHas COBOKYITHOCTBH 3JIEMEHTOB a4, 9, ..., ar € M Takas, 49To
J11000i1 s71eMedT T Moay st M MOXKHO IIPeJICTaBUThL B BU/IE JIMHEIIHON KOMOMHAITIN
r=c1-a1+Cy-Qo, ..., Cp - Q) JJIT HEKOTOPBIX ¢; € K. Eciam npu sToM 3/1eMeHThI
ai, as, ..., aj JUHEHHO HE3aBUCUMBI (T.e. HUKAKAsl UX JIMHEiiHAss KOMOUHAIUS C
ko dunmerTamu u3 R, cpejin KOTOPHIX €CTh XOTdA-0bl OJINH HEHYJIEBOI 9JIEMEHT,
e pasHa (), TO 9TO MHOXKECTBO HasbIBaeTcs oOasucom woyns M. YHucio

9JIEMEHTOB 0a3nca HA3bIBAETCS Pa3MEPHOCTHIO MOMYJIS.

I[Tpumepsnt. 1. Kombio Z[6], tae 60— anreOpandeckuil 3/JeMeHT HaJT
(), ¢BJIETCS KOHEYHBIM MOJYJIEM C Pa3MepHOCTbIO, PaBHOH cremenn d
aJIreGpanmuecKoro sjteMentTa u basucom 1, 6, 62, ... 0971,

2. TayccoBbIM KOJIBIIOM HA3BIBACTCs KOJIBIIO Z[i], coCTOsIIIee U3 97IeMEHTOB
Buga a + bi, rae i = +/—1 MHuMag eammuna, a,b € Z. MunnMasbHbIi
MHOTOYJIEH [ ¢, paBHbIi o2 + 1, nMmeer crernenn 2. JI106oil MOmynb B 9TOM
KOJIbIIE KOHEUHOIIOPOXKIEH U HMMEET pasMepPHOCTh, HEe IPEBBIIIAIOILYI0 CTeIeHb
MUHIMAJIBHOrO MHOroWwieHa =2. [lpumepom mpomsBosibHOro MmMojyis B Z[i]
SIBJISIETCST MOJLYJTh (3, 24), coCTosIIMit 13 ducen Buja a + bi, rjie a KpatHo 3,

a b—4eTHoO.
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A.1. AinrebGpandeckme pacinmnpeHNs YMCJIOBBIX I10JIeit

Omnpenenenue A.5. [lycmv K —uucaosoe nose. aemenm 6  nasvieaemcsa
ajreOpamdeckuM  Had nosem K, ecau on ABAAEMCA KOPHEM KaK020-HUOYIL
mnozounena f(x) ¢ woapduyuenmamu us noas K. Mrozousen naumernvuied
cmeneny  co  cmapwum  Kospduyuernmom 1, umerowuld 6 ceoum KopHem,
HA3DIBAEMCA MUHUMAJIBHBIM MH0204AeHOM Oas 6. CTeleHbo aa2ebpauveckozo
anemenma 6 Ha3vLlBAEMCEAs CMENEHD €20 MUHUMAALHO20 MHO20UAEHA. Hucaami,
CONIPSIPKEHHBIMU ¢ 6, Ha3ueaomcea 6ce O0CMAAbHIE KOPHU  MUHUMAALHO20

MHO20YNAEHA.

MunnMaIbHBIIT MHOTOU/IEH JTI0OO0TO aJIredpanvecKoro Ync/ia HeIpPUBOIIM 1
He UMeeT KpaTHbIX KopHeil. [IpuMepamu ajredpandecKimx 3/IeMEHTOB HaJl MOJIEM
Q sBisores unciaa 7, /2, 3i ¢ MuHEMAILHBIME MHOrOWIeHaMu f(z) = 2 — 7,

22— 2 u 22 4+ 9 coOTBETCTBEHHO.

Omnpenenenue A.6. Munumanrvroe noae, codepocawee ucrodnoe nose K
U KoHeunwvlli Habop anzebpauveckuxr nad K - anemenmos {0y, 05, ...0.,},
HA3BLEAEMCA KOHEYHDIM GA2E0PpaAUMecKuUM pacwupenuem noada K u obosnavaemes
K01, 05, ...0,]. Teopema o npumumusnom  aaemenme  ymeepoicdaem,
Ymo  A1000e  KOHEewHOe AA2COPAUMECKOE  PACWUPEHUA NOPOHCOGEMCA  OOHUM
AN2COPAUYECKUM — INEMEHMOM,  KOMOPLI — HA3DBAEMCHA  TIPUMUTHBHBIM
INEMEHMOM IM020 pacuwuperus. Hnave 2060pa, 0as 2106020 PacUUPEHUS

K01, 02, ...0,] cywecmeyem aneebpauveckuis nwad K anemenm 6, maxod, wmo

K01, 05, ...0,] = K[6)].

Onpegenenue A.7. Anrebpandecknm YUCJIOBBIM OJIEM  HA3blEAEMC A

npou3coNbHOE KOHEYHOE DACWUPEHUE TLOAA PAUUOHAADHHIL HYUCEN Q

ITpumep. Ilpucoeanunm kK @ uncio i = +/—1. Yncno i sasisercs
KOpHEM HelpHBouMoro Muorodwsena z2 + 1, u noie K = Q(i)-anrebpanyeckoe
YUCJIOBOIO TOJIe. DTO ToJie M30MOP(MHO MO0 MHOIOWIEHOB 1-cTernenun ax + b ¢
parnonabHbIMI Kodddunnentamu. [Iponssenenne (2x —1)(x+ 3) Bbrauncssercs

o mogymo 241, re. (2o—1)(z+3) = 2224+52—3 mod (22+1) = 222 +52—3—
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2(x?+1) = 5z —5. Obparubiii K g(z) 3JeMEHT MOXKHO HAHTH, pelast ¢ TOMOIILIO
paciuperHoro ajropurma Eskiuga, ypasaenue u(z) - f(x) + w(x) - g(z) =1, n

nonarasg ¢~ (r) = w(x).

Ncxomst n3 ckazaHHoTO, JII0OOE asrebpantdeckoe ducaoBoe noje K = Q(a)
MOKHO TPEJICTABIATH, KaK KOHEIHOMEPHOE BEKTOPHOE ITPOCTPAHCTBO € Oa3UCOM
B = {1,z,2% ..., 2971} u xospdummentamn us mons Q, rae d-cremneHnb
MUHHIMAaJIbHOTO MHOI'OYJIEHA 9JIEMEHTa (.

OjHaKo B MeToJie peleTa YHCJIOBOIO II0JIisi PacCMaTpUBaeMble TOJBKO
MHOI'OUJIEHBI ¢ HejbiMi Kodddumnmentamu. CieioBaTe/IbHO, TVIABHBIM 00beKTOM
M3YUCHUsT SIBJISTIOTCST 9JIEMEHTBI KOJIbIIA MHOTOWICHOB Z (&) I HEKOTOPOTO
1eJI0r0 aJiredpanvdeckoro dncia «. Ajrebpanmdeckoe 9uc/IO Ha3bIBAETCS IEJIBIM,
ecJIl ero MIUHUMAJIBHBI MHOIOYUJIEH MMeeT Iesible KO3 MUIHEHTH.

Codeporcanuem muorounena g(x) (content of polynomial g(z))
HA3bIBAETCsl HANOOJIBIIHNIT OOIINIT JIe/TUTe/Ib BCEX ero HEeHYJIEBBIX KOI(MMUINEHTOB,
Oynem obosHavdaTh cogpep:kanue content(g). Eciu content(g) = 1, To Takoii
MHOTOYJICH Ha3BIBACTCS NPUMUMUBHDIM.

Muorownen g(x) € Z[r| HasbBaeTCs YHUMAPHLLM, €CTTH €ro CTapIIHii
kosbdunuent pasen 1. Kosbio Z[z| saBiagerca GecKOHETHOMEPHBIM € 0a31COM
B = {1, z, 2% ..}. Oumnako, B jajbHeiilieM, pedb OygeT UITH TOJBKO O
KOJIbIIE BBIYETOB MHOIOWIEHOB U3 Z[x], B3ATHIX 10 MOJYJIO HEIMPUBOIUMOTO
mmorowrena f(z). Takas crpykrypa obosuataercs kak Z[x]/(f(x)), e (f(x))-
910 uiean Z[x], mopoxgaemeiii MuOrowieHom f(x). D10 KOJbIO M30MOPGhHO

KOJIbILy MHOTOWIeHOB Z[a], rjie a—Kkopenb MHorodwiena f(z).

A.2. neanbl KOMMYTaTUBHBIX KOJI€I]

Omnpenenenue A.8. [lyemv M — mnenycmoe noommoocecmeo oAemMermos
koavua C'. Uneamom xommymamusrozo koavua < C, +, * >, nopooscdaemoim
MmHuoorcecmeom M, waswvieaemca  HAUMEHDULLE — MHONCECTNBO  INEMEHIMOB,
codepoicawee M u  3aMEHYMOE OMHOCUMEALHO  ONEPAUULE  CAOACEHUA U

YMHOHCEHUA HA SNEMEHIMDBL U3 6CE20 KOADUA C:

1. Ve,yel) x+yel
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2. VxeC)Vyel) xxyel.

OueBniHO, UTO JIFOOOM MJIeas CAM SIBJISIETCSI KOJIBIIOM.
JIroboit mjeas Kojabia R MOXKHO TakyKe PaccMaTpUBATh KakK I0JIMOJLY/Ib

KoJiblla FR.

Onpenenenue A.9. Hoean I woavua C nadvieaemcs 2aa6HbIM, €CAU  OH

nopootcdaemca odrnum anemenmom: 1 = (a).

[IpuMmepaMu naea 0B B KOMMYTATHUBHBIX KOJIbIIAX MOLYT CJIYKUTh:
1. Hynesoit nmeasi, cocTodmuit 3 oJIHONO HYJI.
2. Eamnuanblii ngeali, comeprKaliinii Bce 3J1eMeHThI KOJIblia.

3. InaBuble njeassl (a), mopokaeHHBIE dyeMeHToM a € C' U cocTosmue u3

BCEBO3MOXKHBIX BbIpayKenuii suja ra + ka, rne r € C', k €Z.

Wnean I HazbiBaeTCsI IPOCTHIM, ecyii jijist Jiiobbix a 1 b € C us ab € I n
a & I cnenyer, uro b € I. Vnean I wazwpiBaeTcs MpUMapHBIM, €CJIN JIJIsT JTIOOBIX @
nbeC,ecm abéel, n a¢l, rorma s HEKOTOPOro HaTypaJibHOrO N b € 1.
Kaxkiplit 11pocToii nieas sIB/sieTcsl IpUMapHbIM, HO 00paTHOe He BEPHO.

M measbl KoJjiel UTpaloT TY K€ POJib, 9TO U HOPMAaJIbHbIE IOJAIPYIIILI B
I'PYIIax, T.e. CJIyzKaT sjapamu romoMopdu3mMoB. [IpocTbie nieasbl COOTBETCTBYIOT
IPOCTBIM IIEJIBIM YHUCJaM, a MpUMapHbIE HAeaJbl — CTENEHsIM ITPOCTBIX YHCEeI
KOJIbIA Zi.

Cymmoit ugeanos I; u Iy xkoibia C' (obosnauaercs I + o) HasbiBaeTcst
njeas, IOPOXKJIEHHBI 3JeMeHTaMu, IpUHaJIeKaluMy Kak [, Tak u Io.
[Tpouseeennem wuieasnos I; u I xosbiia C' (obosnavaercs Iy - Iy) HasbIBaeTCs
ujieast, IOPOXKIEHHDBIN BCEBO3MOXKHBIME IIPOU3BeieHnus: Bujga ab, rine a € I} u
bels.

Hampuwmep, ecsim B kosblie Z ujeassl I, Is paBHBI COOTBETCTBEHHO [] =
(6), Il = (9), TO ]1 —|—12 = (3), ]1 'IQ = (18)

JIroboit maeas I xosbiia C' omnpejnesisier pa3dueHne KOJIbIa Ha CMeXKHbIE

KJIACChl MJIM KJIACCHI 8bivemos 10 ujeany I. DmaemenTtbl a u b kombna C
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HA3BIBAIOTCSI CPABHUMBLMYU Mo udeasy I, ecam mx pa3sHOCTb @ — b IIPUHAIEKUT

1 , 3allCbhIBa€TCA

a=b(mod I).

Ob6osnaunM depe3 [a] Kiacc BBIUETOB, cojeprkamuit smement a. Ha
KJIACCAMM BBIYETOB MOYKHO BBINOJIHATL T€ YK€ ONEepaldh, YTO U C 3JEMEHTaMH
KoJiblia, onpejessisa [a] + [b] = [a + 0], [a] * [b] = [a * b]. Herpyuuo jnokazars,
9TO 3TU ONEPAIMU OIPEJIETeHbl KOPPEKTHO Ha KJIACCAX BBIUETOB, T.€. PE3YJLTAT
HE 3aBHCHUT OT BLIOOPA MpPeJICTaBUTe el KIaCCoB.

MHOKECTBO ~ KJIaCCOB  BBIUETOB TaKzKe SBJIACTCS KOJBIOM, KOTOPOE

Ha3bIBAETCs (haKTOP-KOJIBIOM Kojiblla C' 1o mieany I u obosuaudaercsa C/1.

Onpegenenue A.10. [Ipoussorvrviti nenycmot nabop X noas K nopoorcdaem
Henyaesoti udean I ommocumenvrno onepavuti CAOACEHUA U YMHONCEHUA HA
anemenmor K. Munumasrvriod nabop X, nopoorcdarowuts I, wHasvieaemcs

basucom udeara I. Jucao anemenmos basuca Ha3vi8aemcs pasMepHOCTbIO 0a3uca.

Herpyuo Busers, aro B kKosibie Z[6], pasmepHocTs 6asica Jioboro uieasa
HEe MOXKeT IPEBBbIIIATh CTEeleHb ajaredpanieckoro ducia d. SHaduT, J000i neas
B Z[0] obramaer konednsiM 6asmcom. KosbIia, B KOTOPBIX JIFOOOI njieast sBJIseTcs
KOHETHOIIOPOZKIEHHBIM, HA3BIBAIOTCS HEMEPOGuMY (noetherian) no nvenn Dmmu
Herep-Amalie Emmy Noether (1882-1935)., cumratormeiicst caMbIM KPYITHBIM

MaTEMATHUKOM CPEAN KCHIIINH-MaTECMaTUKOB BCEX BpEMEH M HaAPOJ0B.

A.3. Ileaple anrebpanmydeckKmne 9muCa,

HamomumMm, 4ro ajrebpamdeckKoe YHUCIO (¢ HA3bIBACTCS IEJIbIM, €CJIN
€ro MUHUMAJIbHBIII MHOIOYJIEH MMeeT Iiejible KO3(MDPUIMeHTh. 3aduKcupyeM
anrebpandeckoe dnciooe noje K = Q(a), ompejessseMoe MUHUMABHBIM
mMHOroujeHoM f(x) = 24 + ag_12Tt + .ap ¢ ueibiMu KodbdUIIEHTAM,
u o0o3HaYuM Uepe3 Lk  MHOXKECTBO IeJIbIX aJiredpaldecKuxX  ducell,
IPUHAJIEKAIINX 100 I .

OueBnsiHO, 9J€MEHT « HOPUHAMLIEKUT L. Takke KoOJbIy JLf

npuHaljlezKaT MHOI'O4JIECHbI OT & C IeJIbIMUA KOSC})(I)I/ILLI/IGHTHJMI/I. Ecan JBa
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QJIEMEHTa IIPpUHaJAJ1E2KaT ZK, TO UX CyMMa U IIPOU3BE/ICHUE TaK2KE ITPUHAJJIC2KAT

Zx . CupaBeinBa CJIeIyIonias TeopeMa

Teopema A.1. Mnoowcecmeo Zg ABAAEMCA KOADUOM, COOEPHCAULUM KONDUO

Zla] mHo20uaen06 ¢ yeavimu KoapPuyuenmamt, 6 sude nodKoALUQ.

[Ipu aTom Z He 0bsi3aHo coBnaIaTh ¢ KoJbiioM Z|a]. Hampumep, B mose
K = Q[v/5] snement g = (—14+/5)/2 sBngercs nembIM, T.K. OH ABIAETCA KOPHEM
(MuHMMasbHOrO) MHOrowIeHa f(x) = 2242 —1, 01HAKO He IPUHAJIICIKUT KOJIbILY
Z[V5).

[Tongrne mesoro anre6panteckoro UuCIa SBJISETCA OUCHb BAZKHBIM JIJIs
TEOPUH AIreOPANIecKIX YUCIOBBIX MOJIEl, MOCKOJIbKY TeopeMa 00 OJHO3HATHOM
PA3JIOXKEHHUHN TIEJIBIX JIEMEHTOB 1M0Jist K MOYKeT BBIOJHSITHCS TOJHKO B KOJIbIE

neJIbIX aﬂre6pa1/1qec:KHX YHUCEJI:

Teopema A.2. Ecau 6 npousdsosvriom koavue C' C K svnoansemesa meopema
00 00MO3HAYHOM PASAOAHCEHUL HA MHOHCUMENU, O KOALUO C —UeAbHO3aMKEHYMO,
m.e. codeporcum KOPHU GCET HENPUBOJUMDBIT YHUMAPHLIL MHO20YAEHOE C

koappuvyuernmamu, us C'.

C Jpyroit CTOPOHBI, pasHUIA MEXKIY KoJbllamMu Zx u Zla] He crosb
BeJINKa, U Joboe Ieaoe aaredpandeckoe HUHUC/IO YMHOMKEHHEM Ha HEKOTOPDIIi

(bUKCHPOBAHHDIH 9JIeMEHT KOJblia Z[a] MOXKeT OBITh Mpeobpa3soBAHO B JIEMEHT
Zla:

Teopema A.3. Jlas aw6oz20 g(a) € Zg, gla) - f'(a) aescum 6 Za]. 3decw

f(z) ~munumaronsit muozousen aaemenma .

HOI‘OBOpI/IM TCIIEpb O BOSMOZKHOCTHU OJHO3HAYHOI'O Pa3JIOZKEHM IIEJIbIX

9JIEMEHTOB 11011 K B Buae Nponu3BeJcHnA IIPOCTBIX 9JIEMEHTOB.

Omnpenenenue A.11. Kommymamusnoe KOALUO — HA3BIBAEMCA  00AACTIBIO
ueaocmuocmu  (integral domain), ecau 6 mem Hem deaumenetl HYaAs, Mm.e.
HEHYAEBBLT 2AEMEHMOE a, b, npoussedenue xomopwix pasro 0. Bydem nasvisamo
NPOUIBONLHOE KOMMYMAMUBHOE KOALUO TETEKUHJIOBBIM, €CAlU O0HO ABAACTNCA
obracmvio  uesocmuocmu U A000T  IAEMEHM  IMO20  KOALUG  0OHO3HAYHO

npedcmaeww 6 sude npousee&euwz npocmulr SINEMEHTNOEG ITMN020 KOALUA.
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Kiaccugeckum MpuMepoM JE€JCKNHI0BOT'O KOJIbIla ABJISIECTCA KOJIBIIO HEJIbIX
unces1 Zi. bBoJiee O6H_LI/IM IpuUMEPOM ACACKNHIAOBOI'O KOJIbIla fABJIACTCA TCOPEMa 00

OJHO3HAYHOM pPa3JIOZKEHHUU B IIPOM3BOJILHOM e8KAUIOBOM KOJIbIIEC.

Omnpenenenue A.12. Koavuyo C' nasdvisaemcs e6KAUIOSbIM, ECAU OHO ABAAETNCA
obracmwvro  uesocmuocmu, U onpedesena eskaudosa  Pynruus Hopmo, NT,

YA0BAEMBOPAIOULAA CAEIYIOULEMY CEOTCMBY:
(Va,be C)(3Fk,re Cla=k-b+r,

npuvem, Nr(r) < Nr(b).
Jns KOAEy  MHO20MAENO6 NOHAMUEM  e6KAUOB0T  HOPMbL  MOHCEM

CAYHCUMD HOPMA MHO20HUNEHA, 0np€d€ﬂﬂ€Maﬂ Huotce.

A.4. Hopma moamHOMA

Pacemorpum kostbiio Z (), Tje, MO-TpesKHEMY, (—TIPUMUTHBHBIA KOPEHb
HEIPUBOIUMOrO MHOTOWIeHa f(x) cremenn d ¢ meabiMu KOI(DOUITEHTAM.
Bynem paccmarpuBath Z(a) Kak d—MepHOe BEKTOPHOE MPOCTPAHCTBO HAT
KoJiblloM /. CTaHIapTHBIM 0a31MCOM 3TOrO IPOCTPAHCTBA sIBJIdgeTcs Oaszuc B =
(971, 2972 ... 1). Ecim cranpaprubii 6asuc B 3abukcupoBaH, TO HOPMOil
BekTOpa h B mpocrpaHcTBe V  OyjileM Ha3bIBaTh OIPEJIE/NTEh MATPHUIIHI
JIMHeITHOro npeobpazoBanusg H, ompejessieMoro yMHO)KEHHeM BeKTopa h Ha
9JIeMEHThl  6a3mca (T.e. MATPHIBI MPEOOPA3OBAHUS, EPEBOJISIIEr0 CHCTEMY

BekTOpoB B B cuctemy h - B).
Nr(h) =det(H) (A.164)

O‘IGBI/I,ZLHI)IM cjlecrsueM OolpeaeJICH1 A HOPMbI ABJIACTCA ce

MYJIBTUIIJINKATHNBHOCTD!

Nr(g-h) = Nr(g)- Nr(h) (A.165)
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IIpumep BBIYUMCIIEHUST HOPMBI

[Iycrs f(x) = 2%+ aox® + a12 + ag . Beraucmn HOpMy MHOTOUIeHa, IepBoit

crenenn h = x — b. Ymuoxkus h na 6asuc B = (22, x, 1) noayuum BeKTOp
B-h=(z*—ba? a® — bz, x —b).

ToJibKoO TIepBast KOOP/IMHATHI BBIILIA 38 IIPEJIEIbl ITPOCTPAHCTBA TTOJIMHOMOB
2-fl crerenu, MOTOMY BBIUMTas U3 MEPBOI KOOPJAMHATHI BeKTOpa B - h MoJMHOM

c
f(x), nomyunm BekTOp M3 MpocTpaHcTBa V :
B-h=(—ayr® — a1 — ag — ba?, x* — bz, v — b).
[lepenuriem nocje/Hee paBeHCTBO B BUJIE:

—Qa9 — b 1 0
B-h=(z%2,1)-H= (2% 2, 1)- —a;  —=b 1 (A.166)
—ay 0 -=b

SuauuT, Marpuiia H 3Toro npeodbpasoBaHusl paBHa:

—Qa9 — b 1 0
—Qa —b 1
—Aay 0 -=b

Oupegenurenb 31oit MaTpuibl pasen b + ash? + aib + ag = f(b). 3nauur,
wopma Nr(z — b) muorowiena x — b paBHa 3HadeHHIO MHOrOWIeHa f(x) B T

r=b.

Hopma mosmmaOMa a — bx

[IpoBeas aHajormyHble BBIUUCICHUS, HETPYIHO BBIUYHUCIUTH HOPMY
IIPOM3BOJILHOIO MHOTOYJIeHa 1-it crenenn a — bx B moje K, onpejesieMoM

IIPOM3BOJILHBIM YHUTAPHLIM MHOrowIenoM fi(z) = 2% + ag_127 '+ ... + ay:
Nr(a — bz) = —Nr(b) - Nr (a: - %) — i f (%) (A.167)

Ormernm, uro mpocrpancrBo  Z[z|/(fa(x)) mupesgcraBiser  coboii

MHOKeCTBO ITojiuHOMOB  (-i1 creriedu, T.e. IIPOCTO KOJIBOO LEJIbIX YUCEeJI.
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Buadenne nosnHoMa ¢(r) = a — br B 9TOM KOJIbIE PABHO OCTATKY OT

nenennst Ha fo(x) 1 paBHO
g(r) =a—br mod fo(r) =a—br mod (z—m)=a—>bm=g(m),

T.€. COBIIala€T CO 3HaAYCHUEM IIOJIMHOMa B T. 171 .

Hopwma nosmaoma g(x) = a — bx 8 Z[z]/(fo(x)) paBHA COOTBETCTBEHHO
Nr(a —bx) = =b- fo(a/b) = =b- (a/b—m) = —(a —bm) = —g(m) (A.168)

T.€. COBIIa Ia€T ¢ TOYHOCTHIO JO 3HAKa C CAMUM ITOJUHOMOM.
Hopma MHOrOWwIeHOB MOXKET HPHHUMATH KaK IIOJOXKUTEIbHbIE, TaK U
oTpulaTe/IbHbIe 3HaYeHus . JJisi IPOCTOTH yIaauM 3HaK '— Iepej olpeje/ieHneM

HOPMBI B 000MX BBIPAYKEHNAX U 0003HAUNM IOJTydennble (pyHkimn depes Fy m Fy:

b

Fi(a,b) =a"- fi (—) = aq- a4+ ag_1a 0+ ...+ agh?, (A.169)
a

Fy(a,b) = a — bm. (A.170)

A.5. Teopusa pgenmmocTm B ajireOpamdecKmX HYMCJIOBBIX

IIOJIAX

[Ipencrasienne IejbIX YUCE] B BHJE [POU3BEICHUSI IPOCTLIX YHCEI
U UX CTeleHeil, sIBJSISICh IPeIMeTOM 3TOil MoHorpadum, gaeT KIacCHIeCKUil
IPUMEP OJHO3HAYHOIO Pas3JIoyKeHust. Takue IpejCcTaBIeHns] Tak:Ke BO3MOXKHBI
B IIPOM3BOJILHBIX EBKJIMJIOBLIX KOJIEI, T.€. KOJIbIaX, OOJIAIAIONNX €BKJINIOBO
Hopmoii (A.12). OjHaKo, OJHO3HAYHOE PA3JIOKEHHEe BO3MOXKHO He TOJIbKO B
eBKJIMOBLIX KOJIbIIAX, HO U B KOJIbIIaX 6oJjiee 00Iero Bia — HETEPEBLIX KOJIbIaX
(A.2), obamaomux KoHeIHBIM 6a3ucoM. [T0CKOIbKY, KOJIBIO MEIbIX 3JIEMEHTOB
Zx asrebpanmdeckoro dmciaoBoro nois K = Q(a) sBISIOTCS HETEPOBBIM, TO
TEOpUsl AEJUMOCTH JIJIsT TAKOIO KOJIbLA sBJISIETCS HauboJIee BayKHONH B KOHTEKCTE
9TOI MOHOI'paduu.

Hamomuum, 4To JijIsi METOJia PeIleTa YUCJIOBOIO I0Jist TPeOyeTcst TOILKO

OJIHO3HATHAST PA3JIOKUMOCTb B KOJbIE Z[a], TJe —KOPEHb HEIPUBOIMOTO
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muorowiena. OJHaKo, KOJIbIO Z[a] He SBISIETCs  [EJIbHO3AMKHYTHIM
(em.refClosedRing), 4rto siBiistercsi  HEOOXOJAUMBIM — YCJIOBHEM — OJIHO3HAUHOIL
pazioxkumoctu. [lostomy BMecTo Kosblla  Z[a]  paccMaTpuBaeTcs — ero
asirebpamdeckoe Teoe 3aMblKaHue Zx 2 Z[a], I KOTOPOro U CTPOUTCS

TeopusA JCJIMMOCTU.

HpOCTbIe n Hepa3JIo2KMMbIE€ 3JIEMEHTbI

B KoJiblle HeJbIX 4YHCeJ HOHATHSA HIPOCTOTHI M HEPA3I0KHUMOCTH  SIBJISIINCD
9KBHUBaJICHTHBIMU. /JleficTBUTEIbHO, HATypaJbHOE YHUCIO P SBISETCS ITPOCTHIM,

ecJI OHO YJIOBJIETBOPSET JIIOOOMY U3 CJIEYIONINX JIBYX CBONCTB:

1. Hepasnoorcumocms: Ecin p = a - b, To mbo a = £1, ymbo b = +1,
2. IIpocmoma: Ecmm a - b nenurcst Ha p, TO MO0 a JEJIUTCS HA P,

nmbo b nenmuTesd Ha p.

B koJibliax 6oJiee 0011ero Bijia 9T CBORCTBA — He 3KBUBaJIeHTHLL. CBoiicTBO
IIPOCTOTHI ABJIAETCA DOJiee OOIUM, W U3 HETO MOYKHO BBIBECTH HEPA3J/IOKUMOCTD.
O6parnoe ne Bcerja BepHo. eiicTBuTenbno, paceMoTpuMm Kosblio Z[v/—6]. B
HeM 4HcJIo 6 MMeeT /Ba pasiIMYHBIX HpejcTaBicHus 6 = 2 -3, 1 6 = /—6 -
v/—6. HeTpyaHo mpoBepuThb, 4TO BCe TPHU 1eMeHTa 2, 3, n \/—6 HepasiIo:KIMbI
B KoJb1e Z[v/—6], 0/HaKo, CBOMCTBO IIPOCTOTHI He BBLINOIHEHO: IIPOU3BeIeHne 2-3
nenuTces Ha /—6, HO HI OUH U3 COMHOXKHTeNeil 2, 3 He genntcs Ha +/—6.

[loka 9Ta  HESKBUBAJEHTHOCTHL He OblIa 3aMedeHa UM TOYHO
cchopmympoBana B 1844 r. DiiseHInTeiiHOM, MHOI'ME paHHHE JOKA3aTEIbCTBA
OTHOCHUTEJIHO JIEJIMMOCTH 9JIEMEHTOB B KOJIbIIAX ObLIM HEBEPHBIMHU. DTOM OIMIIOKM
He u3bexkasm Jlayke KpYIIHbIe MaTeMaTUKN TakKue Kak, Hanpumep, JI.9iiep.
Hekoropble m3 ero jgoKazaTe/bCTB O €JIMHCTBEHHOCTH Pa3JI0yKeHWil 0Ka3aJncCh
HesepubiMu. C Jipyroit croponbl, ['ayce cymen nsdekarh 9TOi OMIMOKM, IPUBEIs
CTPOTOe JIOKA3aTETHCTBO OJIHOZHAYHOCTU PA3JIOKEHN B KOJIBIE TEJTBIX TayCCOBBIX

ancen Zli].
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TpeboBaHme KOHEYHOMEPHOCTH KOJIbIA /f

CBOIICTBO KOHEYHOMEPHOCTH HJIEAJI0B KOJIbIA L) SIBJISETCST HEOOXOIMMBIM
VCJIOBHEM JIJIsT BO3MOXKHOCTH PAa3JIOXKEHUsI 3JIEMEHTOB Ly B IPOU3BEICHIE
IPOCTBIX 3JeMeHTOB. JleficTBUTE/NIbHO, HaIpUMeEp, B KOJbIE BCEX IEJIBIX
aareOpanvIecKknx 3JIeMEeHTOB, 00JaaloIeM OeCKOHEUHBIM 0a3McOM, pas3/ioyKeHne
Ha IIPOCTBIE SJEMEHTHI HEBO3MOYKHO, IIOTOMY, UYTO IPOCTBIX 3JIEMEHTOB HET.
Hanpuwmep, Jyis Jo6oro nejoro ajrebpaudeckoro umcia 3 uucio 31 = +/fB
SIBJISIETCSI CHOBA, II€JIBIM ajreOpaldecKuM YHCIOM, U3 KOTOPOTO OISITh MOKHO
U3BJIeYb KBaJPATHBII KOpeHb 3y = +/[31, ABJISIONIIicA 11eJIbIM aJlredpandecKiuM
YUCJOM, U T.JI. DTOT IIPOIECC MOKHO IIPOAOIKIATE 10 OECKOHETHOCTH.

BayKHbIM cj1e/IcTBHEM CBOCTBA KOHEYHOMEPHOCTH SIBJISICTCS KOHEUYHOCTD

JITODOI1 IIOCJIEJOBATEJILHOCTH PaCHINPAIOIIUNXCA NACaJI0B!

Teopema A.4. B xoavue Zg awobas nocaedosamenvrocms udeanos Iy C I C

I, C ..., HawuHaA ¢ HEKOMOPO20 HOMEDPQ, ABAACMCA MOHCOECNBEHHOT.

Hanpumep, B komblie Zgx, rae K = Q[v5], MOXKHO HOCTPOHTL IEHOYKY
pacumpsiomuxca neaios (2) C (2,v/5) € (1,v5) € ((1 + v5)/2,(1 —
V5)/2). Tociesnum B 5Toll IemouKe yKasal nojnblii 6asuc (integral ba-
sis) Kosiblla Zf, TOCAe KOTOPOIrO MENovYKa PACHIUPSThCs OOJIbIe He MOXKET.
Hoxaxkem nocaeanee. [Iponssosbnbii snement (Q[v/5] mmeer sux p + ¢v/5.Ero

MI/IHI/IMaﬂbeIﬁ MHOI'OYJIEH nuMeeT BI/IIL
(r —p+qV5)(x —p—qV5) = 2* — 2pt + (p* — 5¢%).

Ecin p+qvV5 € Zg, 10 koabduimentsl —2p u p? — 5q> J0JKHBI OBITH HEILIMNI
anctamu. Otciona, 2p = a, p° — 5¢> = m, vae a,m € Z. Ecim a—4eTHO, TO
p € Z,5¢°> € Z,orkyna, q € Z.Eciu a-neuerno, o 20¢> € Z, orkyna 2q € Z .

Orciofia, TPOU3BOJILHLI 31eMent Zx mmeer suj (a + bv/5)/2, tie a,b € 7.

O,HHOBH&"IHOG pa3JjiozKeHne B KOJIbIlaX

DJIeMEHT € KOJiblla g Ha3blBaeTCs €JIMHUIeH, ecjii OH oDpaTuM, T.e.
cymectByer e ! € Zg. O6paTuMbIMI SBJISIIOTCS B TOUHOCTH TE 9JIEMEHTHI L

HOpMa KOTOpPbIX paBHa *+1.
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[TockosbKy, eciin e— einHUIA L, TO JJIsd JIIOOOr0 a € Lk BbBIOJHAETCS
ae = @, TO OJHO3HAYHOCTHL PA3JIOYKEHUs JIJIs JIEMEHTOB /g BO3MOXKHO TOJIBKO
C TOYHOCTBIO JIO YMHOYKEHHUsI Ha eIMHHUIbI KOJbla JLg. DJEeMeHTbl a u b

HA3bIBAIOTCS ACCOUUUPOBAHMHIMU, €C/IN a = be, Te e—eIMHUIA KOJIbla Lk .

Onpenenenne A.13. Bydem 2o6opumos, wmo 6 xoavue C' deserue 0JJHO3HAUTHO,
ecAU 68 MET CAYUAAT, K020a O0eACHUE IAEMEHMOE KOALUG BOZMONCHO, OHO
odrnoznauno. Hnaue z206opsa, oan awbwx a,b,c,d € C, ecau evinosnsaemcs

a =bc, a =>bd, ub# 0, moeda snemenmo. ¢ u d accoyuuposanv, ¢ = ed.

Panee wa mpumepe kosbia Z[v/—6] ObLIO TOKA3aHO, YTO OTCYTCTBHE
HEPA3JI0ZKIMBIX 9JIEMEHTOB, HE ABJIAIONINXCS TPOCTBIMHI, ABJISICTCH HEOOXOIMMBIM
YCIOBUEM OJIHO3HAYHOCTH paszJioxKenus. OIHAKO 9TO YCIOBUE SIBJISIETCSI, B CBOIO

odepe/b, 1 JJOCTaTOYHBIM:

Teopema A.5. Obnacmo  uerocmuocmu R ¢ Konewnwvim — 6a3ucom U
00HO3HAMHBIM  DEAeHUCM ABAAEMCA 0edeKUnIOBBIM KOALUOM MOo20a U MOABKO

moeda, Ko2da Kastcowll HepCZSJLOOfCUMT)Lﬁ INEMEHT, ABAAETNCA TVPOCTNBIM.

HokazarenbcTBo. [lpeamnonoxmm, 9To KaxKIblit Hepa3IoyKUMbBII 3JIeMEHT
R gaBnserca mnpoctbiM. Hanmmdme Konednoro Oasmca IMO3BOJIAET ITPEJICTABUTH

IIPOU3BOJILHBIN 3jieMeHT © € R B Bujie

T = epip2 ---Pk,

rae e—eJUHNIA, a p;— HEepasjIoyKuMble (M, 3HAYUT, MPOCTHIE) 3JeMeHTHl R.

[Ipenmono:KuM, 9TO TakKoe IpejcTaB/eHe He eMHCTBEHHO:

T = e1pip2 ---Pk = €24192 -..qm, (A-171)
Hokaxkem wuHAyKIueit mo k, aro k = m u KaxKJblil 3JeMEHT pP;
accoluupyercd ¢ KaKuM-HuOyzab sjementoMm ¢j. llpm k = 0 yrBepxkienue

ouesuyiHo. [lpu k > 0 umeem pi|q1qs ...qn . B cuty npocrorsl py Haiijgercs j

TaKoe, 4To Py | ¢j, 1 pr = eq;. Coxpamas (A.171) Ha pj, HOJy4NM PABEHCTBO,

€1P1P2 ---Pk-1 = €2q1---qj-1€qj41 ---qm, (A.172)
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JIJIsT  KOTOPOTO y?Ke BBINOJIHIETCST HHJIYKIIMOHHOE IIpejIoioxkenue. Teopema
JIOKa3aHa.
OrmeTnM, 9YTO OJIHO3HAYHOCTL JIeJIEHHS 3JeCh Obljla Hy:KHa, YTOObI

BBITIOJTHUTDL COKPalll€HHUEC.

O,Z[HO3H&“IHOCTI) Pa3JiIozKeHnd naea/ioOB B KOJIbIIE Zk

[Ipumep HeojHOZHAYHOrO pasjoxkeHusi B Kojble Z[v/—6] mnoxasbisaer,
YTO HE BO BCEX areOpamvdecKux YHUCJOBBIX IOJISIX BBITOJTHIETCS OJHO3HAYHOE
pas/iozKeHne Ha, MPOCThIE 3JIEMEHTBI. BBIX0JoM 13 3Toil MpoOJeMbl ABJSETCA
peJIOYKEeHNe BLINIOJHATH PA3JIOoyKeHne He CaMUX 9SJEMEHTOB, a UJIeaJIoB,
MOPOYKJIAEMBIX STUMU SJI€MEHTAMU.

KyMmep mpejiokni TOTPY3UTh KOJIBIIO aareOpamdecKnX 3J1eMeHTOB B
bostee TIPOKOE KOJIBIIO, 3JEMEHTHl KOTOPOTO0 OH HA3BAI UJCAAbHBIMU YUCAGMU.
eiekH 1 BBeJI TOHATHE UOEGNG.

Unes Kymmepa coctosiia B TOM, UTO €CJIM, HAIpUMep, 3JeMeHT a
IpeJICTAaBUM B BUJE a4 = Py - P2 U 4 = ¢ - @2, TO HalijeTcs paciupenue L
noyisi K, B KOJIbIIE HEJIbIX Ynuce KOTOPOro, MMEeEeTCs pasjioxkenne pp = by - bo,

p2 = b3 - by, q = b1 - b3, g2 = by - by, TOr A,
a=p1-p2 = (p1p2) - (p3p1) = (p1p3) - (P2p4) = @1 - G2
IIpumep. B nose Q(\/ﬁ) ajieMenT 10 nMeeT JaBa pa3/JIMIHBIX PA3I0KEHUS:
10=2-5=(5+V15)(5 — V15).

Acno, 9T0 3MEMEHTH 2 U 5 He acCONUUPOBAHLI ¢ djIeMeHTamMu o + 1/ 15.
PaccmoTpiu 6oitee mmpokoe one L = Q(v/3, v/5). B Kosiblle He/IbxX qices noss

L BoITIONIHSAETCS pas3/ioyKeHne:
10 = (VB)(VE)(VE+V3)(V5—V3). (A.173)

Henexnu 3amernm, 9o pasiozkenne (A.173) BBITOTHIETCS yZKe B KOJIBIIE
HeJIbIX uucesl Zyx 1oid K, IpocTo COOTBETCTBYIOLIUE Hjleallbl He SABJIAIOTCA

DJIABHBIME (T.e. UMEIOT Gojiee OJJHOTO TeHepaTopa), MOITOMY ommucaTb nx B K
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Hamuoro tpyanee. JleiictBuresbno, Obosnadnm depes [; — I3, 1oJiydeHHbIE B

pesyJibTaTe IepecedeHust KoJiblia Ly C UIeaaMi (\/5) , (\/5 + \/§) u (\/5— \/5) .

Tor,ua, B ZK nMeeT MECTO OJHO3HaYHOE Pa3JIO2KCHHE Ha IIPOCTBIE 9JIEMEHTDI:
10 = (I)* Iy - I, (A.174)

1 Bce ujeasibl [; — I3 sBJIAIOTCSA HeTPUBHAJIBHBIMY U HE IJIABHBIMIE.
Paccmorpum, Hampumep, ujean [o = ZKﬂ(\/g—l— \/§) DJIeMEHThI \/5(\/5—1—
\/3) =+15+5nu \/5(\/5—#\/5) = V1543 npunaiexkar I. Takxke Io cogep:kur

X pa3HOCTb
(V154 5) — (V15 +3) = 2.

Ecmu 661 umean Iy 611 ObI OCHOBHBIM, TO OH uMeJT Obl B (a + b\/ﬁ), "
(2) C a+ bV/15, Toraa nopma 2, pasHas 4, J0JIZKHA JCIUTHC Ha HOPMY aby/15,
pasuyto a® — 15b. [TockosbKy nieas [ He TpUBHAJEH, €ro HOpMa He paBHA +1,
3HAUNT,
a* — 150" = £2.

Haxo1sl 0CTaTOK B 9TOM PaBEHCTBE 110 MOJYJIO b, oydnM a’ = +2 ( mod
5), 9TO HEBO3MOXKHO.

Taxkum o00pa3soM, MOXKHO pacK/IaJblBaTbh WJAeAJbl KOJblla Lk B
IIpON3BeeHNEe TTPOCTBIX UJI€aIOB, OJTHAKO ITPOCThIE WJIea bl B 3TOM Pa3JI0yKEeHNN
He 00s13aHbI OBITH I'VIABHBIMU, & MOI'YT MMETh JIBa WJIK 0oJiee TeHepaTopa.

CdhopmysnpyeMm 510 (hakT B BIJIE CJIEAYIONIEN TeOpeMbI:
Teopema A.6. Koavuo Zi HeE ABAAEMCA KOALUOM 2AAGHBLT 2EHEPAMOPOE.

Haxkomnern, copMmyaupyeMm OCHOBHOM pe3y/IbTAT 3TOTO pas3jiesia - TEOpeMY

00 OJTHO3HAYHOM DPAa3JI0’KEHUN B KOJIbIE ajredpandecKiux IMeJIblx duces (Teop.5.5

B [52]):

Teopema A.7. Kaowcdvii nenyresoti udean I Koarvua ueavix as2edpauveckur
wucen 2 nmpedcmasum 6 6ude NPou3seidenus Npocmulr udeanos, U 9mo

npedcmasaerue 00HO3HANHO ¢ MOYHOCMBI0 00 NOPAJKA COMHOMCUMENET.
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Oparochen Kupenckwuit, 13

asiroputm SQUFOF, 78

aJiropuT™M  EBK/IMa  pacimpeHHbIil,
22

ajroput™m ['aprepa, 36

asroput™m [llenkca—Tonnennn, 148

asiroputm [llenkca-Tonnemmu, 33

ajropuT™m dakropuzanun JIeHCTPHI,
87

AJICOPUTM BO3BEJICHUSI B CTEIEHb I10
MO/1yJ1t0, 12

baszuc Mojysid, 165

Bapualyst O0JIbIIIOr0 MHOXKHUTE s, 125

BbIUET, 9

BbIUeT KBaJPaTUIHbIN, 24

BBIUNC/IEHNEe KBaJPATHOTO KOPHSA B
GNFS, 148

runoresa [oybadaxa, 39

runoresa Pumana, 32

rpyiia, 10

rpymima abesnesa, 10

rpyliiia KoMMmyTaTuBHasd, 10

3aKOH KBaJIPATHIHON B3aUMHOCTH, 25

njeaJs IaBHbI, 168



njeaJs KoJibia, 168

njieaJibl 1 ujieasibible aucia, 177

upperyJspHoe IIpocToe 4ucjio, 42

KuTafickast Teopema 00 ocraTkax, 35

KoJib1o, 10, 163

KOJIBITO TIEJIBIX aJIredpanvIecKnX Ince’
Zi, 138

KOJIBIIO TeJIbHO3aMKHYyTOoe, 170

KOJIBIIO JieJIeKnH, 1080, 170

KOJIbIIO €BKJINI0BO, 171

KOJIbIIO KOMMYyTaTuBHOE, 163

KOJIbIIO HeTepoBo, 169

KOJIBIIO C OJIHO3HAYHBIM JIeJIEHUEM,
176

KOHCTaHTa T, 37

KOHCTaHTa €, 37

Kpunrorpaduieckue IIPOTOKOJIbI Ha
oK, 92

kputepuit Kopcenbra, 49

KpUTEepUit IPUMUTHUBHOCTHU u
pocToThI, 14

KpuBasl CylepcuHryaspHas, 98

KBaJipaTudHasi popma, 74

mero RSA, 6

MeToJ1 paxkTopusanun Buibsmca, 59

MeTOJl KBaJpaTu4yHoro permiera, 103

MeTOJI IPOOHBIX Jesienuil, 14

MHOTI'OYJIEH HeIPUBOINMbIit, 164

MHOTI'OYJIEH YHUTAPHbBIH, 157

moaudukarus Doitga, 62, 65

MOJLyJIb HaJl KOJIbIIOM, 165

HEpaBeHCTBO Xacce, 85
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HOpMa TTojimHOMa, 171

obsacThb nesoctnoctu, 170

napajiokc JiHsd poxkJieHus, 62

noabeM 'emsens, 150

nosie, 11, 164

nosie [asya, 11

1oJie YacTHbIX, 164

IOPSJIOK 3JIeMeHTa IpyIIbl, 11

nocrpoenne NI ¢ ucnospzoBanmem
9K, 95

IpuMep SJJINITUIECKON KpuBoOil, 83

npobJieMa l'onibabaxa OunapHas, 39

npobsiema l'onpj0axa repuapHasi, 39

npobJiema gucea—-om3Henon, 40

npoleaypa npocenBanns, 112

POU3BOINTETHLHOCTD aJITOPUTMa
EBximna, 23

npocenBanne juneitnoe, 142

IIpocenBaHne pemerodnoe, 142

IpocenBaHe B pelleTe YHUCJI0BOTO
o, 141

[IPOCTOE YUCJIO UpperyaspHoe, 42

nporokos HIuddu-Xenmmana, 63, 93

pacIipejiejienne MmpocThiX unces, 31

pPa3sMepPHOCTh  CHUCTEMBI  JIUMHEHHDBIX
ypasuennit B GNFS, 141

perenne CUCTEMDbI JINHEITHBIX
ypasuenuit, 114

perienne cucreMbl MeTojgioM laycca,
121, 123

pemrero AtkuHa, 15

pertero Jdparocdena, 13



pstn Gubonavuun, 24

cumBoa Jlexkannpa, 24, 147

cuMBOJIBI Jlexkamapa u fAkodu, 25

cnapuBanue Beitig-Tefira, 97

cpaBHeHUEe 110 MOJIYJII0, 9

CyMMa U IpOou3BejieHne njieasion, 168

Teopema Pepma Bemmkas, 41

teopema Oepma magasd, 13

teopema Jlarpamxka 0  IOpsijiKe
3JIEMEHTOB I'pylIbl, 11

Teopema Meprenca, 116

tect Jlioka—/Jlemepa, 48

tect [lokmurrona, 18

tecT nipoctorhl AKS, 30

TecT npoctorhl Muiiepa—Pabuna, 26

tect npoctoThl CosoBes—IlITpaccena,
28

dakropuzarus meroom Pepma, H1

dakTopuzalus ¢ HUCHOJIb30BAHIEM
KBa/IpaTUIHBIX popMm, 74

daxkTopuzaIms C ITOMOIIIBIO
HEeIPePBIBHBIX JIpobeit, 66

dakropHas 6aza, 103

dakTopHass 0Oasza ajrebpaunveckas,
135

dakTopHasi  0asa  KBaJpaTUUHBIX
XapakTepoB, 135

dakTopHas Oaza palnmoHaJibHad , 135

dbopmyna Yebbimena st w(x), 32

dopmyiia Ditnepa, 37

dOpMYyIIbI  CTIOXKEHUsT U YJIBOEHUsI

TOYEK SJINIITUYECKONl KPUBOII,

202

83

dynuknusa JIlukmana — e bpionna,
116

byukims itrepa p(n), 27

yncsia Pepma, 45

ynciia Kannumarama, 49

yncsa Kapmaiikia, 14, 49

yncyia Mepcenna, 47

qucsa riajikocrenennbie, 90

yncsio Mepcenna, 47

qucjio Mepcenna o6o61entoe , 49

qucso riajikoe, 103

YUCJIO TIpocToe, 9

YHCJIO cocTaBHOE, 9

YHCJIO TOYEK NI TUICCKON KPUBOIA,
85

SJUIUIITUYECKasl KpuBas, 82

SJLTATITHIECKAS KpUBas

CyllepCUHTYyIsipHas, 86

ypasuenue llemrna, 70



